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Abstract

In this paper, We give a generalization the resut of Roger B. Nelsen, by giving a closed form expression for x =
[Cl(),al,"' aak7b17"' 7bm]7
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1 Introduction

Let x := xo be a real number. Set ap = [x], the greatest integer in x and

its complete quotients.
Xo — ag

Set a; = [x;], the greatest integer in x; and x; 4| = for alli > 1. Then,

Xi —da;
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X=ap+

The algorithm stops after finitely many steps if and only if x is rational. The above expansion is called The
simple continued fraction of x. It is customarily written x = [ag,aj,--- ,an,"--].
We call convergents of x the reduced fractions difined by:

— = Aqao,
q0
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If there exists kK > 0 and m > 0 such that whenever r > k, we have a, = a,.1,,, the continued fraction is said

periodic, with period (b1, ,by) = (ak+1,- -+ ,ak+m) and pre-period (ag,ay,--- ,ax), which can be written for
simplicity x = [ag,ay,- -+ ,ax,by, -+ ,by]. These so-called periodic continued fractions are precisely those that
represent quadratic irrationalities.

We find a closed form expression for x = [ag, a1, ,ax,by,- - ,by|, which generalized a previous resut of Roger
B. Nelsen.

2 Main result

b 1 / b
Lemma 1. Let x > 0 such that x = a+ —, then x = 3 <a2 +1/a? +4>
CX C

Proof. Consider the Following figure:
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b 1 b
We have (2x—a)> = a?+4-, then x = 5 (a2+ ﬁ)
¢ c

Pn—4n—1 Pn—1

Lemma 2. [f x = [ag,ay, - ,dy), then x = + )
qn qnX
S— PnX — Pn—1 2 .
Proof. We have x = [ag,ar, -, a,| = [ao,a1, - ,an,x] = ————. Then, g,x* = (py — gn—1) + pn—1. Which
qnX — 4qn—1
gives x = Pn—dn=1 + Pzt Completing the proof.
dn qnX
Theorem 3. The periodic continued fraction [ag,ay, -, ay| equals

Ul pa—qn1)\° o= 1\ Pn
2 qn qn qn

Corollary 4 (Theorem [1]). . The periodic continued fraction |a,b| equals

1
> <a2+1/a2+4a>.

Corollary 5. The periodic continued fraction |a,b,c| equals

1 . c—b 2+ N c—b 2+4ab+1
— a a
2 bc+1 bc+1 bc+1

S

— - 1 1
Example 6. As examples, notice that [1] = [1,1,1] = 3 <1 +\f5) , |a] = [a;a] = [a,a,a] = 3 (a2+ a2+4> ,
1 {100 148
30,2 = [y 2.
Corollary 7. Let x = [ag,ay,- -+ ,ax,by, -+ ,by], be a periodic continued fraction, with period (by,--- ,by,) and
pre-period (ap,ay,- - ,ax).
/
Note P = [ao,ai,- - ,a;], forall 0 < i<k and p—lj [b1,---,bj] for all 0 < j < m. Then,
qi q;
2 / i
1 _
Di 5 ( qm l) \/( qm 1) _|_4pm/ 1 + it
QI'I'I m
x= =
1| /Pn—4 ~du i\, P
a | = ( m ml) ( ml) +4 m,71 + e
2 D i

Example 8. As examples, notice that
22547443
1,2,3,4,5,0 T 114 = 2V7+43
157+/7+ 30
TVn2+2n+3
5vVn2+2n+2’
ST 2410
3BVn2+2+7

[1,2,2,n,1,2n] =

[1,2,2,1,4,n,n,2n] =
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3 Conclusions

We find a closed form expression forx = [ag,ay, - ,ax, b1, -+ ,bn], Which generalized a previous resut of
Roger B. Nelsen.
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