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Abstract
The present paper deals with the study of a D-homothetic deformation of an extended generalized φ -recurrent (LCS)2n+1-
manifolds their geometrical properties are discussed. Finally, we construct an example of an extended generalized φ -
recurrent (LCS)3-manifolds that are neither φ -recurrent nor generalized φ -recurrent under such deformation is constructed.
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1 Introduction

Matsumoto et al.( [1], [2]) introduced the idea of a Lorentzian para Sasakian manifold (briefly LP-Sasakian
manifold) in 1988. Shaikh in 2003, gave the notion of a Lorentzian concircular structure manifolds (briefly LCS-
manifold) [3], which is the generalization of an LP-Sasakian manifold. Since then, many geometers studied the
properties of this manifold, for instance ( [4], [5], [6], [7], [8]). The notion of local symmetry of a Riemannian
manifold has been studied by many author in several ways to a different structures. As a weaker version of local
symmetry, Takahashi [22] introduced the notion of a local φ -symmetry on a Sasakian manifold. Generalizing
the notion of a local φ -symmetry of Takahashi [22], De et al. [10] introduced the idea of φ -recurrent for the
Sasakian manifolds. Locally symmetric and φ -symmetric LP-Sasakian manifolds were studied by Shaikh and
Baishya [21]. The properties of the locally φ -symmetric and the locally φ -recurrent (LCS)n-manifolds were,
respectively, studied in [4] and [5]. The notion of a generalized recurrent manifold has been introduced by
Dubey et al. [12] and then studied by others. Again, the notion of a generalized Ricci-recurrent manifold has
been introduced and studied by De et al. [11].

A Riemannian manifold (Mn,g), (n> 2), is called a generalized recurrent manifold [12], if its non-vanishing
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curvature tensor R satisfies
∇R = A⊗R+B⊗G, (1.1)

where A and B are non-vanishing 1-forms such that A(.) = g(., ρ1), B(.) = g(., ρ2) and the tensor G is defined
by

G(X ,Y )Z = g(Y,Z)X−g(X ,Z)Y, (1.2)

for X , Y, Z ∈ χ(M), where χ(M) is the collection of all smooth vector fields of M and ∇ denotes the operator of
covariant differentiation with respect to the metric g. The 1-forms A and B are called the associated 1-forms of
M.

A Riemannian manifold (Mn,g), (n > 2), is said to be a generalized Ricci-recurrent manifold [11], if its
Ricci tensor S of type (0,2) satisfies

∇S = A⊗S+B⊗g, (1.3)

where A and B are non vanishing 1-forms defined as (1.1).
In 2007, Özgür [15] studied generalized recurrent Kenmotsu manifolds. Generalizing the notion of

Özgür [15], Basari and Murathan [9] introduced the notion of the generalized φ -recurrent Kenmotsu manifolds.
In addition, the properties of the generalized φ -recurrent Sasakian, LP-Sasakian, Lorentzian α-Sasakian,
Kenmotsu manifolds, generalized Sasakian space-forms and (LCS)2n+1-manifolds are, respectively, studied
in [7], [16], [17], [19]. The properties of the extended generalized φ -recurrent β -Kenmotsu, Sasakian and
(LCS)2n+1-manifolds have been studied in [20], [18] and [7], respectively. As a continuation of above studies,
we characterize the (LCS)2n+1-manifolds under D-homothetic deformation. The outline of this paper is as
follows:

After introduction in Section 1, we brief the known results of the (LCS)2n+1-manifolds in Section 2. In Section
3, we prove our main results in the form of theorems and corollaries. It is proved that the structure tensor of
the manifold commutes with the Ricci tensor under the D-homothetic deformation. This section also covers
the properties of extended generalized φ -recurrent, φ -sectional curvature tensor, locally φ -Ricci symmetric,
η-parallel Ricci tensor and extended generalized concircularly φ -recurrent (LCS)2n+1-manifolds. In the last
section, we give a non-trivial example of an extended generalized φ -recurrent (LCS)2n+1-manifold under D-
homothetic deformation and validate our results.

2 Preliminaries

A Lorentzian manifold M of dimension (2n+ 1) is a smooth connected para-contact Hausdorff manifold
with the Lorentzian metric g, that is, M admits a smooth symmetric tensor field g of type (0,2) such that for
each point p ∈M, the tensor gp : TpM×TpM→ℜ is a non degenerate inner product of signature (−,+, ...,+),
where TpM denotes the tangent space of M at p and ℜ are the real number space. A non-zero vector field
V ∈ TpM is said to be time like (respectively, non-space like, null, and space like) if it satisfies gp(V,V ) < 0
(respectively, ≤ 0,= 0,> 0) ( [1], [2]).

Definition 2.1. A vector field ρ on (M,g) defined by g(X ,ρ) = A(X), ∀X ∈ χ(M) is said to be a concircular
vector field if

(∇X A)(Y ) = α{g(X ,Y )+ω(X)ω(Y )},

where α is the non-zero scalar and ω is the closed 1-form [14].

Let M is a Lorentzian manifold admitting a unit time like concircular vector field ξ , which is called the
generator of the manifold. Then we have

g(ξ ,ξ ) =−1. (2.1)
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Since ξ is a unit concircular vector field on M and therefore there exists a non-zero 1-form η such that

g(X ,ξ ) = η(X), (2.2)

which satisfies
(∇X η)(Y ) = α{g(X ,Y )+η(X)η(Y )} (α 6= 0), (2.3)

for all the vector fields, X and Y , where α is the non-zero scalar function that satisfies

(∇X α) = Xα = dα(X) = ρη(X). (2.4)

Here, ρ is the certain scalar function such that ρ =−(ξ α). If we put

φX =
1
α

∇X ξ , (2.5)

then from (2.3) and (2.5), we have
φX = X +η(X)ξ , (2.6)

from which it follows that φ is a tensor field of type (1,1), which is called the structure tensor of M. Thus M
together with the unit timelike concircular vector field ξ , its associated 1-form η and (1,1)-tensor field φ is said
to be a Lorentzian concircular structure manifold (briefly (LCS)-manifold) [3]. Especially, if we take α = 1,
then we can obtain the LP-Sasakian structure of Matsumoto [2]. Thus, we can say that the (LCS)-manifold is the
generalization of the LP-Sasakian manifold. In the present paper, we consider the LCS-manifold of dimension
(2n+1). We have the following basic results of (LCS)2n+1-manifold as:

η(ξ ) =−1, φξ = 0, φ
2X = X +η(X)ξ , η(φX) = 0

and g(φX ,φY ) = g(X ,Y )+η(X)η(Y ), (2.7)

η(R(X ,Y )Z) = (α2−ρ){η(X)g(Y,Z)−η(Y )g(X ,Z)}, (2.8)

R(X ,Y )ξ = (α2−ρ){η(Y )X−η(X)Y}, (2.9)

R(ξ ,X)Y = (α2−ρ){g(X ,Y )ξ −η(Y )X}, (2.10)

(∇X φ)(Y ) = α{g(X ,Y )ξ +2η(X)η(Y )ξ +η(Y )X}, (2.11)

S(X ,ξ ) = 2n(α2−ρ)η(X), (2.12)

S(φX ,φY ) = S(X ,Y )+2n(α2−ρ)η(X)η(Y ), (2.13)

Xρ = dρ(X) = βη(X) (2.14)

for all the vector fields X , Y , Z on M [3].

Definition 2.2. A Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g) is said to be a locally φ -Ricci
manifold symmetric if

φ
2((∇X Q)(Y )) = 0, (2.15)

where Q denotes the Ricci operator defined by S(X ,Y ) = g(QX ,Y ) and X, Y are the vector fields orthogonal to
ξ .
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The notion of η-parallelism on a Sasakian manifold was introduced by Kon [13]. An (LCS)2n+1-manifold
is said to be η-parallel if its Ricci tensor S satisfies

(∇X S)(φY,φZ) = 0, (2.16)

for X , Y , Z ∈ χ(M2n+1).
If M(φ ,ξ ,η ,g) is an almost contact metric manifold of dimension (2n+1) (i.e., dimM = m = 2n+1), then

the equation η = 0 defines an (m− 1)-dimensional distribution D on M [24], and if we change the structure
tensors of an almost contact metric manifold by

η̄ = aη , ξ̄ =
1
a

ξ , φ̄ = φ , ḡ = ag+a(a−1)η⊗η ,

where a is the non-zero positive constant. Then such transformation is known as the (m− 1)-homothetic de-
formation or D-homothetic deformation [23]. The study of D-homothetic deformation has been noticed in
( [26], [27]). If M(φ ,ξ ,η ,g) is an almost contact metric structure with contact form η , then M(φ̄ , ξ̄ , η̄ , ḡ) is also
an almost contact metric structure [23]. If we denote the difference Γ̄i

jk−Γi
jk of Christoffel symbols by V i

jk, then
we have

V (X ,Y ) = (1−a){η(Y )φX +η(X)φY}+ 1
2
(1− 1

a
){(∇X η)(Y )+(∇Y η)(X)}ξ (2.17)

for X , Y ∈ χ(M) [23]. If R and R̄ denote, respectively, the curvature tensors of the manifolds M(φ ,ξ ,η ,g) and
M(φ̄ , ξ̄ , η̄ , ḡ), then it is related to the expression

R̄(X ,Y )Z = R(X ,Y )Z +(∇XV )(Z,Y )− (∇YV )(Z,X)+V (V (Z,Y ),X)−V (V (Z,X),Y ), (2.18)

for arbitrary vector fields X , Y , Z [23].
A plane section in the tangent space Tp(M) is called a φ -section if there exists a unit vector X in Tp(M)

orthogonal to ξ such that {X ,φX} is an orthonormal basis of the plane section. A sectional curvature of the
form

K(X ,φX) = g(R(X ,φX)X ,φX)

is known as a φ -sectional curvature in Tp(M). A para contact metric manifold M(φ ,ξ ,η ,g) is said to be of
constant φ -sectional curvature if at each point of the manifold, the sectional curvature K(X ,φX) is independent
of the choice of non-zero vector X ∈ Dp, where D denotes the contact distribution of the para contact metric
manifold defined by the equation η = 0.

3 Main Results

In this section, we study the extended generalized φ -recurrent, φ -sectional curvature, locally φ -Ricci sym-
metric, η-parallel Ricci tensor and extended generalized concircularly φ -recurrent (LCS)2n+1-manifolds under
D-homothetic deformation. In consequence of (2.3) and (2.17), we get

V (X ,Y ) = (1−a){η(Y )φX +η(X)φY}+α(1− 1
a
){g(X ,Y )+η(X)η(Y )}ξ , (3.1)

In view of (2.3), (2.4), (2.7) and (2.11), (3.1) it yields

(∇ZV )(X ,Y ) = α(1−a){g(Y,Z)φX +g(Z,X)φY +η(Y )η(Z)φX

+η(X)η(Z)φY +g(X ,Z)η(Y )ξ +g(Z,Y )η(X)ξ

+2η(X)η(Y )Z +4η(X)η(Y )η(Z)ξ}

+α
2(1− 1

a
)[{g(Z,X)η(Y )+η(Z)g(X ,Y )

+g(Z,Y )η(X)+3η(X)η(Y )η(Z)}ξ +g(φX ,φY )Z]

−(a−1
a

)(ξ α){g(X ,Y )+η(X)η(Y )}η(Z)ξ . (3.2)
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Using (3.1) and (3.2) in (2.18) and then by virtue of (2.3) and (2.9), we obtain

R̄(X ,Y )Z = R(X ,Y )Z−α(1−a){g(Y,Z)φX +η(Y )η(Z)φX−g(X ,Z)φY

−η(X)η(Z)φY +g(Y,Z)η(X)ξ +2η(Z)η(X)Y −η(Y )g(Z,X)ξ

−2η(Z)η(Y )X}+(
a−1

a
)(ξ α){η(Y )g(Z,X)−η(X)g(Z,Y )}ξ

+(1−a)2{η(X)η(Z)φ 2Y −η(Y )η(Z)φ 2X}

−α
2(

a−1
a

){g(Z,X)Y +η(Z)η(X)Y −g(Z,Y )X−η(Z)η(Y )X}

−α
(1−a)2

a
{g(Z,Y )φX +η(Z)η(Y )φX−g(Z,X)φY

−η(Z)η(X)φY +[η(X)g(φZ,Y )−g(φZ,X)η(Y )]ξ}. (3.3)

Taking Y = Z = ξ in (3.3) and then use of (2.7) it gives

R̄(X ,ξ )ξ = R(X ,ξ )ξ +(1−a)(2α +a−1)φ 2X . (3.4)

Let {ei,φei,ξ}, i = 1,2, ...,n, be an orthonormal frame at any point of the tangent space T (M) of the manifold
M. Then replacing Y = Z = ei in (3.3), taking summation over i, 1≤ i≤ n, and using η(ei) = 0, we obtain

n

∑
i=1

εiR(X ,ei)ei =
n

∑
i=1

εiR(X ,ei)ei−n(
a−1

a
)(ξ α)η(X)ξ

+
α(a−1)

a
[(a+1)n−1]η(X)ξ +

α(a−1)(α +1)
a

(n−1)X , (3.5)

where εi = g(ei,ei). Again, taking Y = Z = φei in (3.3) and taking summation over i, 1 ≤ i ≤ n, and using the
fact that η ◦φ = 0, we get

n

∑
i=1

εiR(X ,φei)φei =
n

∑
i=1

εiR(X ,φei)φei−n(
a−1

a
)(ξ α)η(X)ξ

+
α(a−1)

a
[(a+1)n−1]η(X)ξ +

α(a−1)(α +1)
a

(n−1)X . (3.6)

In view of (3.5) and (3.6), we have

QX−R(X ,ξ )ξ = QX−R(X ,ξ )ξ −2n(
a−1

a
)(ξ α)η(X)ξ

+
2α(a−1)

a
[(a+1)n−1]η(X)ξ +

2α(a−1)(α +1)
a

(n−1)X . (3.7)

In consequence of (2.7) and (3.4), (3.7) it yields

S(X ,Y ) = S(X ,Y )+(
a−1

a
){2α(α +1)(n−1)−a(2α +a−1)}g(X ,Y )

+(
a−1

a
){2α(a+1)(n−1)−a(a−1)−2n(ξ α)}η(X)η(Y ), (3.8)

which implies that

QX = QX +(
a−1

a
){2α(α +1)(n−1)−a(2α +a−1)}X

+(
a−1

a
){2α(a+1)(n−1)−a(a−1)−2n(ξ α)}η(X)ξ . (3.9)
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Applying φ = φ on both sides of (3.9) and using (2.7), we have

φ QX = φQX +(
a−1

a
){2α(α +1)(n−1)−a(2α +a−1)}φX . (3.10)

Again applying φX = φX in (3.9) and using (2.7) give

Q φX = QφX +(
a−1

a
){2α(α +1)(n−1)−a(2α +a−1)}φX . (3.11)

By virtue of (3.10) and (3.11), we obtain

{φ Q−Q φ}X = {φQ−Qφ}X . (3.12)

The Ricci operator Q commutes with the structure tensor φ in an (LCS)2n+1-manifold [6]. Thus we can state the
following theorem as:

Theorem 3.1. In a (2n+1)-dimensional Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), the Ricci
operator Q and structure vector field φ are commuted with respect to the D-homothetic deformation.

3.1 Extended generalized Φ-recurrent (LCS)2n+1-manifolds

In this subsection, we study the properties of the extended generalized φ -recurrent (LCS)2n+1-manifolds
under D-homothetic deformation.

Definition 3.2. A Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), n > 1, is said to be an extended
generalized φ -recurrent (LCS)2n+1-manifold under D-homothetic deformation if its curvature tensor R satisfies

φ
2((∇W R)(X ,Y )Z) = A(W )φ 2(R(X ,Y )Z)+B(W )φ 2(G(X ,Y )Z), (3.13)

for X, Y , Z, W ∈ χ(M2n+1), where A and B are non-vanishing 1-forms such that A(X) = g(X ,ρ1), B(X) =
g(X ,ρ2) and G is a tensor field of type (1,3) defined as (1.2). The 1-forms A and B are called the associated
1-forms of the manifold.

Let us suppose that the Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), n > 1, is an extended
generalized φ -recurrent under D-homothetic deformation. Then from (2.7) and (3.13), we have

(∇W R)(X ,Y )Z +η((∇W R)(X ,Y )Z)ξ = A(W ){R(X ,Y )Z

+η(R(X ,Y )Z)ξ}+B(W ){G(X ,Y )Z +η(G(X ,Y )Z)ξ}, (3.14)

from which it follows that

g((∇W R)(X ,Y )Z,U)+η((∇W R)(X ,Y )Z)η(U) = A(W ){g(R(X ,Y )Z,U)

+η(R(X ,Y )Z)η(U)}+B(W ){g(G(X ,Y )Z,U)+η(G(X ,Y )Z)η(U)}. (3.15)

Let {ei; i = 1,2, ...,2n+1} be an orthonormal basis of the tangent space at any point of the manifold. Replacing
X =U = ei in (3.15) and taking summation over i, 1≤ i≤ 2n+1, and then using (2.9), we have

(∇W S)(Y,Z)+g((∇W R)(ξ ,Y )Z,ξ ) = A(W ){S(Y,Z)
+η(R(ξ ,Y )Z)+B(W ){(2n−1)g(Y,Z)−η(Y )η(Z)}. (3.16)

In consequence of (2.1), (2.2), (2.4), (2.6), (2.7), (2.8) and (3.3), we can find that

η(R(X ,Y )Z) =
α(2a−1)(α +1−a)+ρ

a
{η(X)g(Y,Z)−η(Y )g(X ,Z)},
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which becomes

η(R(ξ ,Y )Z) =
α(2a−1)(a−α−1)+ρ

a
{g(Y,Z)+η(Y )η(Z)}.

The covariant derivative of the above equation along the vector field W , after long calculations, gives

g((∇W R)(ξ ,Y )Z,ξ ) =
(
(2a−1)(a−2α +1)dα(W )+dρ(W )

a

)
{g(Y,Z)+η(Y )η(Z)}.

In view of the above relations, it follows from (3.16) that

(∇W S)(Y,Z) = A(W )S(Y,Z)+B(W )g(Y,Z)

+

(
α(2a−1)(a−α−1)+ρ

a

)
A(W ){g(Y,Z)+η(Y )η(Z)}

−
(
(2a−1)(a−2α +1)dα(W )+dρ(W )

a

)
{g(Y,Z)+η(Y )η(Z)}

+B(W ){2(n−1)g(Y,Z)−η(Y )η(Z)}. (3.17)

Analogous to the definition of (1.3), we can define:

Definition 3.3. A Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), n > 1, is said to be a general-
ized Ricci-recurrent manifold under D-homothetic deformation if its non-vanishing Ricci tensor S̃ satisfies the
relation

(∇W S̃)(Y,Z) = A(W )S̃(Y,Z)+B(W )g(Y,Z),

for all vector fields W, X, Y ∈ χ(M2n+1), where the 1-forms A and B are defined in (1.1).

From equation (3.17) and the above definition, it follows that an extended generalized φ -recurrent
(LCS)2n+1-manifold under D-homothetic deformation is a generalized Ricci-recurrent manifold if and only if(

α(2a−1)(a−α−1)+ρ

a

)
A(W ){g(Y,Z)+η(Y )η(Z)}

−
(
(2a−1)(a−2α +1)dα(W )+dρ(W )

a

)
{g(Y,Z)+η(Y )η(Z)}

+B(W ){2(n−1)g(Y,Z)−η(Y )η(Z)}= 0. (3.18)

This leads to the following:

Theorem 3.4. An extended generalized φ -recurrent Lorentzian concircular structure manifold
M2n+1(φ ,ξ ,η ,g), n > 1, under D-homothetic deformation is generalized Ricci-recurrent manifold if and
only if the relation (3.18) holds.

Let {ei; i = 1,2, ...,2n+1} be an orthonormal basis of the tangent space at any point of the manifold. Setting
Y = Z = ei in (3.18) and taking summation over i, 1≤ i≤ 2n+1, we have(

2n(2a−1)(a−α−1)
a

)
{αA(W )−dα(W )}+ 2n

a
{ρA(W )−dρ(W )}+(4n2−2n−1)B(W ) = 0.

In particular, if we suppose that α is constant, then last the expression becomes

a1A(W )+b1B(W ) = 0,

where a1 = 2nα(2a− 1)(a−α − 1) 6= 0 and b1 = a(4n2− 2n− 1) 6= 0. This shows that the 1-forms are in
opposite directions.

Corollary 3.5. If an extended generalized φ -recurrent Lorentzian concircular structure manifold M2n+1, n > 1,
under D-homothetic deformation is a generalized Ricci-recurrent manifold, then the 1-forms A and B tend to be
in opposite directions, provided α is constant.
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3.2 φ -sectional curvature of (LCS)2n+1-manifolds

In this section we consider the φ -sectional curvature of a (2n+ 1)-dimensional LCS-manifold under D-
homothetic deformation. In view of (2.7) and (3.3), we have

′R̄(X ,Y,Z,W ) =′ R(X ,Y,Z,W )−α(1−a){g(Y,Z)g(φX ,W )

+η(Y )η(Z)g(φX ,W )−g(X ,Z)g(φY,W )−η(X)η(Z)g(φY,W )

+g(Y,Z)η(X)η(W )+2η(Z)η(X)g(Y,W )−η(Y )g(Z,X)η(W )−2η(Z)η(Y )g(X ,W )}

−(a−1
a

)(ξ α){η(Y )g(Z,X)−η(X)g(Z,Y )}η(W )+(1−a)2{η(X)η(Z)g(φ 2Y,W )

−η(Y )η(Z)g(φ 2X ,W )}−α
2(

a−1
a

){g(Z,X)g(Y,W )+η(Z)η(X)g(Y,W )

−g(Z,Y )g(X ,W )−η(Z)η(Y )g(X ,W )}+α
(1−a)2

a
{g(Z,Y )g(φX ,W )

+η(Z)η(Y )g(φX ,W )−g(Z,X)g(φY,W )−η(Z)η(X)g(φY,W )+ [η(X)g(φZ,Y )

+g(φX ,Y )η(Z)−g(φZ,X)η(Y )−g(φY,X)η(Z)]η(W )}.

Replacing Y by φX , Z by X and W by φX in the above equation, we find that

K(X ,φX)−K(X ,φX) =
α(α +1)(1−a)

a
. (3.19)

This leads to the following:

Theorem 3.6. The φ -sectional curvature of an (LCS)2n+1-manifold is not an invariant property under D-
homothetic deformation.

If a Lorentzian concircular structure manifold M(φ ,ξ ,η ,g) of dimension (2n+ 1) satisfies R(X ,Y )ξ = 0
for arbitrary vector fields X and Y , then the φ -sectional curvature of the manifold M(φ ,ξ ,η ,g) vanishes i.e.,
K(X ,φX) = 0. This shows that the φ -sectional curvature K(X ,φX) is not vanishing and therefore we can state
the following:

Corollary 3.7. There exists a (2n+ 1)-dimensional LCS-manifold M(φ ,ξ ,η ,g) with non-zero non constant
φ -sectional curvature.

3.3 Locally φ -Ricci symmetric (LCS)2n+1-manifolds

This subsection deals with the study of locally φ -Ricci symmetric (LCS)2n+1-manifolds under D-homothetic
deformation. Differentiating (3.9) covariantly with respect to W , and using (2.3), (2.5) and (2.11), we get

(∇W Q)(X) = (∇W Q)(X)+
a−1

a
{a(2α +a−1)+2α[a(3n−2)− (n−1)]

+2n(ξ α)}{(∇W η)(X)ξ +η(X)W +η(X)η(W )ξ}

+
2(a−1)

a
[{a(3n−1)− (n−1)}dα(W )−ndρ(W )]η(X)ξ

+
2(a−1)

a
{(2a+2α−1)(n−1)+a}dα(W )X . (3.20)

Operating φ 2 on both side of (3.20) and suppose that X is an orthogonal vector to ξ , we find that

φ
2
(∇W Q)(X) = φ

2(∇W Q)(X)+
2(a−1)

a
{(2a+2α−1)(n−1)+a}dα(W )X . (3.21)

Since α 6= constant, in general, therefore we lead to the following:
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Theorem 3.8. The property of locally φ -Riccisymmetry on an (LCS)2n+1-manifold is not invariant under the
D-homothetic deformation.

In particular, if we suppose that α is constant, then from equation (3.21) and Theorem 3.8, we can state the
following:

Corollary 3.9. The property of locally φ -Riccisymmetry on an (LCS)2n+1-manifold is an invariant under the
D-homothetic deformation if and only if α is constant.

3.4 η-parallel Ricci tensor of (LCS)2n+1-manifolds

In this subsection, we study the properties of η-parallelism of Ricci tensor on an (LCS)2n+1-manifold under
D-homothetic deformation. Differentiating (3.8) covariantly with respect to W and then using (2.3), we get

(∇W S)(X ,Y ) = (∇W S)(X ,Y )+
a−1

a
{a(2α +a−1)+2α[a(3n−2)− (n−1)]

+2n(ξ α)}{(∇W η)(X)η(Y )+(∇W η)(Y )η(X)}

+
2(a−1)

a
[{a(3n−1)− (n−1)}dα(W )−ndρ(W )]η(X)η(Y )

+
2(a−1)

a
{(2a+2α−1)(n−1)+a}dα(W )g(X ,Y ). (3.22)

Replacing the vector fields X by φX and Y by φY in (3.22) and then using (2.7), we obtain

(∇W S)(φX ,φY ) = (∇W S)(φX ,φY )

+
2(a−1)

a
{(2a+2α−1)(n−1)+a}dα(W )g(φX ,φY ). (3.23)

Thus we can state to the following:

Theorem 3.10. The property of η-parallelism of the Ricci tensor on a (LCS)2n+1-manifold is not invariant under
D-homothetic deformation.

If we suppose that α is constant, then with the help of (3.23) and Theorem 3.10 we can state the following:

Corollary 3.11. The property of η-parallelism of the Ricci tensor on a (LCS)2n+1-manifold is invariant under
D-homothetic deformation if and only if α is constant.

3.5 (EGC) φ -recurrent (LCS)2n+1-manifolds

The properties of extended generalized concircularly (EGC) φ -recurrent (LCS)2n+1-manifolds are studied
in this subsection.

Definition 3.12. A Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), n > 1, is said to be an extended
generalized concircularly φ -recurrent (LCS)2n+1-manifold under D-homothetic deformation if its concircular
curvature tensor C satisfies the condition

φ
2((∇WC)(X ,Y )Z) = A(W )φ 2(C(X ,Y )Z)+B(W )φ 2(G(X ,Y )Z), (3.24)

for all X, Y , Z, W ∈ χ(M2n+1), where A and B are non-vanishing 1-forms defined in (1.1) and G is the tensor of
type (1,3) defined in (1.2).

The concircular curvature tensor C [25] of type (1,3) is given by

C(X ,Y )Z = R(X ,Y )Z− r
2n(2n+1)

G(X ,Y )Z, (3.25)
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where r is the scalar curvature of the manifold under D-homothetic deformation. Let us consider an extended
generalized concircularly φ -recurrent Lorentzian concircular structure manifold M2n+1(φ ,ξ ,η ,g), n > 1, under
D-homothetic deformation. Taking covariant derivative of (3.25) along the vector field W , we have

(∇WC)(X ,Y )Z = (∇W R)(X ,Y )Z− dr̃(W )

2n(2n+1)
G(X ,Y )Z,

which is equivalent to

g((∇WC)(X ,Y )Z,U) = g((∇W R)(X ,Y )Z,U)− dr̃(W )

2n(2n+1)
g(G(X ,Y )Z,U).

Let {ei; i = 1,2, ...,2n+ 1} be a set of orthonormal basis of the tangent space at any point of the manifold.
Replacing X =U = ei in the above equation and taking summation over i, 1≤ i≤ 2n+1, we have

2n+1

∑
i=1

g((∇WC)(ei,Y )Z,ei) = (∇W S)(Y,Z)− dr̃(W )

(2n+1)
g(Y,Z). (3.26)

With the help of (2.7), (3.24) assumes the form

(∇WC)(X ,Y )Z +η((∇WC)(X ,Y )Z)ξ = A(W ){C(X ,Y )Z

+η(C(X ,Y )Z)ξ}+B(W ){G(X ,Y )Z +η(G(X ,Y )Z)ξ}, (3.27)

from which it follows that

g((∇WC)(X ,Y )Z,U)+η((∇WC)(X ,Y )Z)η(U) = A(W ){g(C(X ,Y )Z,U)

+η(C(X ,Y )Z)η(U)}+B(W ){g(G(X ,Y )Z,U)+η(G(X ,Y )Z)η(U)}. (3.28)

Putting X =U = ei in (3.28) and taking summation over i, 1≤ i≤ (2n+1), and then using (3.26), we have

(∇W S)(Y,Z)− dr̃(W )

2n+1
g(Y,Z)+g((∇WC)(ξ ,Y )Z,ξ )

= A(W ){S(Y,Z)− r̃
2n+1

g(Y,Z)+η(C(ξ ,Y )Z)}

+B(W ){(2n−1)g(Y,Z)−η(Y )η(Z)}. (3.29)

In view of (1.2), (2.7), (2.10) and (3.3), equation (3.25) reduces to

η(C(ξ ,Y )Z) =
(

r
2n(2n+1)

−α(α +1−a)(
2a−1

a
)+

ρ

a

)
{g(Y,Z)+η(Y )η(Z)}. (3.30)

By virtue of (2.3), (2.4), (2.11), (3.25) and (3.30), it is obvious that

g((∇WC)(ξ ,Y )Z,ξ ) = { dr(W )

2n(2n+1)
+

(2a−1)(a−1−2α)

a
dα(W )

+
dρ(W )

a
}{g(Y,Z)+η(Y )η(Z)}. (3.31)

In view of (3.30) and (3.31), equation (3.29) takes the form

(∇W S)(Y,Z) = A(W )S(Y,Z)+B(W )g(Y,Z)+
(

dr(W )− rA(W )

2n+1

)
g(Y,Z)

+{
(

r
2n(2n+1)

− α(α +1−a)(2a−1)−ρ

a

)
A(W )

−
(

dr(W )

2n(2n+1)
+

(2a−1)(a−1−2α)

a
dα(W )+

dρ(W )

a

)
}{g(Y,Z)

+η(Y )η(Z)}+B(W ){2(n−1)g(Y,Z)−η(Y )η(Z)}. (3.32)

This leads to the following:
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Theorem 3.13. An extended generalized concircularly φ -recurrent Lorentzian concircular structure manifold
M2n+1(φ ,ξ ,η ,g), n > 1, under D-homothetic deformation is generalized Ricci-recurrent if and only if the rela-
tion (

dr(W )− rA(W )

2n+1

)
g(Y,Z)+{

(
r

2n(2n+1)
− α(α +1−a)(2a−1)−ρ

a

)
A(W )

−
(

dr(W )

2n(2n+1)
+

(2a−1)(a−1−2α)

a
dα(W )+

dρ(W )

a

)
}{g(Y,Z)

+η(Y )η(Z)}+B(W ){2(n−1)g(Y,Z)−η(Y )η(Z)}= 0, (3.33)

holds for all W, Y , Z ∈ χ(M2n+1).

If we replace the vector field Z by ξ in (3.33), then we can observe that A = λB, provided that r is a non-zero
constant. Here λ = 4n2−1

r (6= 0) is a constant. With the help of the above discussion and Theorem 3.13, we can
state the following:

Corollary 3.14. Let an extended generalized concircularly φ -recurrent Lorentzian concircular structure mani-
fold M2n+1(φ ,ξ ,η ,g), n > 1, with constant scalar curvature, under D-homothetic deformation is a generalized
Ricci-recurrent manifold, then the associated 1-forms A and B are co-directional, i.e., A = λB.

4 Example

We consider a 3-dimensional manifold M = {(x,y,z) ∈ ℜ3 : z 6= 0}, where (x,y,z) are the standard coordi-
nates in ℜ3. Let {E1,E2,E3} be linearly independent global frame on M given by

E1 = ez
(

x
∂

∂x
+ y

∂

∂y

)
, E2 = ez ∂

∂y
, E3 = e2z ∂

∂ z
.

Let g be the Lorentzian metric defined by

g(E1,E3) = g(E2,E3) = g(E1,E2) = 0, g(E1,E1) = g(E2,E2) = 1, g(E3,E3) =−1.

Let η be the 1-form defined by η(V ) = g(V,E3) for any V ∈ χ(M). Let φ be the (1,1)-tensor field defined by
φE1 = E1, φE2 = E2, φE3 = 0. Then using the linearity of φ and g, we have

η(E3) =−1, φ
2V =V +η(V )E3, g(φV,φW ) = g(V,W )+η(V )η(W ),

for any V , W ∈ χ(M). Let ∇ be the Levi-Civita connection with respect to the Lorentzian metric g and R be the
curvature tensor of g. Then we have

[E1,E2] =−ezE2, [E1,E3] =−e2zE1, [E2,E3] =−e2zE2.

For the Levi-Civita connection ∇ of the metric g, we have

2g(∇XY,Z) = Xg(Y,Z)+Y g(X ,Z)−Zg(X ,Y )−g(X , [Y,Z])−g(Y, [X ,Z])+g(Z, [X ,Y ]).

This expression is known as Koszul’s formula. Taking E3 = ξ and using Koszula’s formula for the Lorentzian
metric g, we can easily calculate the following:

∇E1E3 =−e2zE1, ∇E1E1 =−e2zE3, ∇E1E2 = 0,

∇E2E3 =−e2zE2, ∇E3E2 = 0, ∇E2E1 = ezE2,

∇E3E3 = 0, ∇E2E2 =−e2zE3− ezE1, ∇E3E1 = 0.
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From the above calculations it can be easily see that E3 = ξ is a unit timelike concircular vector field and hence
(φ ,ξ ,η ,g) is an (LCS)3-structure on manifold M3. Consequently M3(φ ,ξ ,η ,g) is an (LCS)3-manifold with
α =−e2z 6= 0 such that (Xα) = ρη(X), where ρ = 2e4z. Using the above relations, we can easily calculate the
non-vanishing components of the curvature tensor R as follows:

R(E2,E3)E3 =−e4zE2, R(E1,E3)E3 =−e4zE1,

R(E1,E3)E1 =−e4zE3, R(E1,E2)E1 =−e2z{e2z +1}E2,

R(E1,E2)E2 = {e4z− e2z}E1, R(E2,E3)E2 =−e3z(ezE3 +E1)

and the components that can be obtained from these by the symmetric properties. With the help of the above
equations, we can find the Ricci tensors and scalar curvature as:

S(E1,E1) = g(R(E1,E2)E2,E1)+g(R(E1,E3)E3,E1) =−e2z.

In the same fasion, we can find that

S(E2,E2) = e2z, S(E3,E3) = 2e4z

and
r = S(E1,E1)+S(E2,E2)−S(E3,E3) =−2e4z.

It is well known that in a three dimensional (LCS)3-manifold, the curvature tensor R satisfies the relation

R(X ,Y )Z = S(Y,Z)X−S(X ,Z)Y +g(Y,Z)QX−g(X ,Z)QY − r
2
{g(Y,Z)X−g(X ,Z)Y}.

In consequence of (2.1), (2.2), (2.9) and (2.12), we have

S(X ,Y ) = { r
2
− (α2−ρ)}g(X ,Y )+{ r

2
−3(α2−ρ)}η(X)η(Y ).

From the last expressions, we can find that

R(X ,Y )Z = {r−2(α2−ρ)}{g(Y,Z)X−g(X ,Z)Y}

+{ r
2
−3(α2−ρ)}{η(Y )X−η(X)Y}η(Z)

+{ r
2
−3(α2−ρ)}{η(X)g(Y,Z)−η(Y )g(X ,Z)}ξ . (4.1)

which is equivalent to

′R(X ,Y,Z,U) = {r−2(α2−ρ)}{g(Y,Z)g(X ,U)−g(X ,Z)g(Y,U)}

+{ r
2
−3(α2−ρ)}{η(Y )g(X ,U)−η(X)g(Y,U)}η(Z)

+{ r
2
−3(α2−ρ)}{η(X)g(Y,Z)−η(Y )g(X ,Z)}η(U). (4.2)

where ′R(X ,Y,Z,W ) = g(R(X ,Y )Z,W ). In view of (4.2), the φ -sectional curvature of the manifold M3 is given
by

K(X ,φX) = 2(α2−ρ)− r.

for any vector field X orthogonal to ξ . Also, in this example, we have K(E1,φE1) = g(R(E1,φE1)E1,φE1) = 0
and K(E2,φE2) = 0. Again from the above relations, we can find

K(E1,φE1)−K(E1,φE1) =
α(α +1)(1−a)

a
= K(E2,φE2)−K(E2,φE2).
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Hence the Theorem 3.6 and Corollary 3.7 are verified.
Since {E1,E2,E3} forms a basic of the 3-dimensional (LCS)3-manifold, therefore the vector fields X , Y , Z

∈ χ(M3) can be written as

X = a1E1 +b1E2 + c1E3, Y = a2E1 +b2E2 + c2E3, Z = a3E1 +b3E2 + c3E3,

where ai, bi, ci ∈ℜ+ (the set of all positive real numbers), i = 1,2,3. Then

R(X ,Y )Z = [e4z{(b2b3− c2c3)a1 +a2(c1c3−b1b3)−b1c2b3}
+e3z(c1b2−b1c2)b3 + e2z(b1a2−a1b2)b3]E1 +[e4z{(b1a2−a1b2)a3

+(c1b2−b1c2)c3}+ e2z(a2b1−a1b2)a3]E2

+[e4z{(c1a2−a1c2)a3 +(c1b2−b1c2)b3}]E3, (4.3)

G(X ,Y )Z = (a2a3 +b2b3− c2c3)(a1E1 +b1E2 + c1E3)

−(a1a3 +b1b3− c1c3)(a2E1 +b2E2 + c2E3). (4.4)

With the help of the above results, we can find the following after a long calculation

(∇E1R)(X ,Y )Z = {e5z(a1b2−b1a2)b3 + e4z(b1c2− c1b2)b3}E1

+{b1c2b3e6z + e5z(b1c2− c1b2)b3 + e4z(a1b2−b1a2)b3}E3

+e4z{(b1c2− c1b2)a3 +(b1a2−a1b2)c3}E2, (4.5)

(∇E2R)(X ,Y )Z = [e5z{c1b2b3 + c2c3(a1−b1)}+ e4z{(b1c2− c1b2)a3

+(b1a2−a1b2)c3−a1c2b3}+2e3z(a1b2−a2b1)a3]E1

+[e5z{2c1a2c3− c2c3(a1 +b1)}+ e4z{(c1a2−a1c2)a3

+(c1b2−b1c2)b3}+2e3z(b1a2−a1b2)b3]]E2

+[e5z{(a3−b3)a1c2 + e4z(a1b2−a2b1)a3]E3 (4.6)

and
(∇E3R)(X ,Y )Z = 0. (4.7)

In view of (4.3) and (4.4), we get

φ
2(R(X ,Y )Z) = l1E1 +m1E2, φ

2(G(X ,Y )Z) = l2E1 +m2E2, (4.8)

where

l1 = e4z{(b2b3− c2c3)a1 +a2(c1c3−b1b3)−b1c2b3}+ e3z(c1b2−b1c2)b3 + e2z(b1a2−a1b2)b3,

m1 = e4z{(b1a2−a1b2)a3 +(c1b2−b1c2)c3}+ e2z(a2b1−a1b2)a3,

l2 = (a1b2−a2b1)b3− (a1c2−a2c1)c3,

m2 = (a2b1−a1b2)a3− (b1c2−b2c1)c3.

With the help of equations (4.5)-(4.7), we can observe that

φ
2((∇EiR)(X ,Y )Z) = piE1 +qiE2, i = 1,2,3,

where
p1 = e5z(a1b2−b1a2)b3 + e4z(b1c2− c1b2)b3,
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q1 = e4z{(b1c2− c1b2)a3 +(b1a2−a1b2)c3},

p2 = e5z{c1b2b3 + c2c3(a1−b1)}+ e4z{(b1c2− c1b2)a3 +(b1a2−a1b2)c3−a1c2b3}+2e3z(a1b2−a2b1)a3,

q2 = e5z{2c1a2c3− c2c3(a1 +b1)}+ e4z{(c1a2−a1c2)a3 +(c1b2−b1c2)b3}+2e3z(b1a2−a1b2)b3,

p3 = 0 and q3=0.

Now, we consider the 1-forms A and B as follows:

A(Ei) =
m2 pi− l2qi

l1m2−m1l2
, B(Ei) =

l1qi−m1 pi

l1m2−m1l2
, (4.9)

for i = 1,2,3 such that l1m2−m1l2 6= 0, m2 pi− l2qi 6= 0 and l1qi−m1 pi 6= 0, i = 1,2,3. From (3.13), we have

φ
2((∇EiR)(X ,Y )Z = A(Ei)φ

2(R(X ,Y )Z)+B(Ei)φ
2(G(X ,Y )Z), (4.10)

where i = 1,2,3. From (4.8) and (4.9), it can be easily show that the manifold satisfies the relation (4.10). Hence
the manifold under consideration is an extended generalized φ -recurrent (LCS)3-manifold under D-homothetic
deformation, which is neither φ -recurrent nor generalized φ -recurrent. Therefore, we have the following:

Theorem 4.1. There exists an extended generalized φ -recurrent (LCS)3-manifold M3(φ ,ξ ,η ,g), under D-
homothetic deformation which is neither φ -recurrent nor generalized φ -recurrent.
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