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Abstract

In this paper we study a nonlinear multi-dimensional partial differential equation, namely, a generalized second extended
(3+1)-dimensional Jimbo-Miwa equation. We perform symmetry reductions of this equation until it reduces to a nonlinear
fourth-order ordinary differential equation. The general solution of this ordinary differential equation is obtained in terms
of the Weierstrass zeta function. Also travelling wave solutions are derived using the simplest equation method. Finally,
the conservation laws of the underlying equation are computed by employing the conservation theorem due to Ibragimov,
which include conservation of energy and conservation of momentum laws.

Keywords: A generalized second extended (3+1)-dimensional Jimbo-Miwa equation, Lie point symmetries, exact solutions, simplest
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1 Introduction

Most natural phenomena of the real world are modelled by nonlinear partial differential equations
(NLPDEs). Such equations can seldom be solved by an analytic method. In contrast the linear differential
equations have a particularly good algebraic structure to their solutions, which makes them solvable. Unfor-
tunately, for NLPDEs there is no general theory which can be applied to obtain exact closed-form solutions.
However, scientists have developed geometric methods and dynamical systems theory which play prominent
roles in the study of differential equations. Such theories deal with the long-term qualitative behaviour of dy-
namical systems and do not focus on finding precise solutions to the equations. Nevertheless, various methods
have also been established by the researchers which provide exact solutions to NLPDEs. Some of these methods
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are Hirota’s bilinear transformation method [1], the inverse scattering method [2], Kudryashov’s method [3,4],
the sine-cosine method [5], the tanh-coth method [6], the simplest equation method [7, ], the tanh-function
method [9], the Darboux transformation [10], the (G'/G)—expansion method [11, 12], the Bicklund transfor-
mation [13], and Lie symmetry methods [14—19].

One of the NLPDE:s is the (3 + 1)-dimensional Jimbo-Miwa equation

Unxxy + Sty + 3ttty + 2uy — 3u,, = 0, (1)

which is the second member of a Kadomtsev-Petviashvili hierarchy. This equation has been studied extensively
by researchers because of the fact that it can be used to describe some fascinating (3+1)-dimensional waves in
physics. See for example [20-23] and references therein.

Recently equation (1) has been extended to the equation [24]

Uyxxy T 3 (”yux)x + 2(”xt + Uy + uzt) —3uy, =0, ()

where the term u,, was extended to uy + u, + uy; and because of this reason it is called the extended (3+1)-
dimensional Jimbo-Miwa equation. Applying the simplified Hirota’s method multiple soliton solutions of (2)
were derived and it was shown that the dispersion relations and the phase shifts of (2) were distinct compared
to the dispersion and shifts of (1). By using bilinear forms Sun and Chen [25] obtained the lump solutions and
their dynamics of (1) and (2). Furthermore, the lump-kink solution which contains interaction between a lump
and a kink wave were also obtained in [25].
In this paper we consider a generalized version of the second extended (3+1)-dimensional Jimbo-Miwa
equation, namely
Mxxxy+k(”yux)x+h(”xt + Uy +Mzt) —kuy, =0, (3)

where & and k are constants. We obtain exact solutions of (3) using symmetry reductions along with simplest
equation method. Furthermore, we derive conservation laws for (3) using the conservation theorem due to
Ibragimov.

Lie symmetry theory, originally developed by Marius Sophus Lie (1842-1899), a Norwegian mathematician,
around the middle of the nineteenth century, is based upon the study of the invariance under one parameter Lie
group of point transformations [14—19]. The theory is highly algorithmic and is one of the most powerful
methods to find exact solutions of differential equations be it linear or nonlinear. It has been applied to many
scientific fields such as classical mechanics, relativity, control theory, quantum mechanics, numerical analysis,
to name but a few.

Conservation laws can be described as fundamental laws of nature, which have extensive applications in
various fields of scientific study such as physics, chemistry, biology, engineering, and so on. They have many
uses in the study of differential equations. Conservation laws have been used to prove global existence theorems
and shock wave solutions to hyperbolic systems. They have been applied to problems of stability and have been
used in scattering theory and elasticity [17,26-29].

The paper is organized as follows. In Section 2 we first perform symmetry reductions of the generalized
second extended (3+1)-dimensional Jimbo-Miwa equation (3) and reduce it to a nonlinear fourth-order ordinary
differential equation. Thereafter we find the general solution of the ordinary differential equation in terms of
the Weierstrass zeta function. We also find travelling wave solutions of (3) using the simplest equation method.
Conservation laws of (3) are obtained by employing the conservation theorem due to Ibragimov in Section 3.
Finally we present concluding remarks in Section 4.

2 Exact solutions of (3)

In this section we present exact solutions to the generalized second extended (3+1)-dimensional Jimbo-Miwa
equation (3).
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2.1 Lie point symmetries and symmetry reductions of (3)

We apply the algorithm for computing Lie point symmetries of (3) and then use them to perform symmetry
reductions several times until we arrive at an ordinary differential equation (ODE).
The vector field of the form

d 8

R P

é 1
where £/, i =1,2,3,4 and 1 depend on x, y, z, t and u, will generate a symmetry group of (3) provided
pr(4)X(uxxxy +k (uyux)x + h(uxt + Uy + uzt) - kuxz) ‘ (3) = 0, “4)

where pr®X is the fourth prolongation of X [17]. Expanding the determining equation (4) and splitting on
derivatives of u, we obtain an overdetermined system of linear homogeneous partial differential equations. Solv-
ing this resultant system one obtains the values of £/, i = 1,2,3,4 and 1. Consequently, we have the following
nine Lie point symmetries of (3):

d d d d d

d
Xi=—,X=5,X3= EN Xy = 97 Xs =f1(l)$7 Xe :fZ(Z)Ea

d d d
X7 = —3ht— + (2kt — hx+ hz) =— + (2hx + hy — 4kz + hu) =—

ot dx du’
X —hta (kt+h)a hi—hijt(szh)i ©
8= Mo Yox oy T o, Y ou
J J ) J
X9_htE—ktaJr(hy—hz)a—y+(kz—hy+2hz)%.

We now make use of the four translation symmetries and perform symmetry reductions. Solving the associated
Lagrange system for X = X| + aX, + X3 + X4, where « is a constant, we obtain four invariants

w=z—y [f=t-y, g=x—ay, 0=u (6)

Using these invariants the generalized seconded extended (3+1)-dimensional Jimbo-Miwa equation (3) trans-
forms to

Ofggg + 0Ogggq + Ogggw + kOgg (07 + A6y + 0,) + kOgy, + kO (07 + AOyg + Ogy0)
+h((0€— l)efg+9ff) =0, @)

which is a nonlinear PDE in three independent variables. Equation (7) has the following seven Lie point sym-
metries:

d d d d d
I =5 Fz—a*f, F3_87g’ F4—%, Fs—(W—f)%,
d d d d
I = wa +(2w— f) a7 +2aw—g)=— 72 +(2g—20w+ 9)89
d d d
6hkwa—+6hkwa—f+k(7aah+abh+ah+ak bh — bk — 2dh)8—g
+(aoc2hz—2aochz—2aochk+cmz+2ahk+ak2+4dmc+2hek)i

20

Utilizing the symmetry I' = I'; + I'; + BI'3, where f is a constant, we reduce equation (7) to a PDE in two
independent variables. From the associated Lagrange system for I', we obtain three invariants

r:g_ﬁfa SZW_fv ¢:6 (8)
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and these invariants transform equation (7) to

(B — ) @urnr+ (R — B2 — B1) Gyy -+ Cthys — 2By — hibps — hibrs — 200k,
+ 2Bk¢r¢rr - k‘Prs = 0, (9)

which is a nonlinear PDE in two independent variables. We perform further symmetry reduction on equation
(9). This equation has five symmetries including the two translation symmetries £ = d/dr and X, = d/ds. The
combination X = vX| + X, yields the two invariants

g=r—vs, F=9¢,

which give rise to a group-invariant solution ¢ = F(g) and consequently, equation (9) is transformed into the
fourth-order nonlinear ODE

AF"(q)+BF'(q)F"(q) + CF"(q) =0, (10)

where A=a—fB,B=2k(a—B),C=h(B—V)(—a+B—v+1)—kvandg=x+ (B —a)y—vz+(v—P)r.
Integration of the above equation twice with respect to g gives

A B C
EF”2+8F/3+§F/2+C1F/+C2ZO,

where C| and C, are integration constants. Letting H = F’, the above equation becomes

H? — —£H3 — €H2— @H— @
3A A A A
Now using the transformation
12A C

H(q) = ——p-p(q) (11

— 5
we obtain equation for the Weierstrass elliptic function [30]

PP =40 — 10—,
where

C?—-2BC; _ C’+3B(BC,—CC))
1242 % 216A3

81 =

Thus integrating equation (11) and reverting to our original variables we obtain the solution of (3), which is
given by

12A

C
u(x,y,z,t) = ? C (q;glng) - EQ7

where § (¢;81,82) is the Weierstrass zeta function defined as §' (¢;¢1,92) = —#(q;81,82) [30] and A = o — 3,
B=2k(—B),C=h(B—Vv)(—oo+B—v+1)—kvandg=x+ (B —at)y—vz+(v—P)t.
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2.2 Exact solutions of (3) using simplest equation method

In this subsecrion we use the simplest equation method [7, 8] to solve the ODE (10) and henceforth one
obtains the exact solutions of the generalized second extended (3+1)-dimensional Jimbo-Miwa equation (3). We
use the Bernoulli and Riccati equations as the simplest equations. The Bernoulli equation

H'(q) = cH(q) +dH*(q), (12)

where ¢ and d are constants has solution

H(z) :c{

cosh[c(g+ C)] + sinh[c(qg + C)] }
1 —dcosh[c(qg+C)] —dsinh[c(qg+C)] |’

with C being a constant of integration.
The Riccati equation
H'(q) = cH(q) +dH*(q) +e, (13)

where ¢, d and e are constants, has two solutions, namely

and

9
sech (7’1)

c
H(q) = —— — —tanh <9q>—|— ,
2d  2d 2 Ccosh (%) —%sinh (%)

with 82 = ¢?> —4de > 0 and C a constant of integration.
The solutions of the ODE (10) are assumed to be of the form

M
F(q) = ;)Ai(H(q»’} (14)

where H (z) solves the Bernoulli or Riccati equation, M is a positive integer which is determined by the balancing
procedure and A;, (i =0,1,--- M) are parameters to be determined.

Solutions of (3) using Bernoulli as the simplest equation

From equation (10) the balancing procedure yields M = 1, so the solutions of (10) can be written as

F(q) =Ao+A1H(q). (15)
Substituting (15) into (10) and invoking the Bernoulli equation (12) we obtain the algebraic equation

aA1c*H(q) — A1 BctH(q) + 1504 PdH (q)* — 15A1 B dH (q)* +2aA3cckH (q)?
—2A2BkH () +500A 1 2d*H () — 50A,Bc2d*H(q)? + 8aAlc*dkH (¢)?
—8A3B*dkH (q) — aA\Bc*hH (q) + aAc*hvH (q) + A B> c*hH (q) — 2A Bc*hvH (q)
+A1Bc*hH (q) + A1 c*hvPH (q) — A cPhvH (q) — A1c*kvH (q) + 600A cd’H (q)*
—60A, Bcd’H(q)* + 10aA2cd*kH (q)* — 10A3Bcd’kH (¢)* — 3aA, BedhH (g)?

+3aA cdhvH (q)* 4 3A1BcdhH (q)* — 6A1 BedhvH (q)* + 3A, BedhH (g)?
+3A1cdhv?H (q)? —3A,cdhvH (q)? — 3AcdkvH (q)* +240Ad*H (q)°
—24A,Bd*H(q)’ + 4aAd’kH (q)° — 4A2BdkH (q)° — 2aA, Bd*hH (¢)?
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+20A1d*hvH (q)? +2A,B*d*hH (q) — 4A,Bd*hvH (q)* 4+ 2A, Bd*hH (q)?
+24,d*hv?H(q)* —2A,d*hvH (q)? — 2A,1d*kvH (q)* = 0.

Equating all coefficients of the function H' to zero, we obtain the following algebraic system of equations in
terms of AgandA;:

aAict — A Bct — aA 1 BPh+ aA1c?hy 4+ A1 B2 h — 24, Bc*hv + A1 B h+ A P hv?
—A1*hv —A kv =0,

1504 3d — 154, Bd + 20433k — 243 B3k — 30 Bedh + 3aA cdhv +3A, B2 edh
— 6A1Bedhv +3A,Bedh+3A cdhv? —3A cdhv — 3A cdkv =0,

500A c2d* — 50A, Bctd? 4+ 8aAlcPdk — 8A3BcPdk — 20A  Bd>h + 20tA d*h
+2A1B%d*h — 4A | Bd*hv +2A Bd*h+ 2A1d*hv? — 2A,d*hv — 2A,d*kv =0

60aA cd® — 60A, Bcd® + 100A3cd®k — 10A3Bcd* k=0

240A1d* — 24A,Bd* + 40ATd k — 4ATBd Kk = 0.

Solving the above system with the aid of Mathematica, we obtain

h(v—1)(v— 6d
a=p, k= (2}([3)7 Ag = arbitrary, A| = —

Thus a solution of the generalized second extended (3+1)-dimensional Jimbo-Miwa equation (3) using the
Bernoulli equation as the simplest equation is

6cd{ cosh[c(q+ C)] + sinh[c(q + C)] }

1) =Ag— —— .
U3, 2:) =40 = 57 T= Jooshle(g 1 C)] — dsinhle(q + O]

where g = x+ (B — @)y — vz+ (v — B)t and C is an arbitrary constant.
Solutions of (3) using Riccati as the simplest equation
Substituting (15) into (10) and using the Riccati equation (13) we obtain

4d’kaATH (q)° — 4d°kBATH (q)° +24d* aA H(q)® —24d*BA H (q)’
+10cd’kaATH (q)* — 10cd’kBATH (q)* + 60cd’ aA1H (q)* — 60cd’ BA H (¢)*
+8c*dkaAH (q)° + 8d*ekaATH (q)® — 82 dkBAH (q)° — 8d*ekBAIH (q)°
+2d*hB%A H(q) 4 2d*hv?A 1H (q)® + 50c*d? aA 1 H (q)* +40d°eaA H (g)?
—50c*d*BAH(q)® —40d°eBA H(q)® +2d*hBAH (q) — 2d*haBAH(q)*
—2d*hvAH(q)® — 2d°kvA H(q) 4+ 2d*havA H(q)? — 4d*hBvAH (q)?

+ 23 kaATH (q)* + 12cdekaAH (q)* — 2 kBATH (q)* — 12cdekBATH (¢)*
+3cdhBAH(q)* + 3cdhv?A H(q)? +15¢3d oA H(q)? + 60cd*eaA H (g)?
—15¢%dBAH(q)* —60cd*eBAH(q)* + 3cdhBA H (q)* — 3cdhaBA H(q)?
—3cdhvA1H(q)? —3cdkvA H(q)* + 3cdhovA H(q)? — 6cdhBvA H (q)?
+4de*kaATH (q) +4c’ekaATH (q) — 4de*kBATH (q) — 4c*ekBATH (q)
+hB2A H (q) +2dehB*A1H(q) + *hv?A H (q) + 2dehv?A H (q) + c* oA H(q)
+16d*¢* A H(q) +22c*deqAH(q) — c*BA1H (q) — 16d*¢* BA H(q)
—22¢*deBAH(q) +*hBAH (q) +2dehBA1H (q) — c*haBAH(q)
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—2dehaBA1H(q) — c*hvA H(q) — 2dehvA H (q) — ¢*kvA H (q) — 2dekvA H (q)
+c?hovA 1 H(q) 4 2dehavA H(q) — 2c*hB VA H (q) — AdehB VA 1H (q) 4 2ce* koA
— 2C€2kﬁA% + CehB2A1 +cehv?A, +8cde’aA; + eaA) — SCdEZBAl — c3e[3A1
+cehPBA| — cehafA| — cehvA| — cekVA| + cehavA| —2cehBvA; = 0.

As before, equating coefficients of H' to zero, we obtain

eqA > — eﬁAlc + 2e2kocA1c — 2e2kﬁA%c + ehﬁzAlc +ehv?A c+8de*aAc

— SdezﬁAlc—f- ehPBAic —ehafA|c—ehvAic—ekvA c+ehavAic —2ehVvAic =0,
aAct — ﬁAlc + 4ekaAlc — 4ekﬁA%c2 + hﬁ2A102 +hV2A ¢ +22deqA c?
—22defAic* +hBAc? —haPA c? —hvA c* —kvA c* +hovA c® —2hBVA,
+4de* kAT — 4de*kBA2 + 2dehBPA| + 2dehv?A| + 16d*¢* aA| — 16d%e*BA,
+2dehBA; —2dehafA; — 2dehvA| —2dekvA; + 2dehavA| —4dehBvA; = 0,
2kaAic® —2kBAC + 15daA ¢ — 15dBA ¢ + 12dekaA}c — 12dekBA%c
+3dhB>Aic+3dhvA c +60d*e0A c — 60d*eBA c+3dhBAic —3dhafAc
—3dhvAic — 3dkvA c+3dhavA c — 6dhBVvAc =0,

40e0A d> — 40eBA d° + SekatAld? — 8ekBA3d® + 2hB2A d* + 2hv A d?
+50c?0tA1d? — 50c2BA d* + 2hBAd*> — 2haBA d* — 2hvA d? — 2kVA, d?
+2havA d* — 4hBvA d* +8c*kaATd — 8c*kBATd =0,

60caA d® —60cBAd> + 10ckaAtd® — 10ckBATd* =

24aA1d* —24BAd* + dkaAtd® — 4kBATdE = 0.

Solving the above system of algebraic equations we obtain

_ k:h(v—li(v B) _6d

, Ag = arbitrary, A| = e

465

Thus solutions of the generalized second extended (3+1)-dimensional Jimbo-Miwa equation (3) using the Riccati
equation as the simplest equation are

and

6d c 0 1
u(x,y,z,t) =Ao — k{ YRy — tanh [ 9(q+C)} }
0q
6d( ¢ 6 1 sech (*)
u(t,x Y,Z ) Ao—{ — tanh( 6q>+ }’
k 2d  2d Ccosh (%) o s1nh( )

where ¢ = x+ (B — &)y — vz+ (v — B)t, 62 = ¢> —4de > 0 and C is an arbitrary constant.

3 Conservation laws of (3) using Ibragimov’s theorem

In this section we derive the conservation laws of (3) by appealing to Ibragimov’s new conservation theorem

[31].
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We begin by determining the adjoint equation of (3) by utilizing

)
F*= Su (V(snxy + k (uaytny)  + Rty 4 1ty + 1) — ki) =0, (16)
where 6 /du is the Euler-Lagrange operator defined by
0 d d , d d d d
<~ =—Dy5—-D, Dy D.D DyD D.D
Su  au D uy % dum U g iy T Gy
+D,D +D,D J +DD J (17)
28 Uxz ya yauxxx)’
and the total differential operators D;, Dy, Dy and D, are given by
D, = J + J + o + o + o + J + -
a ula Uyt =— au MIXa Mlya ulZa ’
D J + J + o + o + (9 + 8 +
x = a Ux=— ou Uyx5— PR Uyt =— ED UyyS— ou " Uyz 8uz > "
FN R B 9 9 (1%
D, = 8y+uy8 —Ht}ya —Htﬂat—thxa —thZa +eey
D J + J + o + o + o + o +
=—Hdu,—tup—tuy—tuy—tuy— -t
YT 0z Cou Fow, ow ¥ duy, “ou,
Thus the adjoint equation (16) becomes
hy +hvy +hvy + 2kviite + ki vy + kity Vi — kvig + Vi = 0. (19)
The Lagrangian of (3) and its adjoint equation (19) is
L = v (h(ux + ey + iz ) + kitxty + Kttty — kit + Uy (20)
and the extended symmetries [31] are
d d d d 8 8
YI=— Yh=—V3=—YVi=—,Ys=fi(t)=— —
Y, = 3hta+(2kt+h h)a+(2h +hy —4h +h)a
T CTI gy TR RO G
d d d d d
Ys =ht— — (kt + hz) = — hz— — hz— + (kt +2hz) —
8 ot (e + Z)8x Z&y Z8z+( * Z)au’
d d d d d
Yo=ht— —kt— + (hy—hz)— + (kt —hy+2hz)— —hv—
b= higy K gy Ty —he) 5o (ki =y 2ha) 5 = kvl

To obtain the conserved vectors corresponding to the Lie point symmetries (5) and the Lagrangian (20) we
use [31]

- < < < <
T =L +W* | 2= D2 4o | +D(W? D
R P e }* Kl )[aulk Kug, T T
where W is the Lie characteristic function given by W% = n% — £/ u?‘, a = 1,2 and j runs from 1,--- .4 in

this particular case. Thus the conserved vectors corresponding to the nine Lie point symmetries are given by,
respectively

1 1 1 1 3 1

Tx] — 5kuztv — Ehunv — Ekuxuytv — kuyuv + Eku,uxyv — Zuxxytv + Ehutvt
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1 1 1 1
+ Eku,uxvy + kuguyvy — Ekutvz — Eux,vxy + vauxy, — vaxuyt
1
+ Zvyuxxt + Zut Vxxy,
T =— —hu, v — lkuxux,v — 1kutumv — lumc,v + lhu,v, + lku,uxvx
Y 2 2 2 4 2 2
1 1 1
- vaxuxt + vauxxt + Zutvxxm
1 1 1 1
TZ1 =— Ehunv+ ikumvjL Ehu,vt — Ekutvx,
1 1 1
Tz] — 5huz,v + Ehuytv + ihuxtv — kv + kit ey v + Kttty v + Uy v
1 1 1
+ Ehu,vx + Ehu,vy + Ehutvz;

1 1 1 1
sz = hutyv + huy v+ Ehux,v + kuyuyyy — Ekuxzv + —UreyV + S Ay,

4 2
1 1 3 1 1
+ Eku)z(vy + kuyuyvy — Ek”sz + Zuxvxxy — iuxxvxy — vaxuxy
1 1
+ vauxxy + Zuxxxvya
2 = g — Ly — & 1 L S
y T Vily 3 UxtV UxxUyV 4uxxxxv + 3 U, vy + 4uxVxxx
1 1
- Zuxxvxx + Zuxxxvm
1 1
TZ2 =— Ehuﬁv%— Ekumv + Ehvtux — Ekuxvx,
1 1 1
T,2 =— Ehuxzv — Ehuxyv — Ehuxxv + Ehuxvy + Eh”x"z + Ehuxvx;
1 1 1 1 3 1
TX3 =— Ehuytv — Ekuyuxyv + Ek”yzv — Ekuxuyyv — Zuxxyyv + Ehvtuy

1 1 1 1
+ku§vx + Ekuxuyvy — —kuyv, + Zuyvxxy — Euxyvxy + vauxyy

2
1 1

4 UyyVyx + Z VyUxxy,

1 1 1 3
Ty3 = hutyv + = hity v+ hityy v — ki, v + Ekuxuxyv + Zkuyuyy + Zuxxxyv

) 2
1
+ Ehvmy + Ekuxuyvx - vax”xy + vauxxy + ZMnyxx,
3 1 1 1
T} =— Ehuytv%— Ekuxyv + Ehvt”y - Ek”y"m
TP = — Ehuyzv _ Ehuyyv — 5huxy1/—4— Ehuyvx + EhuyvZ + EhuyVy’

1 1
Tx4 = kvxu§ + Ehv,uy — Ekvzuy + Ekvyuxuy + kuyvuy + kux vty — kv uy,
1

3 1 1
— zkvigyuy + —Viouy + fkvyu)% + —hviu, — —kuyv, + —hvuy

2 4 2 2 2 2
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1 1 1 1 1 1
+ EkvuZZ + ihvuy, + EkvuyZ + ihvtux — EszMx + Ekuzvyux

1 1 1 1
— Ekvuyzux — Ekvuyyux + Ehvuxt — ikaz + Ekvuzuxy + kv,

1 1 1 1 1 1

UpzVxy — = UxyViy + = Villxy, + = Vixllxyy — = Viylxx — 7 UyzVax
2 Zrxy 2 yrxy 2 yZ 2 yy 2 Y 4 yz

1 1 1
— Zuyyvm — Zuxyvxx + ZvyumZ + Zvyum, + vaum, + Zuzvm,

3 3 1 1
+ Zuxvxxy - Zvuxxyz - Zvuxxyy + Zvyuxxx + Zvuxxxyv
1 1

T4 =
y T2 2

1 1 1
huty,v + ihuxtv — ikuxuxzv + ikuxuxyv — kv
3 1
— kv — Ekuxxuzv + ikuxxuyv — Zuxmv + Zuxmyv — Zumcxv
1 1

1 1
2 2 2 2

huyv+

1
+ —hvu, +

3 hveu, + kM,ZCVx
1
4

1
kuyuyvy + ki vy +

hviuy, + >

— —Vxxlyy + vauxxy + Zuyvxxx - vaxuxz + vauxxz + Zuzvxxx
1 1 1

F —UpVirx — T U Vax T 7 UV,

4 4 4

1 1 1
TZ4 = Ehuz,v + Ehuytv+ Ehuxtv — Ekuxzv+ Ekuxyv + kuyuyyy + Ekuxxv

1 1 1 1
+ Kttty V + Uy v + Ehvtux + Ehvtuy + Ehvtuz — Ekuyvx
1 1

— —ku,vy — —ku,vy,

2 2
1

1 1 1
Tt4 = —huyvy — = huyv — huyv — Ehuyyv — hity;v — hityyv — ~hityv + = huyvy

2 2 2 2

1 1 1 1 1 1 1
+ EhuxvZ + Ehuzvx + Ehuxvx + EhuyvZ + Ehuzvy + Ehuyvy + Ehuzvz;

1 1 1 1 3 1
T3 = Ehfll(t)v+f1 (1) (2ka - Ehvt - Ekuxvy — kuyv, — 7V 2kuxyv> ,
1

1 1 1
Ty5 = Ekfl () urv + Ehfl/ (tyv— Ehf(t)vt - ikf(t)”xvx -

1 1 1
T =Shfi(e)v = ShAV + Sk,

1 1 1
TS = = Shfi(t)ve = Shfi(t)vy = Shfi(1)v:

1 1 1 1 3 1
Tx6 - _ 5kfﬁ(z)v—l—fz(z) <2ka — ihvt — Ekuxvy — kuyvy — A 2kuxyv) ,

1 1 1 1

Ty = Eku(Z)uxxV - EhfZ(Z)VI - Eku(Z)uxVx .l (2) Vi,
1 1

TP = Eku(Z)Vx - Ehfz (2)vr,

1 1 1 1
T = Shf3(@v = Sha@vs = Shfa(@)vy = Shfa()v::
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Solutions and conservation laws of a generalized second extended (3+1)-dimensional Jimbo-Miwa equation
7_ 2 2 L5 » 15 3 2, 3 2
T, =2vuh” —xvih” — 2yv,h +2zvih” — 2uv,h — 2tutv,h + 2tvu”h

1 1
—xvuzth2 + zvuzth2 — xvuy,h2 + zvuy,h2 — Exvtuxh2 + Ezvtuxhz

1 1 1 1
— Exvuxthz + Ezvumh2 — Ekxvyuih + Ekzvyuih +2kvh

1 1 1 3
— Ekvuzh + kxv h + Ekyvzh — 2kzv,h+ Ekuvzh + Ektu,vzh

1 1
+ Ektvuzth + 2kvuyh + 2ktviyh + ktvuch + Ekxvzuxh

1 5 1
— zkzvuch + —kvuyuch — kxvyu,h — Ekyvyuxh + 2kzvyuch

2 2
1 3 3
— Ekuvyuxh — Ektutvyuxh + Ektvuy,uxh — 2kxuyvih — kyuyvh

+dkzuyvih — kuuyvh — 3ktuguyvih — kxuyuvyih + kzuyu,vh

1 1
+ ktvuh+ 3ktvuyugh + Ekxvuxzh — Ekzvuxzh — kxvuyyh
1 1 3
— Ekyvuxyh + 2kzvuyh — Ekuvuxyh — Ektvutuxyh — kxvu,uyyh

3 3
+ kzvuytiyh — vty h + u vy h + ituxtvxyh +Vyh — Etvxuxy,h

3 1 1 3

— Zvyuxxh + Exvxyuxxh — EZnyMxxh + ZMnyxh + Ztuy,vxxh
1 1 3

+ quxyvxxh — ZZMxnyxh + vaxh — Ztvyuxx,h + Zvuxxyh

3
— ZXVxlbyyh + Z 2Vl h — ZXVph — —YVih + 32050 h

2 2 2 4
3 9 3 3 9
— Zuvxxyh — Ztutvxxyh — quxvxxyh + Zzuxvxxyh + Ztvuxxyth

1 1 1
— vayuxxxh =+ szyuxxxh - vauxxxyh =+ szumyh + kztvyui

— kztvzux + 2k2tuyuxvx — k2z‘vuxZ + 2k2tvuxuxy — ktviy,

1 3 1 1
— Ektuxyvxx + ktVytry + Ektuxvxxy + Sktvyly + Ektvuxxxy,

2
Ty7 :2vuth2 fxv,hz — %yv,hz + 2zv,h2 — %uvthz — %tutvthz + %tvunhz
— %xv,uxh2 + %zv,uxhz + %xvuﬁhz — %zvuﬂh2 + kvu)zch + ktv,uh
— %kxuivxh + %kzu)zcvxh — kxu,vih — %kyuxvxh + 2kzu,vih
— %kuuxvxh - %ktutuxvxh — ktvu,h+ %ktvuxux,h + kxvu,h
+ %kyvuxxh — 2kzvuch + %kuvuxxh + %ktvu,uxxh + kxvuyuyh

3 3 1
— kzvuuh — vauxxh + — U Vh + =ty Vich + =Xt vich

2 4 4

3 1 1
— =T Vil + = Vi — =1Vl B+ Vi D — = XVl D+ = 2Vl

4 2 4 4 4
1

1
— 2 XVt — = YV + 2Vich — — UV h — Vi h — — XtV ch

2 4 4 4 4
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3 1 1
+ Zzuxvxxxh + Ztvuxmh + vauxxxxh — szuxmh + kztujzcvx

1 1 1 1
— 2k2tvuxuxx — Ektuxxvxx + Ektvxuxxx + iktuxvxxx — Ektvuxxxx,

Z

1 3 1 1
T/ = 2h2u,v — §h2vtu + Ehztunv + Ehzxux,v — Ehzzuxtv — 2hku,v

1 5 1 1
+ ~hkvu — Ehkm,“v - 5h/ommv + 5hkzumv + K tugv — hkv

2
1 1 3 1
+ Ehzzvtux — Ehzxvtux — Ehztutv, — hzxv, — Ehzyv, + 2hzzvt + hktvu,
3 1 1 1
+ Ehktutvx — Ehkzuxvx + Ehkxuxvx + Ehkyvx — 2hkzv, + hkxv, — kztuxvx,
T =— 1vh2 + 1vuzh2 —xvh? — lyvzh2 +2zv.h* — 1uvzh2 . El‘u,vzh2
! 2 2 2 2 2
— §tvuZ,h2 + 1vu h? — xvyh?* — lyv 4 2zv,h? — 1uv h? — §tu,v h?
2 2 y y 2 y y 2 y 2 y
3 1 1 1 1 1
— Etvuythz + Evuxh2 — Exvzuxh2 + Ezvzuxh2 — Exvyuxh2 + Ezvyuxh2
1 1 3 1
—xvxh2 — Eyvxh2 + 2zvxh2 — Euvxh2 — Etutvxhz — Exuxvxh2
1 3 1 1 1
+ Ezuxvxh2 - Etvux,h2 + Exvuxzh2 — Ezvuﬂh2 + Exvuxyh2
1 2 1 2 1 2
— Ezvuxyh + Exvuxxh — Ezvuxxh + ktvouch+ ktvyuch + ktuvh

+ kht (2vity; — Vityy — 3Vilellyy — Vitey — 3Vilyltyy) — 3t Vityyyy;

1 1 1 1 1
sz = Etutvthz — Evu,h2 — Etvut,hz — Ezvtuzh2 — Ezvuz,h2 — izvtuyhz
1 1 1 1 1 1
— Ezvuythz — Ezv,uxh2 — Ezvux,h2 — Ekzvyuih — Ekvh - Ektvth

— %kvuzh + kzv h — %ktu,vzh + %kzuzvzh — %ktvuz,h — %kzvuzzh

— %kvuyh + %kzvzuyh — ktvuyh — %kzvuyzh — %ktv,uxh + %kzvzuxh
— kzvyu,h+ %ktut Vylh — %kzuzvyuxh — %kzuyvyuxh — %ktvuy, uh
+ %kzvuyzuxh + %kzvuyyuxh — kzuivxh — 2kzuyvih + ktuguyvh

— kzuzuyvih — kzuyuveh — %ktvux,h — ktvuyuh + %kzvuxzh

+ kzvuyuh — kzvi,h + %ktvut Uyyh — %kzvuzuxyh + %kzvuyuxyh

— kzvuyuh — %tux,vxyh + lzuxzvxyh + S 2UgyViyh + 1tvxuxy,h

2 2 2
1

1
— Wy h — =2Vl h + = ZViythh — —tuy Vih + —zuty v ch

2 2 2 4 4
1 1 1 1 1

+ ZZMnyxxh + Zzuxyvxxh + Ztvyumh — szyumh — szyum,h
1

3 3
— EZVx”xxyh — Ezvxxyh + Ztu,vxxyh — Zzuzvxxyh — Zzuyvxxyh
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1 1 1 1
— fzvuythz — —zvuh® — —vugh® + ikvh -

3 3 3

Zzuxvxxyh — Zlvuxxyth + szum,zh + szuxxyyh — szyuxxxh

1 1 1 1 1

szuxxxyh — Ekztvyujzc + ikztvZ + §k2tvzux — Ekztvyux — kztuyvx

1 1 1 1
kztuyuxvx + Ekzz‘vuxZ — Ekztvuxy — kztvuxuxy + Ektvxyuxx + Zktuxyvxx

1 1
Ektvxuxxy — Zktvxxy — Zktuxvxxy — Zktvyuxx.x — Zktvuxxxy — zvthz,

1 1 1 1
=— Evuthz — Zv,h2 + ftutv,hz — ftvunhz — fzvtuzhz — fzvuz,hZ — fzvtuyhz

2 2 2 2 2
etvin+ Ykvush — kv
2 2 2 KV S RVId = 5 RVl

1 1 1 1
Ekzu)zcvxh — kzuvih + iktu,uxvxh — ikzuzuxvxh — Ekzuyuxvxh

1 1 1 1
+ —ktvu h — Ektvuxux,h + kzvu,h + Ekzvuxuxzh - Ekzvuxuxyh + kzvuyh

2

1 1 1 1
Ektvu,uxxh + Ekzvuzuxxh — Ekzvuyumh + kzvuyuch — Ztuxtvxxh

1 1 1 1 1

+ Zzuxzvxxh + Zzuxyvxxh + Zzuxxvxxh + Ztvxuxxth - szxuxxzh - ZZquxxyh
1 1 1 1 1 1
szxuxxxh - EZVxxxh + Ztutvxxxh - Zzuzvxxxh - Zzuyvxxxh - Zzuxvxxxh

1 1 3 1 1
Ztvuxmh + szuxmh — szuxxxyh + szuxxxxh — Ekztu;‘;vx — Ekzz‘uxv,C

+ Ek Uy + K Vil + Zkt (uxxvxx — Villyxx — Vaxx — UpViux + V”xxxx) 5

1

1 1 1 1 1
=— —huyv— fhztu,,v — fhzzuzlv — fhzzuy,v — —hzugv + Ehkuxv + hktuyv

2 2 2 2 2

1 1 1
+ —hkzu,,v — Ehkzuxyv — hkzuuy, v — Ehkzuxxv — hkzuxttyV — hZUreyv

2

1 1 1 1 1
Ekztuxxv =+ Ehkv — Ehzzvtux — Ehzzv,uy — Ehzzv,uZ + Ehztu,v, — hzzv,

1 1 1 1 1 1
— Ehktv,ux — Ehktu,vx — Ehktv, + Zhkzuyv, + Ehkzuzvx + Ehkzuxvx

2

1 1
+ hkzvy + Ekztuxvx + sztvx,

2

1 1 1 1 1 1
vh? + Evuzh2 - szhz + ftutvzhz - fzuzvzhz + ftvuzthz + fzvuzzhz + ,Wth

2 2 2 2 2
%zvzuyh2 — zvyh* + %tu,vy}ﬁ - Ezuzvyh2 - %zuyvyh2 + %tvuy,}f + vty h?
+ %zvuyyh2 + %vuxh2 — %zvzuxh2 - %zvyuxh2 — zvxh2 + %tu,vxh2 — %zuzvxh2
%zuyvxh2 — %zuxvxh2 + %tvux,hz + zvuxzh2 + zvuxyh2 + %zvuxx}ﬁ — %ktvzh

1 1 1 1 1 1
— Ektvyh — Ektvzuxh — Ektvyuxh — —ktveh — Ektuxvxh — Ektvuxzh

2

1 1
=+ Ektvuxyh + ktvuuh + Ektvuxxh + ktvuyuych + iy h;
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1 1 1 1 1
T = — —vu,h?> + fyvthQ — 2l + Ztuvih® — =tvuh® + Eyvtuyhz — izv;uyhz

* 2 2 2 2
1 , 1 , 1 1 1 1
— Eyvuy,h + izvuyth — Ekvh — Ektvth — Ekyvzh ~+ kzv,h — Ektutvzh
1 1 1 1 1
- Ektvuzth - Ekvuyh - fkyvzuyh + szvzuyh — ktvuy h+ —kyvuyzh
1
— Ekzvuyzh Zktv,ux kvuyuxh + kyv) uyh — kzvyu,h + ktu,vyuxh
1 1 1
+ 2kyuyvyux kzuyvyux ktvuy,ux kyvuy}uxh+ kzvuyyuxh

+ kyu vih — kzu vih + kyuyvih — 2kzuyvih + ktu, uyvx ktvuxth

— ktvuyuh+ 2kyvux}h kzvuyh + 2ktvutuxy kyvu) Uyyh
1 1

+ Ekzvuyuxyh + vauxyh — Etuxtvxyh — Eyuxyvxyh + EZMxnyyh + Etvxuxyth
1 1

+ Eyvxuxyyh - Ezvxuxyyh — Zuyvxxh — Ztuytvxxh — Zyuyyvxxh + ZZMnyxxh
1 3 1 3

— vaxh + Ztvyumh — Zvuxxyh + Zyvyuxxyh — szyuxxyh + Zyvxxyh
3 3 3

— Ezvxxyh + Ztutvxxyh + Zy”y"xxyh — ZZ”nyxyh — Ztvuxxy,h — Zyvuxxyyh
3 1 1 1 1

+ szuxxyyh — Ekztvyu)% + Ekztvz + Ekztvzux — §k2tvyux — kztuyvx

1 1 1 1
— k2tuyuxvx + Ekzz‘vu)CZ — §k2tvuxy — kztvuxuxy + Ektvxyuxx + Zktuxyvxx

1 1
ktvyltyey — Zktvxxy — —KtUyVyry — Zktvyuxxx — Zktvuxxxy,

2 4
1 1 1 1
7}9 = — Evuthz + Eyvthz - thhz + Et”tvthz - Etvunhz +yv1/lzth2 - Zvl/lzth2
1 1 1
+ Eyv,uyh2 - Ezv,uyh2 + Eyvuy,h2 — Ezvuy,h2 + yvux,h2 — zvux,h2
1 1 1 1 1
+ Eth — Ektvth + Ekvuxh — Ektvtuxh + Ekyuxvxh — kzuvih

1 1 1 1 1
+ Ektutuxvxh + Ekyuyuxvxh — Ekzuyuxvxh + Ektvuxth — Ektvuxuxth

1 1 1
— kyvu,h + kzvu,h + Ekyvuxuxyh — zkzvuyuyh — Ekyvuxxh + kzvuych

2

1 1
— Ektvu,uxxh + Ekyvuyuxxh — Ekzvuyuxxh — Ztux,vxxh — Zyuxyvxxh

1
Wi — = 2Veh

1 1 1
+ —ZUyyVaxh + — Vil D+ — YVl h — 5

4 4 4 g% atho

4 4

+ %tutvxxxh + %yuyvxxxh — Zzuyvxxxh — %tvuxmh + %yvuxxxyh
— %Zvuxxxyh — %kztuivx — %kztuxvx + %kztvuxx + kztvuxuxx + %ktuxxvxx
— Zktvxuxxx — %ktvxxx — %ktuxvxxx + %krvuxxxx,

ng = — %hzutv — %h2tunv — %hzyuy,v + %hZZuy,v + %hkuxv + hkt v
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1 1 1, 1 1, 1,
+ —hkyuyyv — —hkzuyv — —k“tug,v + —hkv — —h“zviuy, + —h“yvu,
) ky Xy 3 Xy ) XX 3 B tUy 3 Yvilty

1 1 1 1 1 1
+ Ehztu,vt + Ehzyv, — Wz, — Ehktv,ux — ihktu,vx — Ehktvt + Ehkzuyvx

1 1 1 1
— Ehkyuyvx - Ehkyvx + hkzv, + Ekztuxvx + Ekztvx,

1 1 1 1 1 1
ng = —vh? + —yv,h? — v B+ —tuv b+ ~tvugh® + fyvzuyhz — fzvzuyhz

2 2 2 2 2 2
1 2 2, 1 2, 1 2 1 2, 1 2 1 2
+ Eyvyh —zvyh” + Etu,vyh + Eyuyvyh — Ezuyvyh + Etvuy,h - Eyvuyzh
1 1 1 1 1
+ Ezvuyzh2 - Eyvuyyh2 + Ezvuyyh2 + Eyvxh2 — e+ Etutvxhz
1 , 1 , 1 , 1 , 1 , 1
+ Eyuyvxh — Ezuyvxh + Etvux,h — Eyvuxyh + Ezvuxyh — Ektvzh
lkt h lkt h lkt h 1kt h 1kt h lkt h
— —ktvyh — —ktvuh — —ktvyuh — — — —ktu — —ktvu
) Vy ) VzUx 3 VylUy 3 Vx 3 xVx 3 Vllyz

1 1
+ Ektvuxyh + ktvu,u,yh + Ektvuxxh + ktvuyuyh + ity h.

Remark. It should be noted that the above conservation laws include the energy conservation law, which
corresponds to the time translation and three momentum conservation laws, which correspond to the three space
translations.

4 Conclusions

In this paper we studied the generalized second extended (3+1)-dimensional Jimbo-Miwa equation (3). Sym-
metry reductions of this equation were performed several times until it was reduced to a nonlinear fourth-order
ordinary differential equation. The general solution of this ordinary differential equation was obtained in terms
of the Weierstrass zeta function. Travelling wave solutions of (3) were also derived using the simplest equation
method. Finally, the conservation laws of (3) were computed by invoking the conservation theorem due to Ibrag-
imov. These conservation laws included an energy conservation law, which corresponded to the time translation
and three momentum conservation laws that corresponded to the three space translations.
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