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Abstract

In this article, we have considered for numerical solution of a Poisson and Laplace equation in a domain. we have presented
a novel finite difference method for solving the system of the boundary value problems subject to Dirichlet boundary
conditions. We have derived the solution of the Poisson and Laplace equations in a two-dimensional finite region. We
present numerical experiments to demonstrate the efficiency of the method.
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1 Introduction

In this article, we propose a finite difference method for solving system of elliptic boundary value problems
in a square region Q= [a,b] X |a,b],

Pu Pu {g(x,y), (x,y) € Qu, (1)

7_1_7_
axr 9yt | f(xy),  (x,y)€Q,

where regions Qi = {[a, %] x [a,b]} U{[2£4,b] x [a, 254]} and Q, = [442,b] x [442,b] are respectively L-
shape and square as shown in figure 1, such that Q = Q; U Q,, subject to the boundary conditions

u(x,y) = g1(x,y), on  9Q (2)
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Fig. 1 Region

where dQ is boundary of Q.

Many physical problems in engineering and physics can be modeled mathematically. These modeled prob-
lems in general governed by partial differential equations. We study the Poisson/Laplace equation a specific
partial differential equation and these equations describe the behavior of electric, gravitational, and fluid poten-
tials in the study of electrodynamics and electrostatics, gravitation and fluid dynamics respectively. It is difficult
to get analytical solution of the most of the partial differential equations that arise in mathematical models of
physical phenomena. So we have to use numerical methods to approximate the solution of such problems.
Finite-difference, finite element and finite volume method are three important methods to numerically solve
partial differential equations. A powerful and oldest method for solving Poissongk #for Laplace$k #fequation
subject to conditions on boundary is the finite difference method, which makes use of finite-difference approx-
imations. The Finite difference method is very simple and effective. The emphasis in this article is on the
development of numerical method not to prove theoretical concepts of convergence and existence. Thus exis-
tence and uniqueness of the solution to problems (1) is assumed. We further assume that problems (1) is well
posed. We will not consider the specific assumption to ensure existence and uniqueness of the solution to prob-
lems (1). Though it is important to prove theorems on uniqueness, existence and convergence and that can be
developed in the future.

There are different methods depends on the geometry of the domain to solve Poisson or Laplace equation.
The finite element and finite difference methods are mostly preferred method respectively for irregular and
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regular domain. There also exist several studies in the literature in which the standard finite difference method
applied to solve elliptic PDEs in irregular domain too [1]- [4]. We are considering Poisson and Laplace equation
in a regular domain. For example, we know that the electric potential is related to the charge density by Poisson’s
equation and in a charge-free region of space i.e as charge density becomes negligible, this becomes Laplace
equation. Consider a problem in a domain where these two equations arise simultaneously and we wish to
determine electric potential of this problem. This type of the problem may be considered as an obstacle boundary
value problem and numerically solved by following the ideas in [5, 6].

In this article, we consider a finite difference method for numerical solution of system of elliptic equations
(1) in a square domain. This is the usual second-order accurate scheme. The derivation of the method depends
on difference approximation of the derivative on discrete mesh points in region of interest. So much research
have been reported on numerical solution of elliptic partial differential equations, many of them are excellent
work. But to best of our knowledge, neither similar problems (1) nor numerical method for the solution of
problems (1) has been discussed in literature so for.

The present work is organized as follows. In section 2: we present novel finite difference approximation
for system of elliptic equations. A novel finite difference method is presented so that the resulting difference
equation need satisfies the boundary conditions exactly. A derivation of the present method will discuss in
section 3. A local truncation error in the method and convergence will discuss in section 4 and 5. Finally,
the application of the developed method will be present together with illustrative numerical results has been
produced to show the efficiency of the method in section 6. A discussion and conclusion on the performance of
the method will present in section 7.

2 The Finite Difference Method

Consider the square domain Q = [a,b] X [a,b] for the solution of problems (1). Let h = (b—a) =+ N be
the uniform mesh size in the x and y directions of the Cartesian coordinate system parallel to coordinate axes.
Generate mesh points (x;,y;), x; =a+ih,i=0,1,2,----Nandy; =a+ jh,j=0,1,2,----N. Let denote the mesh
point (x;,y;) by (i, j). Let us denote the exact, approximate values of the solution of the problems (1) and source
function f(x,y) at mesh point (i, j) by U; ;, u;; and f; ; respectively. Also we define mesh point (x, LYyl )
as (x; + g,y j+%) and denote (i+ 3, j+ 3). Similarly we can define other notations that we have used in this
article. A novel finite difference method following the ideas in [7] for the the solution of problems (1) is defined
as follows,

1614()7() +36u0 1 +2Ou0 3 +36u: 0 +20u3 0— 144u, | + 16u

2 2 2 2 2

1 33
2 22

+ 6u,

13
=23

Su;_3 1+ 16u,_

1
212 =7

O+u~

i—

—34u;_

[S1[9%
lw

2OuN7%70 + 16uy_3 3 + 36uN7%70 — l44uN7%7% + 16uy o+ 36uN7% + 2OuN7

(][]

33
22

__ 02 _ _
9h (SFN,%’%_FN,%_FN7%7O)7 l—N,]—l,
16u0’j_% +5”%7j—% —3414%71»_% +5u%7j+%+u%7j_% +6M%,j_%+u%7j+%
2 . .
=21 (4F ;1 —Fy 1), i=12<j<N,
2 . .
ul—j,]—%—i_ui-%%,j—l +uz—§,]—%+”i %,J‘F% _4ul E’j_% =h F‘,‘_%]_%a 2§1<N72§]<N7
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U 3 N3 +5”i7%,N7% +16”i7%,N+6”i7%,N7% _34”i7%,N7% +”i+%,Nf% +5”i+%,N7%
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1

16“}\/-%,/\/-% +20uN_%7N+36uN_%_’N — 144uN_%’N_% +20uN1N_% +36uN7N_% + 16un
2 ..
=9%h (SFN—%,N—%_FN,N—%_FN—%,N)ﬂ i=j=N, (3)

where F,-J:(g—i’;—kgfi'f)i,j, 1 <i,j < N. Finally we have,
1 ..
u,-7j:Z(ul_?j_i—l—uﬁz’j_i—%u, éj+l+u1+27]+ ), Lj=1,2,..,N—1. 4)

3 Derivation of the Method

In this section we discuss the development of the method (3). So, let consider the development of the first
equation i.e. i = j = 1 in (3). Consider

ajui—1,j—1+axu, 1+a3ul 1+l +aqu;_ 1 1+a5ui+lj_1+a6ui_1

Lt ATl il
2
= h" (b1 (uex +tyy); 1

i—1,j—

i-1j-1 + bZ(uxx + Myy)i—%,j—l + b3(uxx + uyy)i_l_’j_%) (5)
where a}s and bls are real constant to be determined. To determine these constants in (5), let write the terms
in (5) in Taylor series about a point i — %, j— % Comparing the coefficients of 47, p = 0,1,2,3 in so obtained
Taylor series expansion for (5) and application of method of undetermined coefficients, we have a system of
linear equations in unknown a}s and b's. Thus solving the system of equations, we will obtain following,

(a1,a2,a3,a4,as,a¢,a7,b1,by,b3) = (16,36,20,36,20,—144,16,45,—-9,-9) 6)

Let substitute the value of constants from (6) in (5). Thus we have,

1614,',17]',1—1—36%_ . 1+20u 1—|—36M 1j_1+20u 144u, . , 1—|—16 L1

1,j— i—1,j+% i+3.j-1" i—3.— +1,+3
— 9}2 _
= OF gy =By =By )+ Ty O
where F,_| 1= = (U +Uyy); L1 and T, j—1 terms truncated in Taylor series expansion of (5) or truncating
20 2 20 27

error term. Neglecting the truncation error term T,_1 ;1 in (7), we will get the first equation i.e. i = j=11in
(3). Similarly we can derive other equations for dlfferent values of i and j in (3).

If we write system of equations given by (3) at each mesh point, we will obtain N x N linear system of equa-
tions if source functions f(x,y) and g(x,y) are linear otherwise nonlinear system of equations in ; I i,j=
1,2,...,N. To obtain a satisfactory solution of this system of equations with reasonable degree of accuracy, we
apply an iterative method to solve the system of equation (3).
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4 Local Truncation Error

LetT. 1.

I=2,J72

T,_ 1jobs and i = j = 1 truncating error term in first equation of (3). By Taylor series expansion of u's about
mesh point (x; LYot ) and from (7), we have

be truncation error at mesh point (xF LYt ), 1 <i,j<N as defined in [8]. Consider

D=

T. 1 = 16u; 1 ;1 +36u,_, 1 +20u +36u; 1 . —144u;_, i +20u + 16u

2
—OWGF_y = Fiy =Ry
3t d%u 2*u 2*u d*u 2*u
=20 (1521 4y 48 4 1521,
320( oxt + dx3dy + dx2dy? * dxdy? * dy* Jii

Thus we have obtained an expression of local truncation error term in case i = j = 1 i.e. first equation of (3).
Similarly we can compute local error terms for different values and cases of i and j i.e. in other equations in (3)
as follows,

%%ﬁ?fi?sﬁji"%z+43i49§3Hsgig)"5=f'%’ i=j=1
Z?O(I;W _‘ggﬁay +3483x23y2 — A5y TS5 i1ty I=N=1
§(5T£+6W5yz+4ryl‘f)i*%,j*%’ i=1,2<j<N,
Toas1=3 5 +50 2<i<N2<j<N, (8

355313;6%%%;&”’ ) ) z::N,'2§j<N,
,3?0(15373 _‘ggﬁsy +3483x25ly2 —Agay TS5 -1 1= 1.’J - Nf
314(48—;1;1—6&(27%4—587’1)[?%7#%, ) 4 2<i<N,j=N,
S0 (1558 +4555, + 485500 +4555 + 1550, i=Jj=N.

So we see that the order of local error terms 7;_ 1) in (8) are of O(h4). Thus the order of propose method (3)

is O(h?).

5 Convergence of the method

We next discuss the convergence of the proposed method and under suitable conditions [9]. We prove that
the order of the convergence is O(h?) . For each i, j = 1(1)N, let us define

45Fi_, j-1 +values on boundary, i=j=1,

202

8F, i1 j-1 +values on boundary, 2<i<N,j=1,
2 2
45F,, 1 j1 +values on boundary , i=N,j=1,
20 2
8Fi1 ;1 +values onboundary, i=1,2<j<N,
2 . .
it =W Fig b 2<i<N,2<j<N, 9)
SF;% il + values on boundary , i=N,2<j<N,

45F% i + values on boundary , i=1,j=N,
8F17%.N7% + values on boundary , 2<i<N,j=N,

45FN7%’N7% + values on boundary , i= j=N.
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and
By s =ty ot ~Uingjopy SIS,
Let define matrix S(y_1)2.1,
S:[Sll,Sgl, .......... ,Sul,Slg,Sgg, ......... ,S;l;, ....... ,Sl;l,Sg;l, ....... 7S;I;I]T
272 272 2 02 272 272 2 02 20 2 27 2 2 02
The the difference method (3) represents a system of linear equations in the unknown u, Ll 1<i,j<N
Using S = ¢,u,U and T, we write (3) in matrix form as,
—Mu+6¢=0 (10)
where  M(y_1)2, (v—1)2 18 block tridiagonal matrix and defined as:
AB 0
CDC
M= cDC
0 BA
in which blocks are
144 0 0 0 —16 0
-5 34 -5 -1 -6 —1
A= —-534 -5 , B= -1 -6 —1
0 144 (N—1)x(N—1) 0 —160 (N—1)x(N—1)
-5-1 0 34 —6 0
0 -10 -1 4 -1
C= 0-10 , D= -1 4 —1
0 =5 weyxw-n 0 =634/ (o)
But U is exact solution of (3), which in matrix form can be written as
—-MU+6¢+T=0 an

where T is truncation error matrix and each element is of O(h*). Let there are no roundoff errors in solution of
difference equation (3), so from (10) and (11) we get the error equation as

ME =T (12)

The matrix M is row diagonally dominant. Let M be the adjacency matrix of some graph G. We may easily
prove that graph G is connected. From this fact it follows that adjacency matrix M is irreducible [10]. By the
row sum criterion it follows that M is monotone [11]. Thus positive M~! exist. Moreover M is regular, thus
system of equations (3) can be solved by Gaussian elimination method by preserving its band structure. Thus
from (12), we have

[l < M [l (13)

With the help of (8) and (13), for sufficiently small &, we have
IE| < Oo(n?) (14)

Thus the proposed difference method (3) converges and the order of the convergence is quadratic.

§ sciendo


https://www.sciendo.com

A finite difference method for a numerical solution of elliptic boundary value problem 317
6 Numerical Experiments

The validity and effectiveness of the proposed finite difference method on uniform mesh have been tested
on linear model problem. In our experiment we took a square as a region of integration and covered it with a
uniform mesh of size h. We have used iterative method Gauss Seidel to solve the system of linear equations.
In table, we have shown maximum absolute error MAU, computed for different values of N, using following
formula,

MAU = 2§?}2§_1 ]u(xz',yJ') - ”i,j}

All the computations in the experiment were performed on MS Window 2007 professional operating system in
the GNU FORTRAN environment version -99 compiler(2.95 of gcc) running on Intel Duo core 2.20 Ghz PC .
The stopping condition for iteration was either error of order 10~'% or number of iterations 103 -

Problem 1. Consider a linear elliptic boundary value problems in a square region Q = [0, 1] x [0, 1] which,
when solving consists of

Pu du_[o e
ot 9 | flxny), (%) €,

where regions Q; = {[0, 3] x [0,1]} U{[3,1] x [0, 3]} and Q; = [, 1] x [}, 1] are respectively L-shape and square
such that Q = Q; UQy, subject to the boundary conditions u(x,y) on dQ. The source function f(x,y) is given
such that the exact solution is

u(x,y) = aog(x+y)+a, (x,y) € Q1,
’ 1.0+ azexp(xy), (x,y) € Qy,

where ag,a; and a; are constants and determined [12] by the considering the continuity of u, u, and u, points on
dQ =09Q1NJQ;. Intable 1, we have presented the time Etime in seconds and the computed MAU for ap = 0.5,
a; = 1.0 - 5%, ap = apexp(—1.5) and different values of N in constructed solutions. We have presented MAU
for different values of ag,a; and a, table 2 and table 3.

Table 1 Maximum absolute errors in u(x,y) in € and Q, for problem 1.

MAU
N Q Q Etime
4 | .44357300(-1)| .10435032(-1)| 0.0
.20332336(-1)] .76701991(-1)| 0.0
16| .14885783(-1)] .68618409(-1)| 0.1
32| .14406562(-1)| .66433303(-1) 0.9
64| .14742970(-1), .65848224(-1)[ 10.9
128 .15002966(-1)| .65623157(-1)[134.9
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Table 2 ag=92,a; = 1.0— 5%, a = agexp(—1.5)

MAU

N Q) Q, Etime
4 1 27722120(-2)| .65218653(-2)| 0.0

.12705326(-2), .47935690(-2)| 0.0
16| .92923641(-3)] .42875255(-2)| 0.1
32| .89609623(-3) .41472162(-2) 0.7
64| .90408325(-3) .40954794(-2)| 7.1
128 .84555149(-3)| .39971317(-2)| 62.1

Table 3 ap = %3, a1 = 1.0— 5%, a = agexp(—1.5)
MAU

N Q Q Etime
4| .34630299(-3) .81500964(-3)| 0.0
.15854836(-3) .59888320(-3) 0.0
16| .11491776(-3), .53451018(-3)| 0.1
32| .10740757(-3) .51317172(-3)| 0.4
64| .89645386(-4) .48682650(-3)| 3.4
128 .48041344(-4) .44426878(-3)| 15.4

7 Conclusion

In this article we have discussed finite difference method for numerical solution of system of elliptic equa-
tions. The method is theoretically second order accurate and Dirichlet boundary conditions incorporated into the
method. In considered model problem we find that the computational performance of the method and accuracy
depends on the constructed exact solution. The results obtained in model problem is not in good agreement to
the estimated order of the method. In future we wish to improve proposed method. Though method developed
on rectangular domain and used equally spaced grid mesh systems, it has good potential for efficient application
to many problems on different geometries and dimensions, work in this specific direction is in progress.

8 Remark

We are interested in computing approximate numerical solution of the elliptic obstacle problem at the mesh
points (x;,y;) in two dimension space. The development of the method in this article may be applied for problems
in higher dimensions and different geometry. Fortunately we able to find some idea about the convergence of
finite difference method under an appropriate condition but unable to measure maximum absolute error in terms
of the mesh size / in numerical experiment. In numerical experiment we have considered exact solution and

its first order partial derivatives are continuous at the boundary points (#,b) and (b, #) of regions L and
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square. However in theoretical estimation of error we have considered smooth u(x,y) i.e. fourth order partial
derivatives are continuous in considered domain. Thus under an appropriate assumption, we obtain an error in
U (x;,y;) exact solution and u an approximate solution obtained by proposed finite difference method (3) of the
considered problem by using formula |U (x;,y;) — u; j| < Ch”, where C is constant i.e. independent of U (x,y), h
the mesh size of the discretization and p the order of the method estimated by numerical experiment. In tables
we have find that maximum absolute errors in the exact and approximate solutions for the considered model
problem for different values of & = % We observe from the tables that as N increases maximum absolute error
decreases.
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