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Abstract

In this paper, we discuss the existence and uniqueness of solutions for a non-autonomous reaction-diffusion equation with
delay, after we prove the existence of a pullback Z-asymptotically compact process. By a priori estimates, we show that it
has a pullback Z-absorbing set that allow us to prove the existence of a pullback Z-attractor for the associated process to
the problem.
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1 Introduction and statement of the problem

We consider the following nonautonomous functional reaction-diffusion equation

gru(e,x) = Au(t,x) = f(u(t,x)) +b(t,u) (x) +g(t,x) in (7,00) x 2,
u=0o0n (7,0) X IQ,

u(t,x) =u’(x), tc Randx € Q,

u(t+0,x) = ¢(0,x), 6 € [—r,0] andx € Q,

(1.1)

where Q C RY is a bounded domain with smooth boundary dQ, 7 € R, u® € L*(Q) is the initial condition in
tand ¢ € L?([—r,0];L*(Q)) is also the initial condition in [T — r, 7], r > 0 is the length of the delay effect. For
the rest we assume following assumptions conditions :
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H) Concerning the nonlinearity, we assume that f € C!'(R,R), there exist positive constants c, Lo, i1,k and
p>2, N < 5 such that

—c—Molul? < f(u)u < c—pful” Vu € R, (1.2)
(f(u) = f(v) (u—v) < k(u—v)?Vu,v € R. (1.3)

= [ s

From (1.2), there exist positive constants /,¢’, ug, i1j such that

Let us denote by

@] <I(juP'+1) YueR, (1.4)
— ' — ulul? < F(u) < —uilul? Yu € R. (1.5)

H,) The operator b : R x L?>([—r,0]; L*(Q)) — L*(Q) is a time-dependent external force with delay, such that
(I) Forall ¢ € L*([—r,0];L*(Q)), the function R > ¢ ~— b(t,¢) € L*(Q) is measurable;
(II) b(z,0) =0forallt € R;
(Il) 3L, > 0s.tVs € Rand ¥y, ¢ € L2([—1,0;L*(Q));
162, 01) = b(t, $2)[| < Lol|91 — d2ll 2022 5 (1.6)

(IV) 3Cp > 0.t Vt > 7, and Vu,v € L2 ([T — 1,t]; L*(Q));
t
/ 165, u5) — b(s,vy)| ds<Cb/ lu(s) — v(s)|2ds. 17
T—r

Remark 1. From (I)-(Ill), for T > T and u € L*([t — r,T|;L*(Q)) the function R >t — b(t,9) € [*(Q) is
measurable and belongs to L™ ((7,T);L*(Q)).

Hz) The function g € L2 (R;L?(Q)) is an another nondelayed time-dependent external force.

For more details on differential equations with delay, we refer the reader to J. Wu [9] and J.K. Hale [5]. The
purpose of this paper is to discuss the existence of pullback Z-attractor in L?(Q) x L?([—r,0]; L*(Q)) by using
a priori estimates of solutions to the problem (1.1).

This work is motivated by the work of T. Caraballo and J. Real. [1], where they proved the existence of
pullback attractors for the following 2D-Navier# Stokes model with delays :

—VAu+Y7 1u,ax =f—Vp+g(t,u)in(1,00) x Q,
dzvu—Oln(‘L' 00) X Q,
u=0on (7,0) xIQ, (1.8)
u(t,x) = up(x), x € Q,
u(t,x) =9(t—1,x),t€(t—h,t)andx € Q,

where v > ( is the kinematic viscosity, u is the velocity field of the fluid, p the pressure, T € R the initial time,
ug the initial velocity field, f a nondelayed external force field, g another external force with delay and ¢ the
initial condition in (—#,0), where A is a fixed positive number.

On the other hand, the problem (1.1) without critical nonlinearity was treated by J. Li and J. Huang in [6],
where they proved the existence of uniform attractor for the following non-autonomous parabolic equation with
delays :

{ W Au(t,x) + bu(,x) = F () (x) +g(¢,%) xin Q, (1.9)

)
(T x) = up(x), u(t+0,x) = ¢(0,x), 6 € (—r,0).
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Here Q is a bounded domain in R™ with smooth boundary, » > 0, A is a densely-defined self-adjoint positive
linear operator with domain D(A) C L*(Q) and with compact resolvent, F is the nonlinear term which is locally
Lipschitz continuous for the initial condition, g is an external force.

In [3], J.Garcia-Luengo and P.Marin-Rubio treated the following reaction-diffusion equation with non-
autonomous force in H~! and delays under measurability conditions on the driving delay term :

—Au= f(u)+g(t,u) + k(1) in (7,00) x Q,
u=0o0n(7,0)xQ, (1.10)
u(t+s,x) =¢(s,x), s€ [—r,0jandx € Q,

where T € R, f € C(R) the nonlinear term with critical exponent, g is an external force with delay, k €
L} (R;H'(Q)) a time-dependent force, ¢ the initial condition and & the lenght of the delay effect. In this
work, the authors checked the existence of pullback Z-attractor in C([—h,0]; L*(Q)).

This paper is organized as follows. In section 2, we will prove the existence of weak solutions to the prob-
lem(1.1) by using the Faedo-Galerkin approximations, as well as the uniqueness and the continuous dependence
of solution with respect to initial conditions. In section 3, we recall some definitions and abstract results on
pullback Z-attractor. Then we can prove the existence of pullback Z-attractor for the nonautonomous problem
with delay.

2 Existence and uniqueness of solution

First we give the concept of the solution.
Definition 1. A weak solution of (1.1) is a function u € L*([t —r,T|;L*(Q)) such that for all T > T we have

ue L*((t,T);Hy(Q))NLP((7,T);LP(Q)) NC([z, T]; L*(Q))

and 5
u 72
W (1)),
withu(t) = @(t — 1), fort € [t —r,1], and it satisfies

/TT—<u,v’>+/TT/QVqu:/T/f(u)er/T(b(;,ut),V)
/ /gv+ (1)),

for all test functions v € L*([t,T]; H} (Q)) and V' € L*([t, T);H1(Q)) such that v(T) = 0.

Theorem 1. Assume that g € LlOC(R;LZ(Q)), b and f satisfy (I)-(IV) and (1.2)-(1.5) respectively and if A >
1+Cp/2, Then for all T > T and all (u°, @) in L*(Q) x L*>([—r,0];L*(Q)), there exists a unique weak solution
u to the problem (1.1).

Proof. Let us consider {e; }4>1, the complete basis of H}(Q) which is given by the orthonormal eigenfunc-
tions of A in L?(Q) . We consider

= ZYk,m(t)ek, m=1,2,...
k=1

which is the approximate solutions of Faedo-Galerkin of order m, that is

dé’:a k> (Au™ > (f(u™),ex) + (b(t,u), ex) + (g, k)
(u™( :< il e ) = (U0 er) ie. Py (t) — u® in L2(Q)
(u (T+ 9) k) = (Pn9(8),ex) = (9(8),ex) VO € (=1,0)
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forall k= 1...m. Where ¥ (t) = (W"(t),ex) denote the Fourier coefficients ; such that y,,x € C'((7,T);R)N
L*((t—nT),R),¥,,,(t) is absolutely continuous, and P,u(t) = Y, (u,ex) ey is the orthogonal projection of
L*(Q) and H} (Q) in Vi, = span{ey,... ,em}-

It is well-known that the above finite-dimensional delayed system is well-posed (e.g. cf. [2]), at least locally.
We will provide a priori estimates for the Faedo-Galerkin approximate solutions.

Claim 1. Forallm € N* and all T > ©, the sequence {u™} is bounded in
L=((2,T):L2(Q)) NL*((7,T): Ho (Q)) NLP (7, T): L7(R)).
Multiplying (1.1) by 4™ and integrating over {, we obtain

ld

Sl OF + 19O = [ g [ b+ [ g

Q

Using the hypothesis (1.2) and the Young inequality, we get

)|+ |7 o)
< el — ()P -+ (I + 5 @) P+ 8O + 5 170

So, one has

d m 2 m 2 m

)P + 2090+ 20 (1)

< 2]+ [[b(e, u")|P + 1l (0) |2 + " (1)1
After integrating this last estimate over [7,¢], T <7 < T, we use (II) and (IV), so we get
, ,
O +2 [ [9un(6) Pds-+2m | e (o)7ds

t

< 2|0t — 1) + [l (D) + G, / " (5)]ds
. . T—r

+ / lg(s)|Pds + / Jum(s) s,
T T . .

< 20100(r =)+ (O +Co [ ) Pas G, [ (5)ds
. . T—r T

+ / lg(s)|Pds + / Jum(s) s

By the fact that A, ||u||? < ||Vul|?, one has

t t
()2 +2 / IVu"(s)|ds + 24 / " (5)||Pds
T T

T t
< 269|(t—f)+|!um(f)||2+Cb/ Hum(S)llzdSJrCh%l/ Ve (s)||ds
T

T—

t t
+ / lg(s)|Pds + 4" / Vi (s)|ds.
T T
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Then, we find
t t
@)+ 2= =) [ Vi) s+ 2m [ un(s)Pds
T T
T t
< 2C\Q!(f—f)+Hum(f)HerCb/ Hum(S)szer/ ls(s)l1%ds.
T—r T
T t
< 2C|Q!(T—T)+!Mm(f)||2+cb/ Hum(S)szer/ lg(s)]>ds. (2.1)
T—r T
Since g € Lz (R,L*(Q)) and for A; > 1+Cy/2, we deduce by this last estimate that for all 7 > 7, the sequence

{u™} is bounded in L=((t,T); L*(Q)) NL*((7,T); HY (Q)) NLP((7,T); LP(Q)). (2.2)
Also, the estimate (2.1) implies that the local solution can extended to the interval [t,T].

Claim 2.
{f(u™)} is bounded in LY((7,T); L (Q)). (2.3)

Using (1.4), we have

6Ol gy = [ e,
< lq/ (Ju™ (t,x) [P~ + l)qu.
Q
By the convexity of the power and the fact that p = g(p — 1), one has
GOy <2719 [ a0 Va2 1),
Q

<27 0I5ty + 207 @,
<2 (1)) +29 1912

Integrating this last estimate over [7,¢], T <7 < T, one obtains

J U s <270 [ 15 g+ 20~ 10—

From (2.1), we deduce that the term [! c Hum(s)Hlpj,(Q)ds is bounded, so by this last estimate we conclude that
{f(u™)} is bounded in LY((7,T);L?(Q)), forall T > 7.

Claim 3. {%um} is bounded in LZ((T, T);L*(Q)).

Now, multiplying (1.1) by " and integrating over , one has

d . I* 1d,o . 0
'dtu | + 1L wo))
—/Qf(u )at+/gb(t,u,) St |5 2.4)
On the other hand, we have
4 p(uy = 4F o
dt du ot’
P
= fl) 5, 2.5)
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0= [ sy

So

Using this last equality in (2.4), we find

|

From (1.5) and Cauchy inequality, we have

d

a 2+ Sivwra? = 5 [ Fan+ [ b ml [ 2
a" O T3 T o U)o 8

2
g + 3 g manoe,
’ / €l 2 d . ?
< & [ —milue -+ S o) P+ | S
1|4 2
Zlls0)17+ 5 || )
After simplification, one obtains
1 1)\ d > d
(2= 5 -2 )| o] + 5 (mear-2uneol, )

< ellb(,u") > + & llg()]>.

We can choose €] = & =2 to get

|

Integrating this last estimate over [7,¢] and using (II) and (IV), one has

/

t t
< 196 (2) |2+ 204 " (D)1 + 2C / ru'"<s>uzds+2/ lg(s)|ds,
T—r T

d 2

(1)

d m 2 ! m )4 m 2 9
dr + 2 (V" @+ 20 011y ) < 206001 1P +21lg0)]

2

d m m m
S (s)|| ds+ [V ()1 + 201 ()]0

T
< 9" (O + 20 (2) 1 ) +2C / " (5)[[Pds
T—r
t
e / " (5)|Pds +-2 / lg(s)|%ds
T T

Since A1 ||u||? < ||Vu||?, one has

/

T
< IV (]2 + 20 o (1) ) + 2G5 / lu(s) | 2ds
T—r

2
W (s)|| ds+ | Va" ()1 +2pilu" ()17 g

ds

t
207! / Vi (s) 2ds +-2 / lg(s)|%ds
T T
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From (2.1), we have |, Tt [Vu™(s)||>ds is bounded and since g € L7 (R;L*(Q)), this last estimate gives that
i m\ : 2 .72
50 (s bounded in L°((7,T);L"(Q)),

forall T > 7.
From the claims (1), (2) and (3), the hypothesis (IV) and the remark (1), we can extract a subsequence
(relabelled the same) such that

u™ — u weakly* in L((7,T);L*(Q)),
u™ — u weakly in L*((z,T);
T

u™ — uweakly in LP ((7,T);

d
8ut — a—’: strongly in L*(

f(u™) — o' weakly in LY((7,T); LY(Q)),
b(.,u™) — b(.,u) strongly in L*((7,T);L*(Q)).

(2.6)

—~ = 3T
3
—~
)
~—

T, T):L*(Q)),

By the Aubin-Lions lemma of compactness, we conclude that ™ — u strongly in L*((t,T);L*(€)). Thus
u s uae[t,T| xQ.

Since f is continuous, we deduce that f(u") — f(u) a.e [t,T] x Q. So from (2.3) and (lemma 1.3 in [7],
p.12) we can identify ¢’ with fu).

To prove that u(7) = u®, we put v € C'((7,T); H} (Q)) such that v(T') = 0 and we note from (1.1) that
T T
/ —<u,v'>—i—/ /Vqu:/ /f(u)v+/ (b(t,uy),v)
T T JQ T JQ T
T
+/ /gv+<u(r),v(’r)>. (2.7)
T JQ

In a similar way, from the Faedo-Galerkin approximations, we have

/TT_<um,v’>/:/QVu’"Vv_/:/gf(u’”)wr/f (b(t,u"),v)
T
s [, 29
Using the fact that ™ (7) — u° in L?(Q) and (2.6) to find
/TT—<u,v/>+/TT/QVqu:/TT/Qf(u)v+/TT<b(t,ut),v>
T
+/T /ng+<u0,v(r)>, 2.9)

Since v(1) is given arbitrarily, comparing (2.7) and (2.9) we deduce that u(7) = u°.

To prove that u € C([t,T];L*(Q)), we put w" = u™ — u then we have

aatwm—Awm = f(u")— f(u)+b(t,u)") — b(t,u;).

Multiplying this equation by w"* and integrating over €2, we obtain
d
W@+ 2w @) = 2/9 (f (™) = f (u)) w™
+2 [ (ble?) = b(r)) (" ).
Q
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By (1.3), (I) and (1.6), we get

d m

Ellwm(t)||2+2||VW DI < 2kw™ ()11 +2Ls Wi 172 rop22(0) -

Integrating over [7,7], we get

W™ O = [[w" (7)1 +2/ VW™ (s)||*ds

<2k/ W (s H2+2Lb// W (s+ 0)[2d0ds,
<2k/ W™ (s ||2+2L,,// [w™(s)||*dsd8,
—rJT—r

< Zk/ W (5)]2 —|—2Lbr/ W (s )||2ds+2Lbr/ Iw" (5)|Pds.
T—r
Therefore by by this last estimate, we can deduce that
W™ (1)1 < [Jw" (7)|? +2Lbr/T [[w" (s)|[2ds + (2k +2Lpr) t W™ (s)||ds
T—r T
Applying the Gronwall lemma to this estimate, we obtain

T
()2 < (meu)rr%zw / Hw’"(s)szs> oH2Lir)i7) (2.10)
T—r

Since u™ (1) — u® and u™ (74 0) — @(8), the estimate (2.10) shows that «™ — u uniformly in C([z, T];L*(Q)).

Finally, we prove the uniqueness and continuous dependence of the solution. Let u!;u? be two solutions
of problem (1.1) with the initial conditions u%',u%? and ¢!, ¢?. Denoting that w = u' — u? and repeating the
argument as in the proof of (2.10), we find

T
()| < (rrw<r>|r2+2Lbr / uw(s)szs) LRk 2L(T) @)
T—r

and this completes the proof of the theorem. m

3 existence of pullback D-attractors

3.1 Preliminaries of pullback D-attractors

First, we give some basic definitions and an abstract result on the existence of pullback attractors, which we
need to obtain our results (we refer the reader to [2—4, 8]). Let (X,d) be a complete metric space, &?(X) be the
class of nonempty subsets of X , and suppose & is a nonempty class of parameterized sets D = {D(¢) : t € R} C
2(X).

Definition 2. A two parameter family of mappings U (t,7) : X — X t > 7, T € R, is called to be a process if
1. S(t,1)x={x},VTeR,x€Y;
2. S(t,5)S(s,t)x=S(t,t)x,Vt >s>1, 1€ R, xeX.

Definition 3. A family of bounded sets B = {B(t) : t € R} € D is called pullback D-absorbing for the process
{S(z,7)} if for any t € R and for any D € 9, there exists Ty(t,D) < t such that

S(t,7)D(t) C B(t) forall ©<1(t,D).
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Definition 4. The process S(t,7) is said to be pullback -asymptotically compact if for all t € R, all De 7,
any sequence T, — —co, and any sequence x, € D(7,), the sequence {S(t,7,)x, } is relatively compact in X .
Definition 5. A family A = {A(t) : t € R} C P(X) is said to be a pullback 7P-attractor for {S(t,7)} if
1. A(t) is compact for all t € R;
2. Ais invariant; i.e., S(t,7)A(T) = A(t), forall t > T;
3. Ais pullback D-attracting ; i.e.,

lim dist(S(t,7)D(t),A(t)) =0,

T——o0
forallD € P and allt € R;
4. If {C(¢) : t € R} is another family of closed attracting sets then A(t) C C(t), forallt € R.

Theorem 2. Let us suppose that the process {S(t,7)} is pullback 2-asymptotically compact, and B= {B(1) :
t € R} € D is a family of pullback Z-absorbing sets for {S(t,t)}. Then there exists a pullback Z-attractor
{A(t) : t € R} such that

A(t) =[S, 7)B(7).

s<tT<s
3.2 Construction of the associated process

Now, we will apply the above results in the phase space H := L?(Q) x L?([—r,0]; L?>(Q)), which is a Hilbert
space with the norm

0
1 @)l = IV + [ llo(6)] a8,

—r

with (u°,¢) € H. To this aim, We consider g € L2 (R;1*(Q)), b : R x L*([~r,0];L*(Q)) — L*(Q) with the

loc

hypotheses (I)-(IV) and f € C'(R;R) verifying (1.2)-(1.5). Then the family of mappings
S(t,t):H—H
(", @) — S(t, ) (", ) = (u(t),ur), (3.1)

witht > 7, 7 € R and u is the weak solution to (1.1), defines a process.
On the other hand, we construct the family of mappings

U(t,7): H— C([—r,O];LZ(Q))
U, @) — Ut,0)u’, @) =u;, ¥t > 147, (3.2)

which we will use in our analysis. Of course, it is sensible to expect that the both operators should be related.
Let us consider the linear mapping

j i C([—r0;L3(Q)) — P(Q) x C([-r,0;L*(Q))
¢ — j(@) = (¢(0),0).

This map is obviously continuous from C([—r,0]; L?(Q)) into H . We note that for all (u°, ¢) € H provided that
t > T-+r, S0 we write

S(t,7)(u’,9) = j(U(t,7) (", ), V(' @) € H, Vi > T+,
To check the continuity of the process, we need the following lemma.
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Lemma 1. Let (u°,¢), (W0, 9) € H be two couples of initial conditions for the problem (1.1) and u, v be the
corresponding solutions to (1.1). Then there exists a positive constant V := 2(% +k+ % — A1) >0, such that

lu(e) =v(@) I < (la® =V°* + Collp — 91 "7, Vi > 7. (3.3)

It also holds
||”f_vt||%([fr,0];L2(gz)) < ([u® =P+ Collo—0117) "D, vt > T+ 7., (3.4)

Proof. From (1.1), one has

& (u=v) ~ Alu—v) = £(u) ~ £() +(o.) ~ ble. ).

We put w = u — v, we obtain

dw
5, ~Aw= () = F() +b(t,u) = bt v1)

Multiplying this equation by w and integrating it over £, one gets
1d 2 2
S WO+ IVw@) ™= | (fw) = fO)w+ | (b(tu) =b(E,vi))w.
2dt Q Q
Using (1.3) and Cauchy-Schwarz inequality, one has
5 = WO+ IVw(@) > < Klw(e) 1>+ [1b(,ur) = b(r,ve) [[[1w(2) ]
Since Ay ||w(t)||> < ||Vw(¢)||* and by the Young inequality, one finds

L Iw O +224 )| < L o) 2 +2 9w P,
< 2hw o)+ (e, ) — b0, v) [+ (o) P

Therefore, one has

SO <2 (5= 20 ) IR+ () = 00
Integrating this last estimate from 7 to ¢ and using (1.7), one obtains

2 2 1 ' 2

O < ol +2 (5 454 ) [ IR
+ /t |b(s,us) — b(s,vy)||%ds,
:

< I P+2 (ki) [ IwolRds G, [ o) Pas,

< @I +2 (5 k=) [ Pasecn [ wiolPa

+G [ Iwis)as,

:
§||W(’E)H2+C;,/r Hw(s)H2ds—|—2< +k+—7t1)/ lw(s)||*ds.

T—r
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By the Gronwall lemma, for all # > 7, one deduces

T

WP < <||w<r>||2+cb /

< (Huo _ VOH2 —i—CbH(P — ¢”%2([—r,0];L2(Q))) ev(;,T) ,

||w<s>||2ds) ),

—r

and by this last estimate, we proved (3.3). Now, assume thatz > 7+ r, so ¢+ 60 > 7 for all 6 € [—r,0] and one
has

wte+ )2 < (71 +-Collg— 01 pauariny ) €40
S (HMO _V0||2 +Cb||(p - (PH]ZJZ([,,.’()];Lz(Q))) eV([—r—’L’) .

Hence, we conclude

wielle—rorz2@) < (Huo VP +Cllo—¢ IEZ([,KW(Q))) V=11
By this last estimate we finished the proof of this lemma. m

Theorem 3. Under the previous assumptions, the mapping S(.,.) defined in (3.1), is a continuous process for
all t<t.

Proof. The proof of this theorem is as the proof of Theorem 9 in [1]. The uniqueness of the solutions implies
that S(.,.) is a process. For the continuity of S(.,.), we use the previous lemma. We consider (u°, ¢), (W, ¢) € H
and u, v are their corresponding solutions. Firstly, if we take ¢t > T+ r, it follows from (3.4)

0
=l = | e+ 0) = o+ 0) P

0

< / sup [t +s) — vit +5)|%d6,
—r s€[—r0]

< (i O+ Collp— o7 .

Now, forr € [t,7+r], we deduce

0
e =vill2 o2y = [ Nult+6) —v(t+6)[ a6,

—r
< (rlla® = VI + (Cor+ 1) [ — §]12) 7.
So, for all > 7, we have
e = vill 72 rorrzcay < (Flu® =P+ (Cor+ D@ = 9|17) "7
Hence, by this last estimate and (3.3) we deduce the continuity of S(¢,7). m
3.3 Existence of pullback D-absorbing set in C([—7,0];L*(Q)) and H

Firstly, we need to the following lemma, it relates the absorption properties for the mappings with those of
process S in the fact that, proving those for U yields to similar properties for S.

Lemma 2. Assume that the family of bounded sets {B(t) : t € R} in the space C([—r,0];L*(Q)) is pull-
back 9P-absorbing for the mapping U(.,.). Then the family of bounded sets {j(B(t)) : t € R} in L*(Q) x
C([—r,0];L*(Q)) is pullback P-absorbing for the process S(.,.).
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Proof. Let {D(¢) : t € R} be a family bounded sets in H , so there exists 7 > r such that
U(t,7)D(t) CB(t),Vi—1>T.

On the other hand, we have
S(t,7)(u’, @) = j(U(t,7)(u, 0)),

it follows that
S(t,7)(u°, @) = j(U(1,7)(u’,9)) C j(B(1)), Vi—T>T.

Remark 2. Noticing that the word absorbing used in this papier should be interpreted in a generalized sense,
since U is not a process.

Now, we need the following estimations.

Lemma 3. Assume that g € L (R;L*(Q)), there exists a small enough o < 24, —2 — Cy, such that

loc

/ e g(s) |Pds < o, 3.5)

—o0

the function f satisfies (1.2)-(1.5) and b fulfills conditions (I)-(IV) and

/ﬂwm%y¢@mng@/ % |lu(s) —v(s) | 2ds. (3.6)

r

Then we have

T
()| < e‘“(’_”Hu(f)Hz+Cbe_°‘(’_”/ lu(s)|*ds
T—r

t

+ 2¢|Qlo ! (1 —e*a(t71)> +e°”/ e®||g(s)||*ds, (3.7)

—oo

and

t t
e @ [ e uls) Pas+ 2ue [ e uls) | gy
T T

T
SeWﬂW@W+Qew”/‘W@Wﬁ+%mmlo—ewro
T—r

1
Lo / e g(5)|Pds, (3.8)

where ) :=2A1 —2— o —Cy.
Proof. Multiplying (1.1) by u and integrating over €, one has
1d ) 2
5 M@+ IVu@l = [ flwu+ [ blt,u)ust | gu.
2 dt Q Q Q
By (1.2), Cauchy-Shwarz and Young inequalities, we obtain
1d 2 2 p 1 2, 1 2 2
5 2 O+ Va7 + pllu(@)ll ) < e+ 5150 un) |7+ S g @117+ u@)]".
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Since Ay ||u||> < ||Vu||? and after calculation, one has

d
S @1 4204 = Dlu(@)]* + 2pual ()17, ) < 210+ 16w + [l )]

Now, we multiply this last estimate by e* such that 0 < o« < 24; —2 —C},, so one gets
d
a’allu(t)||2+2(7tl = 1)eJu(e) |* + 2 e |u(t) ] g
< 2¢[Qe® + e [b(t,up)||* +e |5 (1) (3.9)

On the other hand, we have

d ot _ ot Ottd
77 (€ u@)]?) = e flu(o)][* + e lu(o)]?

We substitute (3.9) in this equality, we find
d
2 (@l ?) < e |fu(t) > = 2(M — Ve [lu(t) |* = 2™ [[u(®)[|7, q
+ 2¢|Qfe + e ||b(,ur) ||* + ™ ||g (1)
Integrating this last estimate over [7,¢], one obtains
e lu(@)|* < e llu(t)|? +2¢| Qo (e —e*7)
t t
+ (a+2—211)/r e‘“Hu(s)szs—Z,u]/T e u(s) 7
t t
+ / e“s\|b(s,u5)|]2ds+/ e®||g(s)||%ds.
T T
Using (3.6) and (II), one has
e [u(r)|* < e u()||* +2¢|Qa (e — )
t t
+ (Ot—|—2—2),1)/ eas||u(s)||2ds—2‘u1/ ea‘v||u(s)|]f},(9)ds
T T
t t
—{—Cb/ eaSHu(s)szs—l—/ e®||g(s)||%ds. (3.10)
T—r T
On the other hand, we have
t T t
| et Pds= [ e luts) s+ [ e luts)Pas.
T—r T—r T
T t
< em/ ||u(s)|2ds—i—/ o |lu(s)|Pds. 3.11)
T—r T
So by (3.10) and (3.11), one finds

X u(®)? < elu(7)|* +2¢|Qf ! (¢ — )

t 1
@t 2-20+G) [ e uls)ds =2 | e (o] g ds
T T

T t
LGy / lu(s)|Pds + / e 5(s)[%ds.
T—r T
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Hence, by (3.5) we obtain
t
() > + (221 — 06—2—Cb)e‘°"/ e||u(s)||ds
T

t
2me® [ e als)]f g ds
T

T
< e u(o) |2+ 2@ (1- 7079 4 G / lu(s)l*ds
T—r

t
+ew/ eaSHg(s)szs.

—o0

Thus, for 1 :=24; — @ —2 —Cp, > 0, by this last estimate we get

T
lu()]I* < e_o‘(’_”\lu(f)llz+Cbe_°‘(’_f)/ () [[Pds
T—r

t

+ 2¢|Qlo ! (1 —e*a(t71)> —i—e“’/ e®||g(s)||*ds,

—o0

and

‘ t

Tle_al/eas||u(s)||2ds+2ﬂle_w/eas”u(s)”[z”(ﬂ)ds
T T

T

< ea(tT)HM(T)HZ—i-Cbea(tT)/

T—r

||u(s)||*ds +2¢c|Q|a ! <1 _efol(tfr)>

!
v [ e gl Pas

for all > 7. So by these two estimations the proof of the lemma is finished. m

Proposition 1. Under the assumptions in lemma (3). Then the family {B(t) : t € R} given by

Bi(t) = Be(—ro:2(0)) (0, R1 (7))

with
t

Ri(t) = ™ (ZC\Q](XI —i—e‘”/

—o0

ea’Hg(s)szs> , Vt €R;
is pullback 2-absorbing for the mapping U (t,T) . Moreover, the family {By(t) : t € R} given by

Bo(t) = Br2(0)) (0,R1 () X Bpa(_ o2 (0, V7R1 (1)) CH, Vr € R,
is pullback Z-absorbing for the process S defined by (3.1).

Proof. The first part may be proved as follows.
By definition, we have

100, ) oz = sup e +5)]2.
s€[—r0]

From (3.7), if we take t > T+ r,sot+ 6 > 7. Then one has

e +)]> < e 0D Jlu(0)|> +Coe™ O @lIFa 012200

146
+ 26’|Q‘O£71 (1 _efoc(t+67‘c)) +ea(t+9)/ eOCng(AS,)HZdS7

—oo
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which implies that

S[upo] u(t+9)[* < e lu(D) |2+ Cpe™ @l o)
se|—r,

+ 2C|Q‘0671€ar (efocr _efa(tfr)>

t
4 el / ¢®||g(s)||%ds , (3.12)

—o0

On the one hand, we have

0
1122 (ropziy = [ llo(6)]1a6,
(1-r0122(@)

-r

0
< / sup [ p(s)|d6.

—rs€[—r0]

< rllQlIe(ropr2) - (3.13)
Therefore by (3.12), (3.13) and the fact that u(7) = ¢(0), we obtain

S[upo] [z +5)]> < e @(0)|> + Cpre™ "I 013 o)
NSE A
t

+2cl0la e (-t et [ o) s

—oo

S (1 —i—Cbr)e_a(l_r_T)||(P||%‘([—r70];L2(Q)) +26|Q|(X—1€O¢r

t
4 o) / e®||g(s)||%ds.

—oo

Then, we find
HU(Z‘7T)(MO»(P)Hé([_no];y(g)) = ES[EPO]H”U*‘S)HZa

< (1+Gr)e™ 012 o120

+ ¥ <2€|Q\O¢l+ew/

—oo

t

eaSHg(s)szs) , (3.14)

for all (u®,¢) € Handallt > 7+r.
Let Z be the set of all functions p : R — (0, +o0) such that

lim e*p%(r)=0.

t——oco

By 2 we denote the class of all families D = {D(t) : t € R} € 2(C([-r,0};L*(Q))) such that D(t) C
EC([_,vo];Lz(Q))(O,p(t)), for some p € #, where we denote by EC([_r"O];Lz(Q))(O,p(I)) the closed ball in
C([-r,0];L*(Q)) centered at 0 with radius p(¢). Let

t

Ri(t) = ™ (2c|QOt1 —l—em/

—o0

e lg(s) s ).
Thus, forall D € P and all t € R, by (3.14) there exists 10(13,1) < t such that

U (t,7)(°, ) Hg([fr,o];y(g)) <Ri(1), (3.15)
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for all T < 7(D,1); i.e., B () = Be((—ro):12(0)) (0, R1 (1)) is pullback Z-absorbing for the mapping U (7, 7).
Concerning the second part, we observe that { j(B(t)),t € R} is a family of pullback Z-absorbing sets for
the process S. On the other hand, since

101z oz < rlONeq—rop@:
and
j(B(1) = { (9(0),0) : @ € Be oz (ORI
we deduce that
J(B(1)) C Bpa()) (0, R1 (1)) X B2 (—ro:2(«)) (0, VFR1(7)) = Bo(7),
which implies that the family {By(z) : t € R} is pullback Z-absorbing sets for the process S. m

3.4 Existence of pullback D-absorbing set in C([—r,0]; H}(Q))

Proposition 2. Suppose that conditions of lemma (3) are satisfied, if there exists a sufficiently small o* such that

M1
oc<oc*<min{zlk,2,u1}.
1

Then the family {B;(t) : t € R} given by
Ba(t) = Be(— ot (@) (0:R2(1))
where

R3(1) = 2¢|Q| (a*’leo‘*’+2Cba_1n_le°")
t

+ 20, leal") / ¢ g(s)|2ds + 2¢~ ") / ¢S g(s)|PPds, Vi €R,

—o0 —o0

t

is pullback 2-absorbing for the mapping U (t, 7).
Proof.

Multipying (1.1) by u + % and integrating over ), we obtain
d

‘ Culo)|| + 55 (@) P+ [9u(e)P)

:/Qf(u) <u+gl;>—|—/gb(t,u,) <u+‘3‘t‘>+/9g<u+‘zt>-

Using (1.2), (1.5), (2.5) and Young inequality, one finds

2

2
? H;lzu(t) + % (”“(UHZ + | Vu(r)||? +2N1H”(’)”Z(Q>>

20 Va() P+ 21 (1) 2

2

+2[u()]*.

d
< 2l0l+ 20000+ 200 + 2| Gt

By the fact that A, ||u|> < ||Vul||?, after simplification one has

d

o (1) P+ 1920) 2 4208 )]
200 A7)V + 21 ) [
< 2|0+ 2/1b(e,u) >+ 218 0) >
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Since ¢ in lemma (3) is small enough, we can choose a positive constant o sufficiently small with ot < o* <
min{Zl‘/ﬁl , 2/,L1} , such that

201 =27 HIVa@)? = e () |* + [Vu(0)[]?).

So, we can write

d
O+ N () <20+ 2/|b(r,u) | + 2], (3.16)

where
71 (1) = () |+ 1Vaeo)|* +2ui w0117 g - (3.17)

Multiplying (3.16) by ¢® ", one has

* d % % * *
e IE% (1) +a*e* ' y(t) <2c|Qle* " +2e* ’Hb(l,ut)Hz +2e% ’Hg(t)HZ. (3.18)

On the other hand, we have

d * * *
() = o () + e S ) (3.19)

Then, by (3.18) and (3.19), we obtain

C () < o e 1) — e (1) + 2e] Qe

dt
+2¢%|b(t,u,) > +2¢7 g (1),
< 2¢|Qe® T + 2% |b(t,u;)||? + 2%

HO!

Integrating this last one from 7 to ¢, one gets

X * t * t *
I (1) < o fyl(c)+zcyg|/ o Sds+2/ o3 (s, us) |2ds
T

T

w2 [ e glolas
< ey (1) +2¢|Q|o ! (e“*f —e“*f) +2 / t e®S||b(s,uy) || *ds
p
w2 [ e gl s
From (3.5) and (3.6), one finds
e "N () < e (1) +2c|Qla (e"‘*f - e‘“) +2GCp / t e ||u(s)|[*ds
o

t
+2/ 5| g(s)|ds,

—oo

" * * * T
< e® T (1) + 2| Qfa* ! (ea f—e” T) +2Cpe* T/ u(s) |[*ds
T—r
t

13
+2GC, / e®S|u(s)||>ds +2 / %’
T

—o0

g(s)|Ids.
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o

We multiply this estimate by "%, we obtain

T
() < e @Dy (1) 4+ 2Cpe @ 1) / lu(s) | 2ds
T—r

t
+ 2¢[Qa ! (1 —e—“*“—f)) +2Cbe“"*’/ e lu(s)|*ds

T

t "
+2ea*’/ e®S||g(s)||%ds.

—o0

On the one hand, since H} (Q) C L*(Q) and H} (Q) C LP(Q), we have
11(2) = Ju(o) P+ [ Vu(@) |2 + 201 u(7) [ q)

< (14 A7) IVa(e) 2+ 2480 () [

< (LA HIVa(0)|? + k[ Va( )7,

< k(14 ATV + ki | Vu(o) |17,

< ]| V() P
So, by (3.17), (3.20) and (3.21), one finds

(o) 1?4 | Vaa() P 4288 ()17 ) < Kse™ 7| V()P

T
4 2Ce D) /

T—r

u(s)||*ds +2c| Qo (1 _efa*u—r))

g(s)|Ids.

—oo

1 1
+ 2Cbea*t/ ea*‘c]u(s)||2ds+26a*’/ ea*s
T
From this last estimate and (3.8), we have
T
IVa(o)|> < kse™® 9| Vu(t)|[P +2Cpe =) / lu(s)|*ds
T—r
t
+ ZC‘Q’(X*il <1 _e—OC*(t—‘L')) +2€—a*t/ ea*ng(s)”st
* ! * -
+2Cpe™* ’/ %S ||u(s)||*ds,
T
T
< koe ™ IV + 2G| uo)|Pds
T—r

8(s)||*ds

t
+ 2C|Q|a**1 (1 _e_a*(t—f)) +2e_a*t/ ea*s

—oo

T
20 e D ()2 4 23 e ) / lu(s) |2ds
T—r

t
+aCoello ' (1-e o9 agm e [ e g(s) Pas,

—oo

< kse @ 0 [Vu(o)||P + 20~ e I Ju(z) P
T
20, (00 gl / u(s) 2ds

T—r

+2c|Qla ! (1 —e*“*(f*”) +4Cyc| Qo In ™! (1 —e*“U*f))

t

t
+Zea*’/ e*'s g(s)|2ds+2Cbnlem/ e®||g(s)||%ds.

—oo —o0
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In the fact that
||(p||i2([7r,0];L2( = rH(PHC —r0LL2(Q))
one has
IVu(@)|* < kse™* | Vu(D) || +2C,m " e |lu()|?
+ 2Cyr (efa*(tff) +Cpyn e ol ) Hq’Hc —r0lL2(Q))

+2cQfa ! (1 —e‘“*(’_”) +4CyclQlo'n ! (1 _e—a(t—r))
t

t
120 [ e g(s) Pas 20 e [ e gl Pas

—o0

< kae @ | Vu() |7 +2Cm e Ju(t)|?
+ 2C,r (efa*(’ff) +Cbn71€7a(t4)> H(PH%‘([—;’,O];LZ(Q))
+ 2¢|Q|o* T +4Chc|Qlan !

t

t
et / o3 g(s) [ 2ds +2C,n e / | g(s) [ 2ds. (3.22)

—o0

Ifwetaket > t+rie t+ 60 > 1, it follows
IVut +6)|* < kse™® 0= Vu(7) |7 +2C,n e 40D fu() ||
+ 2Cpr (e_“*(“re_r) +Cb7’l_le_a(’+9_r)) ||‘P”é([7r,o];L2(g))
+ 2c|Qa ! ( —e*“*@*@*f)) 4Gy Q' n ! (1 —e*“@*@*f))
1+6

t+0
_’_28(1*([+9)/ e(x*SHg(s)Hst_’_sznleOt(tJrG)/ eas”g(s)Hst.

—oo —oo

Hence,

HU(t,'L')(uO, (P)Hé([_no};Hg(g)) = . S[UPO} | Vu(t + e)Hza
S

S kSe—a*(f—r—T) ||VM(T)||p +2Cbn—1e—a(l—r—f) Hu(f)”z
+ 2Cbl" (e—a*(t—r—f) +Cbn—le—a(t—r—r)) H‘PH%([?KO];I}(Q))
+ 2¢|Qar* ™! (1 - e*“*(“’*”) +4Cyc|Qa'n ! (1 _efa@frfr))

t

1
+ e~ (tr)/ % S||g(S)H2dS+2Cbn1€a(tr)/ em||g(S)H2ds.

—oo —oo

So, we obtain
HU(t»T)(”O,(P)”é([fr’o];H(;(Q))
< kae™® | Vu(o)||P +2C,n e fu(c) |2
+ 2Cpr (e_a*(’_r_r) +Cpn e ® (t=r=t ) ||(P||c —r0[L2(Q))
+ 2¢|Q| (a**le“*”+2cba*1n*1e“’>

t

+2C,m e ) / e®||g(s)||*ds

—o0

t
+ 2~ % (=7) / e®%||g(s)||*ds. (3.23)

—oo
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Similarly to the Lemma 3, let Z be the set of all functions p : R — (0, +o0) such that
lim ¢*7p?(r) =0,

t——o0

by 2 we denote the class of all families D = {D(¢) : t € R} C P(C(|-r,0];H}(Q))) such that D(t) C
EC([%O];H&(Q))(O,p(t)), for some p € #, where we denote by EC([#’()];HJ(Q))(O,p(t)) the closed ball in
C([-r,0];H}(Q)) centered at 0 with radius p(z). Let

R3(r) = 2¢|Q| (a*_le“*r+2cha*1n*1e“’)
t

+20,n~ el / ¢ g(s)|2ds + 2¢~ @ ") / ¢ g(s)|ds.

—oo —oo

t

Thus, forall D € Z and all 7 € R, by (3.23) there exists Tg(ﬁ,t) < t such that
Uz, T)(MO’ ?) H(Q/’([fr,o};Hd Q) < R%([) ) (3.24)
for all T < 7y(D, 1), this means that B, (t) = EC([_nO]; H({(Q))(O,Rz (1)) is pullback Z-absorbing for the mapping
Ul(t,).
The proof of the proposition is completed. m

3.5 Existence of pullback D-attractor

To prove the existence of pullback Z-attractor, we need to prove the following lemma.
Lemma 4. Assume that conditions of lemma (3) are satisfied. Then the process {S(t, )} corresponding to (1.1)
is pullback 2-asymptotically compact.

Proof. Lett € R, D€ 2, a sequences T, —, 510 —oo and (1", ") € D(1,), be fixed. We have to check
that the sequence

{87 (™", 9"} = {(a(r, T, ", 9")), s (- T, (™", 97)))
is relatively compact in H . In order to show this, we need to prove that the sequence

U ) @™, 0"} = {7, (™", 0"))}

is relatively compact in C([—r,0];L%(Q)). To this end, we use the Ascoli-Arzela theorem. In other words, we
check

(a) the equicontinuity property for the sequence {u; (., T,, (u®", "))} := {u?(.)}, i.e. Y& > 0,38 > 0 such
that if |6; — 6| < 3, then ||u]'(0)) —ul'(6,)|| < €, for all 6; > 6, € [—r,0];
(b) the uniform boundedness of {u}'(0)}, for all 6 € [—r,0].

In order to prove (b), we consider u” , u the corresponding solutions to (1.1), so by Lemma 1 we can deduce that
{u'} and {u, } are uniformly bounded in C([—r,0];L*(Q)).
To prove (a), we proceed as follows :

' (61) — ' (62) || = [|uu(t + 61) —u(t + 62)]]

1460,
:’/ u'(s)ds|| ,
t+6,
t+91
s/ 14 (s) |ds
t+6;

140,
s[%z@mmw+wwwm+w@%ﬂ
+M®Qw. (3.25)
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Now, we estimate the terms on the right hand side of this inequality
1). From the Holder inequality, we have

t+6; t+06; 1/2 t+6, 1/2
/ |Au(s)|lds < / ds / lAuls)[2ds |
t+6, t+6, t+6,

t+6, 1/2
<16, — 612 / lAus)|2ds | .
t+6,

1Au* < Ao V>

On the one hand, we have

So, using this inequality in (3.22) and integrating it over [t + 6,,¢ + 6], one obtain

146, 146,
/ | Au(s)|Pds < A, [Vu(s)|*ds
t

+6, t+6,
t+0 ; t+6,
< kA e~ % 79| Vu(1)||Pds 4+ 2Con " A e~ 07D |u(1) || ds
t+6, t+6,
t+6; .
+2Cy A, (efoc (s—7) _{_Cbnflef(x(sff)) H‘PH%([—;’O]'LZ(Q))CZS
t+6, o

+ 2¢|Q[ A t:;el (05*71 (1 —eia*(kr)> +Cb06717771 (1 —efa(5*7)>> ds

146, ; s .
+ 2Am e ? S/ e® S ||g(s)|*ds'ds
t+6, —oo

140, s ,
+2Con A e“s/ e® || g(s")||>ds'ds .
t+6, —oo

Therefore, one obtains

t+6,
/ |Au(s)|Pds
t

+6,
< k37tm||VM(T)”pa*_]e*a*(f*‘f) (e,a*ez B eia*9'>

+ 2Cbn—1;Lm||u(T)Hza—le—a(t—r) (e—a62 _e_a91>

+ 2Cbrlm||(PHé([_r’O];Lz(Q))a*_lefa*(t*‘[) <€7a*62 o e,a*m)
+ 2Ci%r)‘m||(pH%'([,no];LZ(Q))rI_](X_le_a(t_f) (e—aez _ e—oc91>
+ 2¢|Q| Ao ! <1 ot e (1=T) (e—a*ez _ e_a*el))

+2¢|QICon A (1 — ol alt=T) (e*ocez _ e*a91>>

t
— ¥ ¥ ¥ * )
+2lma* l(eaezeOCQ])eat/ eOts

—oo

|8(s")[I*ds’

t
426 et (om0 ) e [ e g(s) Pay (3.26)

—0Owhen 6; — 6,.
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Hence, it follows that

t+6; 146, 1/2
/ |Au(s) | ds < |6 — 6s]!/2 / | Au(s) |Pds
t+6, 1+6,

— 0 when 91 — 92.
2). From the Holder inequality, we have

t+6, 146, 1/2
[ Hf(M(S))HdSS|91—92|1/2'(/t ||f(u(S))||2dS> .

+6, +6,

Using (1.4) and the convexity of the power, one gets
£GP = [ 17(e0)Px,
<22 u(r) PP 22|

Integrating this estimate over [t + 6,7 + 6;], one finds

l+91 t+9]
| hropPas <22 [ uts) 20 Vas 1210 6 - 6.

t+6, t+6,

Since A1 ||u||? < ||Vu|*, we have
+6, t+6,

From (3.22), one has

IVu(n)|P~Y < {kse"‘*(’”HW(T)H’”ﬂCmleo‘(”)Hu(T)\2

420, (efa*(fff) +Cbn’lefa(t4)> H‘P”é([—r,O];LZ(Q))
+2c|Qa ! +4Cc|Qa !

t
—|—2e_°‘*’/ eo‘¥s||g(s)|2ds+2Cbn_le_°”/

—oo —oo

t

By applying the convexity of power three times, one gets
IVu(e)¢=)

_ (pfl) (n * (4
< 22(r-2) <k3HVu(T)H” +2Cer(PH%‘([fr,O];LZ(Q))> o~ (P (=)

_ B _ (r—1)
+ 2202 (20, (o) P+ 262 101 o)

(r-1)
+ 22072 (2c[Qla ™! +4C,elQla ) !

(r—1)
+ 23([)72)2([771) </l e(x*ng(s)”st> e*(!’*l)(l*t

+ 252 2c,n 1P </

—oo

t

(p=1)
easlg(s)||2ds> ef(pfl)oct'

§ sciendo

t+6, 1 1460,
| irsplPas <2277 [ jvu(s)2e Vas 220l 6 - 6.
t

) (p—1)
e lg(s)] ds} .

o (P D)atlt—1)

(3.27)

(3.28)
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Integrating it over [t + 6»,7 + 6;], one obtains

146,
/" 1Vu(s) |27~ Vs

t+6,
1 146, ;
< 2070 (VP + 2601 ay) | [ e s
t+6,
(p—1) 146,
+ 22([’*2) (2Cb7771||”(7)\|2+2C13”171|’§0Hé([_r7o];L2(Q))> / e*(l’*l)a(sf’r)ds
t+6,

(p=1)
4 22p-2) (2C|g|a*—‘ +4Cbc\§z|a*1n*1> "6 6]

t t+6,
+23(=2)p(r=1) ( / e” ||2ds> / %5 ds
—o0 t 92

(p—1) t+6,
+ 23D (2P Y </ e |1g(s) ||2ds> / e Doy,
t

- +6,

Therefore, we get

t+06;
/ [Vu(s)||P~Vds < Cle~ (P~ De (= )(e*(pfl)a*ez_ef(pfl)a*fh)
t+6,
+ Chem(pDalt=m) (e%p—uaez_ef(p—l)ael)
+ C|6; — 6| + Che—P~Den (e (p— 1>aez_e—<p—1>ael)

+ Cherm )ar(e (p- 1>a*ez_ef<p—1>a*el)

*)Oaselﬁez.

Hence by (3.27), (3.28) and this last estimate we deduce that

t+6,
/ | f(u(s))||ds — 0as 6, — 6,.

t+6,

3). Similarly, by the Holder inequality, we have

t+6, t+0; 1/2
/ Hb(s,us)udsgye]—ez|1/2./ b(s,us)|>ds | . (3.29)

t+6, t+6,

On the other hand, by (II), (1.7) and since A, ||u||? < ||Vul|?, one has

t+0, t+6,
‘/ meﬁmsq/ u(s)|ds

t+6, t+6,—r
t+6, ) t+6, 5
<[ luPas+ [ luts)Pas
t+6,—r t+6;
) | t+6, )
<@l ropr2i@) T A o [Vu(s)||"ds. (3.30)
1+06;

By (3.26), it follows that

t+6,
/ IVu(s)|2ds — 0as 6; — 6.
t+6,
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Then, from (3.29), (3.30) and this last estimate, we deduce that

140,
/ lb(s,us)||ds — O when 6; — 6;.
t+6,

4). Finally, we use the Holder inequality to obtain

I+91 t+9| 1/2
/ lg(s)lds < 61 — 6]/ / le(s)l%ds | .
t+92 t+92

Since g € L2 (R;L*(Q)), one gets

loc

t+6;
/ 1)1 < 101 =651 gl rs0,r102200)
+

— Owhen 6; — 6,.

Consequently, by 1), 2), 3), 4) and (3.25), we deduce that

”M(l—f—el) —M(t—‘y-@z)H — 0 when 6; — 0,

and this ensures the equicontinuity property in C([—r,0];L*(Q)); i.e. the sequence {U (¢, 1,)(u’", ")} is rela-
tively compact in C([—r,0];L*(Q)).

Since we have S(t,1,)(u®", @") = j(U(t,7,)(u®", @")), so {S(t,7,)(u®", @)} is relatively compact in the

space L2(Q) x C([—r,0];L*(Q)) and by the continuous injection of L?>(Q) x C([—r,0];L*(Q)) in H, we deduce
that {S(z,7,) (u®", ")} is relatively compact in H . The proof of this lemma is completed. m

By Proposition 1 and Lemma 4, we proved that the process S(z,7) has a pullback Z-absorbing set and it is

pullback Z-asymptotically compact, then by Theorem 2 we can deduce the following result.

Theorem 4. The process {S(t,7)} corresponding to (1.1) has a pullback D-attractor A = {A(t) :1 € R} in H .
Furetheremore, A C L*(Q) x C([—r,0];L*(Q)).
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