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Abstract
In QSAR/QSPR study, topological indices are utilized to guess the bioactivity of chemical compounds. In this paper, we
study the QSPR analysis of certain graph theocratical matrices and their corresponding energy. Our study reveals some
important results which helps to characterize the useful topological indices based on their predicting power.
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1 Introduction

The molecular descriptor is the final result of logic and mathematical procedure which transform chemical
information encoded within a symbolic representation of a molecule into a useful member or the result of some
standardized experiments. Attention is paid to the term "useful" with its double meanings. It means that the
number can give more insights into the interpretation of the molecular properties and / or is able to take part in
a model for the prediction of some interesting property of the molecules.

The numerical invariants of chemical graphs are increasingly being used for a single number characteriza-
tion of the corresponding chemical compounds [5]. These invariants are named in the chemical literature as
topological indices [1, 2] or graph-theocratical indices [29]. The former term is the more common of the two.
Topological indices have found application in various areas of chemistry, physics, mathematics, informatics,
biology, etc [29], but their most important use to date is in the non-empirical Quantitative Structure- Property
Relationships (QSPR) and Quantitative Structure -Activity Relationships (QSAR) [4, 24, 26, 27].
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2 Survey on Graph Theocratical Matrices

1. Vertex Adjacency Matrix: The term vertex adjacency matrix was first introduced in chemical graph
theory by Mallion in his interesting paper [20] on graph theocratical aspects of the ring current theory.
Below we give the vertex adjacency matrix of the vertex labeled graph G.
et G = (V,E) be a grapLh where V = {1,2,3, · · · ,n} the vertex adjacency matrix of a graph with vertex
set V = {1,2,3, · · · ,n} is the n×n matrix in which ai j = 1 if and only if there is an adjacency from vertex
i to vertex j. Each diagonal entry in the adjacency matrix of a graph is zero. i.e.,

ai j =

{
1, if vi is adjacent to v j;
0, otherwise.

2. Vertex Zagreb Adjacency Matrix: Motivated by Zagreb matrix [10] we define new adjacency matrix
based on the vertex degrees which is as follows:
let G = (V,E) be a graph where V = {1,2,3, · · · ,n} then the vertex Zagreb adjacency matrix Z1(G) of a
graph G is defined as follows i.e.,

ai j =


1, if vi is adjacent to v j;
deg(vi)

2 if vi = v j;
0, otherwise.

3. Forgotten Adjacency Matrix: Recently, Gutman and Furtula [7] have studied the forgotten topological
index F(G) of a molecular graph G. Based on the definition of adjacency matrix and vertex degrees of a
graph G, we define the forgotten adjacency matrix as follows:
let G = (V,E) be a graph where V = {1,2,3, · · · ,n} then the forgotten adjacency matrix F(G) of a graph
G is defined as follows i.e.,

ai j =


1, if vi is adjacent to v j;
deg(vi)

3 if vi = v j;
0, otherwise.

4. Harmonic Matrix: Motivated by Harmonic index [6] of a molecular graph G, the harmonic matrix is
defined as follows:

let G= (V,E) be a graph where V = {1,2,3, · · · ,n} then the harmonic matrix H(G) of a graph G is defined
as follows i.e.,

ai j =

{
2

deg(vi)+deg(v j)
, if vi is adjacent to v j;

0, otherwise.

5. Geometric-Airthmetic Matrix: Again on the same lines of harmonic index, we define GA- matrix [28]
based on a GA-index of a molecular graph G as:

let G= (V,E) be a graph where V = {1,2,3, · · · ,n} then the harmonic matrix H(G) of a graph G is defined
as follows i.e.,

ai j =

{
2
√

deg(vi)deg(v j)

deg(vi)+deg(v j)
, if vi is adjacent to v j;

0, otherwise.

6. Degree-Sum Matrix: Ramane et. al [22] have introduced degree-sum matrix associated with a graph and
obtained some upper and lower bounds for its eigenvalues.
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let G = (V,E) be a graph where V = {1,2,3, · · · ,n} then the degree-sum matrix H(G) of a graph G is
defined as follows i.e.,

ai j =

{
deg(vi)+deg(v j), if vi 6= v j;
0, otherwise.

7. Laplacian Matrix: In [11] Gutman and Zhou have put forward the Laplacian matrix. The Laplacian
matrix sometimes also called a Kirchoff matrix [3] due to its role in matrix tree theorem, Implicitin the
electrical network work of Kirchoff in his paper Kirchoff also introduced the concept of the spanning tree.

let G= (V,E) be a graph where V = {1,2,3, · · · ,n} then the Laplacian matrix L(G) of a graph G is defined
as follows i.e.,

ai j =


−1, if vi 6= v j and vi is adjacent to v j;
0 if vi 6= v j and vi is not adjacent to v j;
degvi, vi = v j.

8. Sum-Connectivity Matrix: The sum-connectivity matrix denoted by SCi j was introduced independently
by Zhou and Trianjstic [34] it is defined as follows:

let G = (V,E) be a graph where V = {1,2,3, · · · ,n} then the harmonic matrix SCi j(G) of a graph G is
defined as follows i.e.,

ai j =

{
1√

deg(vi)+deg(v j)
, if vi is adjacent to v j;

0, otherwise.

9. Vertex Randić Matrix: The vertex-connectivity matrix denoted by Ri j introduced by Randic [23]. It can
be regarded as edge-weighted matrix of the graph defined as:

let G = (V,E) be a graph where V = {1,2,3, · · · ,n} then the harmonic matrix R(G) of a graph G is defined
as follows i.e.,

ai j =

{
1√

deg(vi)deg(v j)
, if vi is adjacent to v j;

0, otherwise.

3 The characteristic polynomial and corresponding energy

1. Vertex Adjacency Energy. The characteristic polynomial of A(G) is denoted by

fn(G,a) = det(aI−A(G)).

Since A(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

a1 ≥ a2 ≥ a3 ≥ ·· · ,≥ an.

The energy of G is then defined as

E(G) =
n

∑
i=1
|ai|.
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2. Vertex Zagreb Adjacency Energy. The characteristic polynomial of Z1(G) is denoted by

fn(G,z) = det(zI−Z1(G)).

Since Z1(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

z1 ≥ z2 ≥ z3 ≥ ·· · ,≥ zn.

The vertex Zagreb energy of G is then defined as

Z1E(G) =
n

∑
i=1
|zi|.

3. Forgotten Energy. The characteristic polynomial of F(G) is denoted by

fn(G, f ) = det( f I−F(G)).

Since F(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

f1 ≥ f2 ≥ f3 ≥ ·· · ,≥ fn.

The forgotten energy of G is then defined as

FE(G) =
n

∑
i=1
| fi|.

4. Harmonic Energy. The characteristic polynomial of H(G) is denoted by

fn(G,h) = det(hI−H(G)).

Since H(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

h1 ≥ h2 ≥ h3 ≥ ·· · ,≥ hn.

The harmonic energy of G is then defined as

HE(G) =
n

∑
i=1
|hi|.

5. Geometric-Airthmetic Energy. The characteristic polynomial of GA(G) is denoted by

fn(G,g) = det(gI−GA(G)).

Since GA(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

g1 ≥ g2 ≥ g3 ≥ ·· · ,≥ gn.

The Geometric-Airthmetic energy of G is then defined as

GAE(G) =
n

∑
i=1
|gi|.
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6. Degree-Sum Energy. The characteristic polynomial of DS(G) is denoted by

fn(G,d) = det(dI−DS(G)).

Since DS(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

d1 ≥ d2 ≥ d3 ≥ ·· · ,≥ dn.

The Degree-Sum energy of G is then defined as

DSE(G) =
n

∑
i=1
|di|.

7. Laplacian Energy. The characteristic polynomial of L(G) is denoted by

fn(G,λ ) = det(λ I−L(G)).

Since L(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

λ1 ≥ λ2 ≥ λ3 ≥ ·· · ,≥ λn.

The Laplacian energy of G is then defined as

LE(G) =
n

∑
i=1
|λi|.

8. Sum-Connectivity Energy. The characteristic polynomial of SC(G) is denoted by

fn(G,µ) = det(µI−SC(G)).

Since SC(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

µ1 ≥ µ2 ≥ µ3 ≥ ·· · ,≥ µn.

The Sum-Connectivity energy of G is then defined as

SCE(G) =
n

∑
i=1
|µi|.

9. Vertex Randić Energy. The characteristic polynomial of R(G) is denoted by

fn(G,r) = det(rI−R(G)).

Since R(G) is real and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order as follows:

r1 ≥ r2 ≥ r3 ≥ ·· · ,≥ rn.

The Vertex Randić Energy of G is then defined as

RE(G) =
n

∑
i=1
|ri|.
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4 The Use of Graph Theoretical Matrices in QSPR Studies

We have used nine Graph Theoretical Matrices viz, vertex-adjacency matrix, vertex Zagreb adjacency Ma-
trix, forgotten adjacency matrix, harmonic matrix, geometric-airthmetic matrix, degree-sum matrix, laplacian
matrix, sum-connectivity matrix and vertex Randić matrix respectively for modeling eight representative physi-
cal properties [boiling points(BP), molar volumes (mv) at 20◦C, molar refractions (mr) at 20◦C, heats of vapor-
ization (hv) at 25◦C, surface tensions (st) 20◦C and melting points (mp)] of the 68 alkanes from n-butanes to
nonanes. Values for these property were taken from Dejan Plavsić et. al [21]. The corresponding energy of the
above said matrices and the experimental values for the physical properties of 68 alkanes are listed in Table 1
and 2 respectively.
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5 Regression Models

We have tested the following linear regression model

P = A+B(T I) (1)

where P = physical property, TI = topological index .

Using (3.1), we have obtained the following different linear models for each degree based topological index,
which are listed below.

1. Vertex adjacency energy E(G):

bp = −51.397+[E(G)]19.268 (2)

mv = 75.5727+[E(G)]10.1894 (3)

mr = 13.1325+[E(G)]3.0530 (4)

hv = 10.0231+[E(G)]3.3206 (5)

ct = 91.9103+[E(G)]23.1023 (6)

cp = 28.9043+[E(G)]0.0858 (7)

st = 11.0052+[E(G)]1.1474 (8)

mp = −145.3088+[E(G)]4.4911 (9)

2. Vertex Zagreb adjacency energy Z1E(G):

bp = −13.358+[Z1E(G)]4.1092 (10)

mv = 94.7149+[Z1E(G)]2.2017 (11)

mr = 18.6119+[Z1E(G)]0.6778 (12)

hv = 14.0714+[Z1E(G)]0.7822 (13)

ct = 211.4016+[Z1E(G)]1.0167 (14)

cp = 32.606− [Z1E(G)]0.0988 (15)

st = 14.4576+[Z1E(G)]0.2108 (16)

mp = −139.2218+[Z1E(G)]1.0322 (17)

3. Forgotten adjacency energy FE(G):

bp = 49.581+[FE(G)]0.829 (18)

mv = 127.4698+[FE(G)]0.4683 (19)

mr = 29.0759+[FE(G)]0.1390 (20)

hv = 490.0581− [FE(G)]5.8696 (21)

ct = 131.1926+[FE(G)]5.1377 (22)

cp = 31.4563− [FE(G)]0.0249 (23)

st = 18.4178+[FE(G)]0.034156 (24)

mp = −123.9450+[FE(G)]0.2094 (25)
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4. harmonic energy HE(G):

bp = −29.71+[HE(G)]32.08 (26)

mv = 100.054+[HE(G)]13.9260 (27)

mr = 20.4799+[HE(G)]4.2371 (28)

hv = 31.9676+[HE(G)]1.4827 (29)

ct = 118.2041+[HE(G)]38.4066 (30)

cp = 27.5611+[HE(G)]0.4722 (31)

st = 12.1028+[HE(G)]1.9642 (32)

mp = −137.1760+[HE(G)]6.6745 (33)

5. Geometric-Arithmetic energy GAE(G):

bp = −36.99+[GAE(G)]18.984 (34)

mv = 90.04705+[GAE(G)]9.0967 (35)

mr = 18.0357+[GAE(G)]2.6920 (36)

hv = 34.6289+[GAE(G)]0.5068 (37)

ct = 113.4305+[GAE(G)]22.2200 (38)

cp = 27.3753+[GAE(G)]0.2895 (39)

st = 12.6092+[GAE(G)]1.0425 (40)

mp = −133.5245+[GAE(G)]3.28 (41)

6. Degree sum energy DSE(G):

bp = 59.931+[DSE(G)]0.897 (42)

mv = 138.925+[DSE(G)]0.402892 (43)

mr = 31.1877+[DSE(G)]0.1300 (44)

hv = 32.5560+[DSE(G)]0.1074 (45)

ct = 219.9439+[DSE(G)]1.1727 (46)

cp = 32.1358− [DSE(G)]0.04447 (47)

st = 18.4122+[DSE(G)]0.04367 (48)

mp = −122.6285+[DSE(G)]0.2430 (49)

7. Laplacian energy LE(G):

bp = 105.998+[LE(G)]0.795 (50)

mv = 61.7923+[LE(G)]7.1569 (51)

mr = 9.2778+[LE(G)]2.1462 (52)

hv = 28.1626+[LE(G)]0.7323 (53)

ct = 71.1141+[LE(G)]15.5601 (54)

cp = 31.3140− [LE(G)]0.1221 (55)

st = 10.9055+[LE(G)]0.755115 (56)

mp = −146.7815+[LE(G)]2.8215 (57)
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8. Sum connectivity energy SCE(G):

bp = −57.214+[SCE(G)]39.634 (58)

mv = 79.5397+[SCE(G)]19.1531 (59)

mr = 14.5174+[SCE(G)]5.762765 (60)

hv = 32.3464+[SCE(G)]1.4459 (61)

ct = 86.5805+[SCE(G)]47.1321 (62)

cp = 26.5275+[SCE(G)]0.7319 (63)

st = 0.7399+[SCE(G)]2.3432 (64)

mp = −144.7607+[SCE(G)]8.7341 (65)

9. Vertex Randic energy RE(G):

bp = −33.08+[RE(G)]30.673 (66)

mv = 4740.533522− [RE(G)]960.1500 (67)

mr = 20.0386+[RE(G)]4.0559 (68)

hv = 24.5656+[RE(G)]2.8952 (69)

ct = 116.5371+[RE(G)]36.2135 (70)

cp = 25.3061+[RE(G)]0.9224 (71)

st = 13.07611+[RE(G)]1.6338 (72)

mp = −113.7685+[RE(G)]1.0137 (73)
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Table 3. Statical parameters for the linear QSPR model for E(G).
Physical Properties N a b r s F

Boiling point 68 -51.397 19.268 0.959 10.54257 763.634
Molar volume 65 75.5727 10.1894 0.905 7.62675 286.565

Molar refraction 65 13.1325 3.0530 0.912 2.19071 311.823
Heats of vaporization 65 10.0231 3.3206 0.968 1.3755 935.676
Critical temperature 68 91.9103 23.1023 0.936 16.0513 496.344

Critical Pressure 68 28.9043 0.0858 0.006 565.769 0.003
Surface tension 64 11.0052 1.1474 0.871 0.9705 194.411
Melting point 52 -145.3088 4.4911 0.316 25.8886 5.528

Table 4. Statical parameters for the linear QSPR model for Z1E(G).
Physical Properties N a b r s F

Boiling point 68 -13.358 4.1092 0.837 20.46726 154.120
Molar volume 65 94.714914 2.201775 0.843 9.6547 155.135

Molar refraction 65 18.6119 0.6778 o.873 2.6070 201.663
Heats of vaporization 65 14.0714 0.7822 0.736 3.7075 74.461
Critical temperature 68 211.4016 1.0167 0.855 23.6776 180.025

Critical Pressure 68 32.606 -0.0988 0.030 119.570 5.061
Surface tension 64 14.4576 0.2108 0.727 1.35607 69.337
Melting point 52 -137.1762 6.6745 0.312 25.9224 5.383

Table 5. Statical parameters for the linear QSPR model for FE(G).
Physical Properties N a b r s F

Boiling point 68 49.581 0.829 0.524 31.8288 25.020
Molar volume 65 127.4698 0.4683 0.551 14.9892 27.500

Molar refraction 65 29.0759 0.1390 0.55 4.4616 27.365
Heats of vaporization 65 490.0581 -5.8696 0.410 4.9948 12.738
Critical temperature 68 131.1926 5.1377 0.525 38.8983 25.158

Critical Pressure 68 31.4563 -0.0249 0.024 135.575 0.038
Surface tension 64 18.4178 0.0341 0.369 1.83471 9.750
Melting point 52 -123.9450 0.2094 0.187 26.7987 1.821

Table 6. Statical parameters for the linear QSPR model for HE(G).
Physical Properties N a b r s F

Boiling point 68 -29.71 32.08 0.825 21.1104 140.91
Molar volume 65 100.054 13.9260 0.682 13.1375 54.809

Molar refraction 65 20.4799 4.2371 0.698 3.8278 59.766
Heats of vaporization 65 31.9676 1.4827 0.856 2.8351 172.070
Critical temperature 67 118.2041 38.4066 0.808 26.9494 123.915

Critical Pressure 68 27.5611 0.4722 0.018 24.6671 0.022
Surface tension 64 12.1028 1.9642 0.804 1.1734 113.396
Melting point 52 -137.1762 6.6745 0.239 26.4944 3.018
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Table 7. Statical parameters for the linear QSPR model for GAE(G).
Physical Properties N a b r s F

Boiling point 68 -36.99 18.984 0.870 18.4148 205.922
Molar volume 65 90.0410 9.0967 0.791 11.0019 104.98

Molar refraction 65 18.0357 2.6920 0.787 3.2997 102.211
Heats of vaporization 65 34.6289 0.5068 0.89 2.4722 246.160
Critical temperature 68 113.4305 22.2200 0.833 25.3083 149.343

Critical Pressure 68 27.3753 0.2895 0.020 24.661 0.027
Surface tension 64 12.6092 1.0425 0.767 1.2654 88.825
Melting point 52 -132.52 3.28 0.208 26.6869 2.256

Table 8. Statical parameters for the linear QSPR model for DSE(G).
Physical Properties N a b r s F

Boiling point 68 59.931 0.897 0.597 29.9848 36.560
Molar volume 65 138.935 0.4028 0.549 15.0099 27.250

Molar refraction 65 31.1877 0.1300 0.596 4.2888 34.79
Heats of vaporization 65 32.5560 0.1074 0.481 4.8027 18.918
Critical temperature 68 219.9439 1.1727 0.638 35.1156 45.347

Critical Pressure 68 32.1358 -0.0444 0.045 81.216 0.133
Surface tension 64 18.4122 0.0436 0.540 1.6617 25.459
Melting point 52 -122.628 0.2430 0.244 26.4571 3.164

Table 9. Statical parameters for the linear QSPR model for LE(G).
Physical Properties N a b r s F

Boiling point 68 105.998 0.795 0.951 11.6074 618.389
Molar volume 65 61.7923 7.1569 0.964 4.7915 822.621

Molar refraction 65 9.2778 2.1462 0.972 1.2624 1065.626
Heats of vaporization 65 28.1626 0.7323 0.924 2.0990 365.873
Critical temperature 68 71.1141 15.5601 0.935 16.1580 462.301

Critical Pressure 68 31.3140 -0.1221 0.014 24.6698 0.012
Surface tension 64 10.9055 0.7551 0.834 1.0888 141.725
Melting point 52 -146.7815 2.8215 0.301 26.0151 4.989

Table 10. Statical parameters for the linear QSPR model for SCE(G).
Physical Properties N a b r s F

Boiling point 68 -57.214 39.635 0.907 15.7086 307.683
Molar volume 65 79.5397 19.1531 0.823 10.1925 132.724

Molar refraction 65 14.5174 5.7627 0.833 2.9563 142.822
Heats of vaporization 65 32.3464 1.44459 0.931 1.9928 412.801
Critical temperature 68 86.5805 47.321 0.883 21.4546 233.650

Critical Pressure 68 26.5275 0.7319 0.025 24.6642 0.043
Surface tension 64 0.7399 2.3432 0.847 1.0489 157.493
Melting point 52 -144.7607 8.7341 0.278 26.2084 4.181
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Table 11. Statical parameters for the linear QSPR model for R(G).
Physical Properties N a b r s F

Boiling point 68 -33.08 30.673 0.776 23.5965 99.608
Molar volume 65 4740.5335 -960.1500 0.655 13.5743 47.350

Molar refraction 65 20.0386 4.0559 0.656 4.0335 47.567
Heats of vaporization 65 24.5656 2.8952 0.764 3.53619 88.107
Critical temperature 68 116.5371 36.2135 0.749 30.3071 84.165

Critical Pressure 68 25.3061 0.9224 0.035 29.00 0.083
Surface tension 64 13.0761 1.6338 0.667 1.46987 49.788
Melting point 52 -113.7685 1.0137 0.035 27.2655 0.061

6 Discussion and Concluding Remarks

By inspection of the data in Tables 3 to 11, it is possible to draw a number of conclusions for the given
energy like invariants.

First, the famous and much studied invariant, energy of a graph found more suitable tool to predict physical
property of alkane, especially Boiling points, Molar volume, Surface tension, Critical temperature, Heats of
vaporization and Molar refractions of alkanes with correlation coefficient values r = 0.959,0.905,0.871,0.968
and 0.912 respectively.

Motivated by vertex Zagreb energy. Here we introduced a new topological invariant namely, vertex Zagreb
adjacency energy. The QSPR study of vertex Zagreb energy reveals that Z1E(G) can be useful in predicting the
Boiling points, Critical temperatures, Molar volumes and Molar refraction of alkanes also from Table 4,we can
see that the correlation coefficient value of Z1E(G) with physical properties of alkanes lies between 0.030 to
0.873.

In addition by using the recently advocated idea of using Forgotten index in QSPR studies, we introduced
Forgotten adjacency energy. The QSPR study of FE(G) shows that the idea of using FE(G) in QSPR study does
not make sense. Since the correlation coefficient values FE(G) with physical properties of alkanes lies between
0.024 to 0.551.

The harmonic index did not attract anybody’s attention, especially, not of chemists. No chemical applications
of the harmonic index were reported so far, but knowing the present situation in the mathematical chemistry. We
here explore the chemical applications of harmonic index. The Table 6 reveals that harmonic energy is also
useful tool in predicting the Boiling point, Heats of vaporization, Surface tensions and Critical temperature of
alkanes with correlation coefficient values r = 0.825,0.856,0.804 and 0.808, respectively.

The QSPR study of Geometric-arithmetic energy reveals that the predicting power of G−A- energy for the
physical properties Boiling points, Heats of vaporization and Critical temperatures of alkanes with correlation
coefficient values r = 0.870,0.89 and 0.833 respectively.

In addition the results for degree sum energy revealed that the recent advocated idea of using degree sum
energy doesn’t pass the test.

The so called Laplacian energy shows remarkably good correlation with the Boiling points, Molar volumes,
Molar refractions, Heats of vaporization, Surface tensions and Critical temperatures of alkanes with correla-
tion coefficient values r = 0.951,0.964,0.972,0.924,0.83 and r = 0.935 respectively. Further, the correlation
coefficient values lies between 0.014 to 0.972. In fact the predicting power of Laplacian energy to the critical
pressures of alkanes is almost nil.

The sum connectivity energy shows similar correlation properties [ ]. The QSPR study in Table 10 reveals
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that the predicting power of sum connectivity energy is remarkably good. Infarct the sum connectivity energy
can be use as a tool to predict the Heats of vaporization of alkanes. The correlation coefficient value of sum
connectivity energy with the Heats of vaporization of alkanes is 0.931. Further the range of correlation coeffi-
cient value is 0.025 to 0.931. In fact, the predicting power of sum connectivity energy with Critical pressures of
alkanes is almost nil.

The QSPR study of Vertex randic energy does not pass the test.

From practical point of view, topological indices for which the absolute values of correlation coefficient
are less than 0.8 can be characterized as useless. Thus the QSPR study of 9 topological indices with physical
properties of 68 alkanes helps us to characterize useful topological indices with absolute value of correlation
coefficient lies between 0.8 to 0.972.
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