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Abstract

P. Van Dooren (1979) constructed an algorithm for computing all singular summands of Kronecker’s canonical form of
a matrix pencil. His algorithm uses only unitary transformations, which improves its numerical stability. We extend Van
Dooren’s algorithm to square complex matrices with respect to consimilarity transformations A +—+ SAS~! and to pairs of
m x n complex matrices with respect to transformations (A, B) — (SAR,SBR), in which S and R are nonsingular matrices.
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1 Introduction

Van Dooren [7] gave an algorithm that for each pair (A, B) of complex matrices of the same size constructs
its regularizing decomposition; that is, it constructs a matrix pair that is simultaneously equivalent to (A, B) and
has the form

(A1,B1)®--- @ (A, B;) ® (A, B)
in which (A, B) is a pair of nonsingular matrices and each other summand has one of the forms:
(FisGa),  (B,Gy), (I Ju(0)),  (Ja(0), 1),

where J,,(0) is the singular Jordan block and
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are n X (n— 1) matrices; n > 1. Note that (F1,G;) = (09,0;9); we denote by 0,,, the zero matrix of size m x n,
where m,n € {0,1,2,...}. The algorithm uses only unitary transformations, which improves its computational
stability.

We extend Van Dooren’s algorithm to square complex matrices up to consimilarity transformations A —
SAS~! and to pairs of m x n matrices up to transformations (A,B) ~ (SAR,SBR), in which S and R are nonsin-
gular matrices.

A regularizing algorithm for matrices of undirected cycles of linear mappings was constructed by Sergeichuk
[6] and, independently, by Varga [8]. A regularizing algorithm for matrices under congruence was constructed
by Horn and Sergeichuk [5].

All matrices that we consider are complex matrices.

2 Regularizing unitary algorithm for matrices under consimilarity

Two matrices A and B are consimilar if there exists a nonsingular matrix S such that SAS~! = B. Two
matrices are consimilar if and only if they represent the same semilinear operator, but in different bases. Recall
that a mapping o7 : U — V between complex vector spaces is semilinear if

d(aul +bu2) =aoluy —1—5427142

forall a,b € C and uy,uy € U.

The canonical form of a matrix under consimilarity is the following (see [3] or [4]):
Each square complex matrix is consimilar to a direct sum, uniquely determined up to permutation of direct
summands, of matrices of the following types:

* a Jordan block Ji(A) with A > 0, and

01| .
LLO] with u ¢ Ror p <O0.
Thus, each square matrix A is consimilar to a direct sum
I (0)@--- DIy, (0) DA,

in which A is nonsingular and is determined up to consimilarity; the other summands are uniquely determined
up to permutation. This sum is called a regularizing decomposition of A. The following algorithm admits to
construct a regularizing decomposition using only unitary transformations.

Algorithm 1. Let A be a singular n x n matrix. By unitary transformations of rows, we reduce it to the form

Orln

SiA = [A,

] , S1 is unitary,

in which the rows of A’ are linearly independent. Then we make the coninverse transformations of columns and
obtain

-—-1_ 10,0
S1AS) = [ N AJ
We apply the same procedure to A and obtain
<-1_ 10, 0 ..
SHA1S, = |: N A2:| s Sy is unitary,

in which the rows of [* A;] are linearly independent.
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We repeat this procedure until we obtain

5 —1 0, 0 . )
SiA1S: = |:: At:| , S; is unitary,
in which A, is nonsingular. The result of the algorithm is the sequence ry,ry,...,1;,A;.

For a matrix A and a nonnegative integer n, we write

A(n) ': 0()(), ifn= 0,
" |A®---®A (nsummands), ifn>1.

Theorem 1. Let ry,ry,...,1r:,A; be the sequence obtained by applying Algorithm 1 to a square complex matrix
A. Then
r2r 2> 2

and A is consimilar to
Jl (rlfrz) @Jz(rth) Q- @J[(itil*rr) @Jt(rr) @At (1)

in which Jy, := Ji(0) and A, is determined by A up to consimilarity and the other summands are uniquely deter-
mined.

Proof. Let o7 : V — V be a semilinear operator whose matrix in some basis is A. Let W := &7V be the image of
/. Then the matrix of the restriction @] : W — W of & on W is A;. Applying Algorithm 1 to A;, we get the
sequence ry, ..., ;,A;. Reasoning by induction on the length ¢ of the algorithm, we suppose thatr, >r3 > --- > 1,
and that A is consimilar to

nre. el M es oA, )

Thus, o7 : W — W is given by the matrix (2) in some basis of W.
The direct sum (2) defines the decomposition of W into the direct sum of invariant subspaces

W=W@® &Wapyp) D ® Wi D DWWy, ) DW'.
Each W), is generated by some basis vectors e,42, €43, - . ., €pgp such that
G epgp r epg3 = €pgp 0.
For each W,,,, we choose e),;1 € V such that &7e,,1 = e,42. The set
{epgpl2<p<t, 1<q<r,—rpr1} (rip1:=0)

consists of r, basis vectors belonging to the kernel of «7; we supplement this set to a basis of the kernel of .o/
by some vectors ej11,...,€1,r—r,.1-

The set of vectors e, supplemented by the vectors of some basis of W’ is a basis of V. The matrix of </ in
this basis has the form (1) because

G epgl r epga Fr epg3 e = epgp 0
forallp=1,...,rand g =1,...,r, — rp41. This completes the proof of Theorem 1.

Example 1. Let a square matrix A define a semilinear operator </ : V — V and let the singular part of its
regularizing decomposition be J, & J3 & J4. This means that V possesses a set of linear independent vectors
forming the Jordan chains

o elr—>e2r—>e3r—>e4r—>0
fim o f3=0 3)
gi—=>g—0
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Applying the first step of Algorithm 1, we get A| whose singular part corresponds to the chains

o 62r—>63r—>64r—)0

e 30
ng—>0

On the second step, we delete e, f>,g> and so on. Thus, r; is the number of vectors in the ith column of (3):
ry =3, rn =3, r3=2,r4 = 1. We get the singular part of regularizing decomposition of A:
N e el el =10 Vent Vel Vel =ho s ok,

t—1

In particular, if

0000 e
1000 e
0100 e3
0010 ey
000 fi
A= 100 ' @)

010 1

0081

1 0|e

ej ex ez eq f1 2 f3 &1 &2

then we can apply Algorithm 1 using only transformations of permutational similarity and obtain

000 e
000 fi
000 g
100|000 e
010j000 £
001j000 g
1 00[0 0] e
010]00 |s

1 0]0 ey

e; fi g1 e fr g e3 f3 e4

(all unspecified blocks are zero), which is the Weyr canonical form of (4), see [4].

3 Regularizing unitary algorithm for matrix pairs under mixed equivalence

We say that pairs of m x n matrices (A, B) and (A’, B') are mixed equivalent if there exist nonsingular S and
R such that
(SAR,SBR) = (A", B').

The direct sum of matrix pairs (A, B) and (C, D) is defined as follows:

e (1. 23)

The canonical form of a matrix pair under mixed equivalence was obtained by Djokovi¢ [2] (his result was
extended to undirected cycles of linear and semilinear mappings in [1]):
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Each pair (A,B) of matrices of the same size is mixed equivalent to a direct sum, determined uniquely up to
permutation of summands, of pairs of the following types:

(L Jn()); (Ty (2 0))s (n(0), 1), (Fay ), (Fy,Gy),

inwhichA >0and u ¢ R or u <O0.
Thus, (A,B) is mixed equivalent to a direct sum of a pair (A, B) of nonsingular matrices and summands of
the types:

(L1, 1a(0)), (Ja(0).1n), (Fu,Ga), (B[, Gy),

in which (A,B) is determined up to mixed equivalence and the other summands are uniquely determined up
to permutation. This sum is called a regularizing decomposition of (A,B). The following algorithm admits to
construct a regularizing decomposition using only unitary transformations.

Algorithm 2. Let (A,B) be a pair of matrices of the same size in which the rows of A are linearly dependent.
By unitary transformations of rows, we reduce A to the form

S1A = [O,] , S| is unitary,

in which the rows of A’ are linearly independent. These transformations change B:

B/
=[]

By unitary transformations of columns, we reduce B' to the form [B| 0] in which the columns of B are
linearly independent, and obtain
B, 0

BR,| = {* Bl] , Ry is unitary.

These transformations change A:

SIAR| = [O’i" fl] .

We apply the same procedure to (A1, B;) and obtain

_ _ Ok, O Blz 0
(52A1R275231R2)—([ v A% Bl )

in which the rows of [* A;| are linearly independent, Sy and Ry are unitary, and the columns of B are linearly
independent.
We repeat this procedure until we obtain

) 0,y O] [B O
(SiAi—1R;:,SiB1R;) = ([ ,:[t At] ’ [*l Bt:|> '

in which the rows of A; are linearly independent. The result of the algorithm is the sequence

(klvll)v (k2712)7 ceey (kl‘7ll‘)7 (AtaBt)'

For a matrix pair (A,B) and a nonnegative integer n, we write

(A B)(n) — (OOO?OOO)a ifn=20;
’ " | (A,B)®-- @ (A,B) (nsummands), ifn>1.

V[


http://www.up4sciences.org

128 Tetiana Klymchuk. Applied Mathematics and Nonlinear Sciences 2(2017) 123—130

Theorem 2. Let (A,B) be a pair of complex matrices of the same size. Let us apply Algorithm 2 to (A,B) and
obtain

(klvll)v (k2712)7 sy (kl‘7ll‘)7 (AtaBl‘)'
Let us apply Algorithm 2 to (A,B) := (B! ,AT") and obtain

(kbll)? (]S27l2)7 () (lﬁnl{)v (ANBI)

Then (A, B) is mixed equivalent to

(F,G)" M @@ (Foy, G ) & (R, G) B
)" e o G )" @ ()™
@(F]T’GIT)(EI—A)@...@(}gl’GLT_I)(Q,I—ZH)@(QT’GLT)(@—ZL)
o, e oy, g ) 1, 5)W

(

(all exponents in parentheses are nonnegative). The pair (B! |Al) consists of nonsingular matrices; it is deter-

mined up to mixed equivalence. The other summands are uniquely determined by (A, B).

The rows of A, in Theorem 2 are linearly independent, and so the columns of B := AT are linearly inde-
pendent. As follows from Algorithm 2, the columns of B, are linearly independent too. Since the rows of A,
are linearly independent and the columns of B, are linearly independent, we have that the matrices in (4,,B,)

have the same size, these matrices are square, and so they are nonsingular. The pairs (,,J!) and (G, FT) are
permutationally equivalent to (I,,.J,,) and (F,/,GT). Therefore, the following lemma implies Theorem 2.

Lemma 1. Let (A,B) be a pair of complex matrices of the same size. Let us apply Algorithm 2 to (A,B) and
obtain

(kl7ll)a (k2712)7 ey (ktylt)a (AtaBt)-

Then (A, B) is mixed equivalent to

(F,G) e ..a(F_y,Gy) %) g (F, G,) k)
oL 1) g @ (g, L)) 5
& 1) " @ (A, B,)

(all exponents in parentheses are nonnegative). The rows of A, are linearly independent. The pair (A;,B;) is
determined up to mixed equivalence. The other summands are uniquely determined by (A, B).

Proof. We write
(A,B) = (k1,11,(A1,B1))

if k1,11,(A1,B)) are obtained from (A, B) in the first step of Algorithm 2.
First we prove two statements.
Statement 1: If
(A,B) = (ki,11,(A1,B1)),

b ST (6)
(A,B):>(klvllv(Al7Bl))7

and (A,B) is mixed equivalent to (A,B), then ky = ki, I, = I}, and (A}, B)) is mixed equivalent to (A, B)).
Let m be the number of rows in A. Then

ki :m—rankA:m—rankX:iq.
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Since (A,B) and (Av , E) are mixed equivalent and they are reduced by mixed equivalence transformations to

O, 07 [B) 0 07, 07 [B} 0 )
X A|'|Y Bi|)’ X ALY Bi])’

there exist nonsingular S and R such that
R) . 8

eI A

Equating the first matrices of these pairs, we find that S has the form

Og,z, O
X A

Ocsy 0
X A

R B, 0
'Y B

Sii o] .
S= , S11is ky X ky.
|:S21 Sy 11 1 XK1

Equating the second matrices of the pairs (8), we find that
S1[B} 0] = [B) OR, ©)

and so N
l; = rank[B] 0] = rank[B} 0] = [;.

Since B} and g’] are k1 x [} and have linearly independent columns, (9) implies that R is of the form

Ry O
R=
[Rm Ra»

:|, RlliSllxll.
Equating the (2,2) entries in the matrices (8), we get
S»A1 = AR, S»Bi = BiR,

hence (Ay,B;) and (K I ,El) are mixed equivalent, which completes the proof of Statement 1.

Statement 2: If (6), then
(A7B)@(AV7E) = (kl +I~€17ll +l~17(A1 @AvlvBl @El))

Indeed, if (A, B) and (A, B) are reduced to (7), then (A, B) ® (A, B) is reduced to

< )

XX A DA
which is permutationally equivalent to
B, 0

(vl Bl = (e 2l )

We are ready to prove Lemma 1 for any pair (A, B). Due to Statement 1, we can replace (A, B) by any mixed
equivalent pair. In particular, we can take

B, ®B, 0©0

Oklll@gqul 040 B )
Y®Y B, P B

)

Ok, O
X A

Oz, O
X A

I

(A,B) = (Flle)(rl)@...@(E’GI)(U)EB(JI’II)(SI)@...@(Jhlt)(st)@(C’D) (10)

for some nonnegative ,ry,...,r,S1,...,r; and some pair (C,D) in which C has linearly independent rows.

V[
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Clearly,
(i I}) — {(1717(11'—1,11'—1)), ifi 1,
(1,1,(000,000)), ifi=1,
and
(F‘i,Gi) — {(1717(Fi—17Gi—1)), 1fl7é 1;
(1707 (0007000))7 ifi=1.

We

We

Due to Statement 2,
* k; = m—rankA is the number of all summands of the types (J;,1;) and (F;,G;),
* [, is the number of all summands of the types (J;,1;) and (F;, G;), except for (Fj,G1),

e and

(A,B)) = (F,G)" @@ (F_1,G1)" & (J1,11)(S2) DD (Jz—l,lt—l)(s’) @ (C,D). (11)

find that k; — [; is the number of summands of the type (F},G).
Applying the same reasoning to (11) instead of (10) we get that

* ky is the number of all summands of the types (J;,1;) and (F;, G;) with i > 2,
* [, is the number of all summands of the types (J;,1;) with i > 2 and (F;, G;) with i > 3,
s (A,B)) = (F,G)"™ @@ (F_2,G )" @ (lell)(s3) DD (Jz—z,lz—z)(s’) @ (C,D).

find that k, — I, is the number of summands of the type (F»,G>), and that /| — k; is the number of summands

of the type (J;,1;), and so on, until we obtain (5).

The fact that the pair (A;,B;) in (5) is determined up to mixed equivalence and the other summands are

uniquely determined by (A, B) follows from Statement 1 (or from the canonical form of a matrix pair up to
mixed equivalence). This concludes the proof of Lemma 1 and Theorem 1.
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