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Abstract

Asymptotic and global dynamics of weak solutions for a damped nonlinear wave equation with a critical growth exponent
on the unbounded domain R"(n > 3) is investigated. The existence of a global attractor is proved under typical dissipative
condition, which features the proof of asymptotic compactness of the solution semiflow in the energy space with critical
nonlinear exponent by means of Vitali-type convergence theorem.
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1 Introduction

In this paper, we study the asymptotic behavior of solutions of a damped semilinear wave equation with
nonlinearity of a critical growth exponent over the Euclidean space R”" of arbitrary dimension n > 3,

uy — Au+ Buy + f(x,u) + oau = g(x) (D
for t > 0, with the initial condition
M(X,O) = MO(X)a M,(X,O) =i (X), (2)

where a and f3 are arbitrary positive constants, g is a given functions defined on R” and f(x,u) is a nonlinear
function satisfying some typical dissipative conditions to be specified.
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The asymptotic dynamics of global weak solutions for deterministic nonlinear wave equations and for more
general nonlinear hyperbolic evolutionary equations with linear or nonlinear damping have been studied in last
three decades by many authors, e.g. [1]- [4], [6]- [8], [12]- [14], [16], [19]- [22], [26]. The obtained results
focused on the existence of global attractors under certain assumptions.

In the arena of stochastic wave equations driven by additive or multiplicative noise, the solution mapping
defines a random dynamical system or called a cocycle on a state space with a parametric base space. The
existence of random attractors for stochastic damped wave equations has been studied in [9], [11], [15], [17],
[18], [23]- [25].

However, the existence problem of global attractors remains open for damped nonlinear wave equations with
nonlinearity of a critical growth exponent and on the unbounded domain R" with arbitrary dimension. This is
the topic of this work.

In case of nonlinearity with higher or critical growth exponents and on the unbounded domain, the issue of
asymptotic compactness for the weak or mild solutions of nonlinear damped wave equations becomes difficult
to handle due to not only the lack of compactness of the Sobolev embeddings but also the necessarily involved
high-order integrable function spaces, in addition to the local existence and regularity of solutions in such spaces.
In this work we shall tackle this challenging problem and prove the existence of a global attractor by means of

1) the uniform estimates for absorbing property and norm-smallness of solutions outside a large ball,

2) the esimates of the extended energy functional for the compactness in the space H' (R") x L?>(R") and

3) the Vitali-type convergence criterion (Theorem 8) for the function space L (IR") shown in the paper.
This new approach has potential applications to many other nonlinear and stochastic PDEs and to longtime and
asymptotic dynamics of various problems with complex and nonlinear interactions.

In Section 2, we briefly recall basic concepts and results related to semiflow and global attractors. In Section
3, we shall conduct uniform estimates of the weak solutions for absorbing sets and for tail parts. In Section 4, we
shall establish the intricate asymptotic compactness of the solution semiflow with respect to the Hilbert energy
space H'(R") x L*(R"). In Section 5, we prove the crucial asymptotic compactness of the first component of
solutions in LP(IR"). Then the existence of a global attractor for this nonlinear damped wave equation is finally
proved.

In this paper, we shall use || - || and (-,-) to denote the norm and inner product of L?(RR"), respectively. The
norm of L"(R") with r # 2 or a Banach space X will be denoted by || - ||, or || - |[x. We use ¢,C or C; to denote
generic or specific positive constants.

2 Preliminaries and Assumptions
Let (X, || -||x) be a real Banach space. The following are the basic concepts and result on the topic of global
attractor for infinite dimensional dynamical systems, cf. [2], [8], [20] and [22].

Definition 1. A mapping ® : R* x X — X is called a semiflow on X, if the following conditions are satisfied:
(i) (0, ) is the identity on X.
(ii) P(t +s,-) = P(t,P(s,-)), for any ¢,5s > 0.
(iii) @ : R* x X — X is a continuous mapping.

Definition 2. Let @ be a semiflow on X. A bounded set K C X is called an absorbing set for & if for any
bounded subset B C X there exists a finite time 7z > 0 such that

®(t,B) = {P(t,x) :xe B} CK, forallt>Tp.
® is called asymptotically compact in X if for any given bounded set B C X it holds that
{®(tyy,xm) }r—; has a convergent subsequence in X,

whenever t,, — oo and {x,,};>_, C B.
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Definition 3. Let @ be a semiflow on X. A set &/ C X is called a global attractor for @, if the following
conditions are satisfied:

(i) &7 is a compact and invariant set in the sense that ®(z,.o7) = 7, for all t > 0.

(iii) 7 attracts every bounded set B in X,

lim distx (®(¢,B), o/) =0,

oo

where distx (-,-) is the Hausdorff semi-distance with respect to the X -norm.

Theorem 1. Let @ be a semiflow on a Banach space X. If the following two conditions are satisfied:

(1) there is a bounded absorbing set K for the semiflow ® in X, and

(2) @ is asymptrotically compact in X,
then there exists a global attractor </ in X for the semiflow ®, which is given by

o =o(K)= ) J®@,K). 3)
>01t>7

Now we formulate the original initial value problem of the nonlinear damped wave equation (1)-(2). Let

& = u; + Ou, where 6 is a positive number to be specified later. Then (1)-(2) can be rewritten as

u;+Su=v,
Vi — v+ (8% + a4+ A u+ B(v—8u) + fx,u) = g(x) 4)
u(x,7) = up(x), v(x,7) = vo(x) = u (x) + Sup(x),

where the linear operator A = —A : H>(R") — L*>(R").
Standing Assumption. Throughout the paper, assume that the nonlinear term f € C'(R" x R,R), n > 3,
and its antiderivative F (x,u) = [ f(x,s)ds satisfy the following conditions:

|fe,u)| < CrlulP~ "+ 91 (x), ¢1(x) € H'(R"), (5)
e u)u—CoF (x,u) > ¢a(x),  ¢a(x) € L'(RY), (6)
F(x,u) > Gslul’ — ¢3(x), ¢3(x) € L'(R"), (7)

where Cy,C, and C3 are positive constants and 1 < p < ”1‘%%

Define the phase space

is arbitrarily given. Assume that g € H'(R").

E = (H'(R")NLP(R")) x L*(R")
endowed with the norm
1
1)1y ez = (IVatl? A+ >+ [1012)* + ez, for (u,v) € E. @)
Lemma 2. For any given go = (uo,vo) € E, the initial value problem (4) has a unique global weak solution

(”('7"‘0)"}("‘}0)) € C([07<>0),E).

Moreover, for any t > 0, the solution (u(t,uq),v(t,vo)) is weakly continuous with respect to go = (up,vo) € E in
the sense that

(u(t,uom),v(t,vom)) — (u(t,uo),v(t,vo))
weakly in E, provided that go ,» = (10 m,Vom) — &0 = (o, vo) weakly in E.
Proof. The local existence and uniqueness of a weak solution for this problem (4) in the phase space E =
(H'(R")NLP(R™)) x L*(R") and its weakly continuous dependence on the initial data can be established by the

Galerkin approximation method as in [8, Chapter XV] and [3]. Also see [20], [22] and [25]. Here the detail is
omitted. The proof of the global existence of weak solutions will be included in the proof of Lemma 3 below.
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3 Uniform Estimates of Solution Trajectories

In this section, we shall derive uniform estimates on the solutions of the nonlinear damped wave equation
(4) defined on R” in a long run. These a priori estimates pave the way to proving the existence of absorbing
set and the asymptotic compactness of the semiflow ®. In particular, we will show that tails of the solutions for
large spatial variables are uniformly small when time is sufficiently large.

Define a new norm of E by

1
G, v)lle = (IVI1P + (0 + 8% = BS)lull* + [[Vul*)* + [lullzr, ©)

in which and hereafter let 6 be a fixed positive constant satisfying
a+8>—B65>0 and PB—-35>0. (10)

Obviously the norm || - | in (9) and the Sobolev norm || - || 7120)x 2 in (8) are equivalent.

3.1 Absorbing Set

The next lemma shows that there exists an absorbing set in the Banach space E for the semiflow & generated
by the weak solutions (u(,ug), (v(¢,vp)) to the problem (4),

D(t,g0) = (u(t,up),v(t,v0)), t>0, go= (uo,vo)-

Lemma 3. There exists an absorbing set K C E for the solution semiflow ® of the problem (4). For any bounded
set B C E, there exists a finite Tg > 0, such that

®(t,B) C K, forall > Tp.

Proof. Take the inner product of the second equation of (4) with v in L?(R") to get

1d
2dt
Then we find that

VI = 81V + (o + 8%)ue,v) + (A, v) + (f (x,u),v) = —(B(v = Su,v) + (g (x),v). (11)

1d 1d
(,v) = (4 Su) = 5 - ||ul]* + 8|ul|* and (Au,v) = 5 —||Vu|* + 8| Vu*

For the last term on the left-hand side of (11), we have

d
ea) = 5 [ Flrader 8.,
By (6), we get
O(f(x,u),u) > 6C2/ F(x,u)dx+0 | ¢rdx.

Rn
For the last term on the right-hand side of (11),

V]I

(&v) <llelllvll <

lgl*  B-8
28-5) " 2

Substitute the above inequalities into (11) to obtain

1 d
o [P+ (a4 8= B8 Jul? + [Vl +2 [ F(x,u>dx}
2 dt R~
5
£ S WP+ o+ 8%~ B8) [l + [ u] +5c2/ F(x,u)dx (12)
RYI
36 2 2

T 5)+5II¢ ||L—2(B 5)
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where the term (38 — 8)||v||?/2 < 0 due to (10). Let ¢ be a fixed positive constant:
o =min{8, 6C,} > 0. (13)
Note that [, (F(x,u) + ¢3(x))dx > 0 due to (7). It follows from (12) and (13) that

d [rv\2+ (+8%— B3) [P+ Vil +2 | <F<x,u>+¢3<x>>dx]
5

dt
o P+ (a8 8) P + 190 +2 [ (Pl + 3(00) ] (14)
Jel?

<Ml s 2s(alosl + loall). 120

~B-5
Apply Gronwall inequality to (14) and see that every weak solution of (4) satisfies

()7 + (ot + 8% = BS) [lu(e)[| + | Vaelr) | +2/RH(F(x,u(t)) +¢3(x)) dx

<o) {nvouu (8%~ B3) ol + | Vol +2 F(x,uowx] 1)
Rﬂ

1 2
#2043 (28(Calonl + ) + 555 )

Thus for any given bounded set B C E and any (ug,vo) € B, we have

v(O)? + (0t + 8% = BS) [fua(e* + || Vu(r) +2/ (F (x,u(t)) + ¢3(x)) dx

n

<e o {nvorr% (+8%— B3) o+ Va2 F(x,uo>dx+zu¢3|m] 16)
Rn

+ 2 (200l + el 1>+”g”2) (>0
c 2Pl re_s) =7

According to the assumption (5) and (6), there exists a constant ¢ = ¢(Cy,Ca, @1, ¢,) > 0 such that

/ F(xu0)dx < ¢ (1+ [Juoll? + luol,)

It follows that, for any given bounded set B C E and (up, vo) € B, there exist a constant C > 0 and a finite 7 > 0
such that

e ! [Hvon + (a+ 82— B&) |luol|* + || Vuol? +2/ F(x,up)dx+2||¢3]| .1
]Rn

(17)
< Ce % (1+ |[vol* + |luol 7 + |luol|f») <1, forall t > T.
Substitute (17) into the right-hand side of the last equality in (16) and note that (7) implies
2 [ (Flxule, ) + 03(0)dx = 263 e, ) [
Then it results in
[v(2,v0)|1? + (0t + 8% — BS) [Ju(z,u0) |* + | Vaa(t, o) || +2C3]|u(t, u0) |7,
(18)

1 2
<14 <25(czu¢3|yu 19all) + l|5"g—‘6> . for 1> Ty,
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The inequality (18) show that ®(¢,B) C K = Bg(0,R) for t > T, where the radius of the ball B£(0,R) in E is

<min{1’<°‘+152—ﬁ6>} [”; <25(C2”‘7’3||L' +1102) + A’g_‘i)v

+<£7P+1<mKW%uHW@W”+£%;ﬂ>L

Therefore, this set K = Bg(0,R) is an absorbing set in the phase space E for the solution semiflow ®. The proof
is completed.

(19)

3.2 Tail Estimates

Next we conduct uniform estimates on the tail parts of the weak solutions for large spatial and time variables.
These estimates play key roles in proving the asymptotic compactness in the space E of the dynamical systems
& generated by the nonlinear wave equation (4) on the unbounded domain R”.

Lemma 4. For every bounded set B C E and 0 <1 < 1, there exists T =T(B,n) >0andV =V(n) > 1 such
that the semiflow ® generated by the nonlinear damped wave equation (4) satisfies

[Pt B) || £rr\B,) = ggg”q’(f,go)CBgHE <n, (20)

forallt > T and every r >V, where Cpc(x) is the characteristic function of the set {x € R" : [x| > r}.

Proof. Choose a smooth and nondecreasing function p such that 0 < p(s) <1 for all s € [0,0) and

0, if0<s<l,
p(s) = @1
I,  if s>2,

with 0 < p’(s) < 2 for s > 0. Taking the inner product of the second equation of (4) with p(|x|?/r?)v in L*(R"),

we get
1d Y 2 WY e
2dl’/Rnp<r2>|v| dx—5/Rnp rT ‘V‘ dx
2 2 2
—|—(O£—|—52)/ p <’r2 )uvdx+/ (Au)p (r‘ >vdx+/ p (’xr’z) fx,u)vdx (22)
n Rn n
_ [ (R _/ R gy
/Rnp( 2 gvdx R”p 3 B(v—06u)vdx.
Hence we have
1d |x 2 2 x>
37 p v[*dx+ (o +6 [35)/ 5 Juvdx
R~ r

|2

2
0 () (i Lo (St e
Lo ()

2
x—z Mzdx—i- <‘ al >gvdx

‘UR:


http://www.up4sciences.org

Global Attractor for Nonlinear Wave Equations 587

For the second term on the left-hand side of (23), by (4) we have

(a+52—35)/ p<‘r‘2>uvdx_ 448 — / (’ ’2> (1 + Su) dx
>(a+68%— [36)(20”/ <|x|2>|u|2dx+5/ (' )yu|2dx> (24)

—g(a+62—[35)/wp (‘;42) uf?dx.

For the fourth term on the left-hand side of (23),

/W(Au)p <|r|22>vdx—/n(Au)p <”r";> (ut+5u)dx:/n(Vu)V (p <‘f‘;> (u,—|—3u)> dx
_/n( )if;ﬂ(’ ’2>vdx+ (;) (4 + Ou) dx
() L () saes [ ()

Since 0 < p’(s) < 2, it follows that

[x \2> / 4lx|
A dx > — Vu)v|d
[ e (5 )vas [ R wlar
2 2
+;jt/ p('x’ )yvu\zdx+6/ <‘ al >]Vu]2dx (25)

2V/2 1d |x|? S yxyZ
> — Vul|? + v|?)dx+ = / ( Vu|*dx+ = / Vul? dx.
,, rﬂx‘gﬁ(l P dx 5o p Vuldxto | Pz ) IVu

For the fifth term on the left-hand side of (23), by (5)-(7), we have

/Rnp (ff) fx,u)vdx = /Rnp (ff) (o, u) (uy + Su) dx

2% [ o <|x|2> Flou)dx+8 | p (":'22) (CoF (x,u) + 2(x)) dx

72

(26)

R~

For the last term on the right-hand side of (23), we see

/Rnp<lr|2>gvdx_2(/31 G |2)|g|2dx+/3 6@”(‘);‘22)'”'2“ o

Now substitute (24)-(27) into (23), we obtain

1d |x|2 5 5 ) )
2dt Jg p(ﬂ) (V> + (0 + 8% — BS)|ul* + |Vul* +2F (x,u)) dx

2 2
+5/ p('x’ >\ |2dx+5/ p("“' )((oc+62 BS)|ul>+ [Vul?) dx
2 R~ 2 R~ l"

Jcf?
+5C2/ p (5 | Fxu)dx
R~ r

2 2
22 (v +b)ax+ [ (‘) ( L +6|¢2|)
r §|x|§ﬁr R~ r ﬁ

(28)
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Since g € L*(R") and ¢, ¢3 € L' (R"), for any 1 > 0, there exists Ky = Ko(n) > 1 such that for all r > K,

2 2 2
Lo (55 (355 + o2l ) axs [ (G5 +elol+20in) as<n. @9

By (13) and (28)-(29), there exists K; = K;(n) > 1 such that for all r > K|,

2
% p (%) (VP + (0t + 8% — B&)|uf> + |Vul® +2(F (x,u) + ¢3) ) dx
Rn

+6/ ﬁ

Rnp 7'2

<n [1+/ (\Vu|2+\v|2)dx] .
r<|x|<v2r

Therefore, for any ¢ > 0 and r > Kj, it holds that

) (V[ + (o + 8% — BS)|ul* + | Vul* +2(F (x,u) + ¢3)) dx

x2
Lo (B ) IO + ot 87— B8) )+ 1Vatt) 20 () + 4300

2
<e o /R p <|x|2> (|vo|* 4 (a+ 8% = B8)|uo|* + |Vuo|> +2(F (x,u) + ¢3(x))) dx (30)

,
n /t O'(ts)/ 2 2

+—+ e Vu(s)|“ + |v(s)|*) dxds.
o | e TP+ POP)

Next we conduct estimates of the terms on the right-hand side of in (30). For the first term, there exists
Ty = Ti(B,n) > 0 and a constant C4 > 0 such that

2
e [ () (ol + (048 = B&) ) + Va0l + 2(F )+ 05)

gem/ (vol? + (0t + 8% — B&) o + | Vito ) dix
) 31)

1
+2"_m/ [(72 (Ciluol” 4 |uo||@1 (x)[ + [@2(x)[) + [93(x)] | dx

Rﬂ
<Cye (|| (vo,uo)||* + | Vuol|* + lluo |7 + 91 I1* + N G2l ot + | 93110) <7

for all + > T;. For the second integral term on the right-hand side of (30), applying the Gronwall inequality to
(14) while taking the spatial integral over the region r < |x| < V2r, with (13) in mind, we get

0
/ oo / (IVu(s) P+ v(s)[2) dxds
—t r<|x|<V2r
<e 6 (Jlvg |2 + (o + 8% — BS)||uo|)* + || Vuo |?) (32)

#2600 [ (Plrn) +0n(a) it 3 (20(Callonlus +10al) + 525 el ).
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Based on (31) and (32), there exists 7> = T>(B,n) > 0 such that

0
/ e‘”/ (IVu(s)[* + [v(s)|*) dxds
—t r§|x|§ﬂr

<cre o) P+ [ualP+ | (Fan) +ou(a)ax] + 3 (Cot 525l

(33)
<Cte [I!(MO7VO)!2+IIVM0\2+H¢3||L1+ (ClHuoHLﬁHuo\2+||¢1||2+H¢2Hu)]

1 1
+ 5 (2821l + 10nl) + 5 slel ) <M. foralt 127

where the constant

1
M= 1+ 2 (250l + o) + 525 el ).

Now assemble all these estimates and substitute (31) and (33) into (30). It shows that for any bounded set B and
any 0 <n <1,aslong as r >V =max {Ko, K, } and r > max{71, 7>}, one has

/>f (V@) + (04 8% = BE) u() [* + [Vu(t) [* + [u(t)|P) dx
% v(t)[? 2_ u(r)|? u(r)|?) dx
< [ o () (bR + (o8- ot + 19uto ) (4
2 |x|? 1
+C3/Rnp <r2> (F(x,u(t) + ¢3(x))dx < <1+C3> (2+M)n.

By (9), the above inequality (34) demonstrates that for any bounded B C E it holds that

@ B)lll £\ 8r) = max 1D(7,80) | £rm\Br)
1 1/2 1 1/p (35)
C3 C3

where R = v/2r. (35) implies that (20) is satisfied as stated in this theorem just by renaming r to be R and 1 to
be ((1+1/C3)(2+M)N)'?2+ ((141/C3)(24M)n)"/P. The proof is completed.

4 Asymptotic Compactness in H'(R") x L2(R")

In this section, we shall prove the asymptotic compactness in the space H'(R") x L?>(R") of the solution
semiflow @ associated with the nonlinear damped wave equation (4).

Lemma 5. The following statements hold for LP (R").
1) For 1< p<oo, let {y,,} be a sequence and W be a function in LP(R") such that ||y, — ¥||rr — 0 as
m — oo. Then there exists a subsequence { W, } such that

lim v, (x) = y(x), ae.on R".
k—ro0
2) Forl < p<oo, ifasequence {y,,} and a function y in L (R") satisfy the following two conditions:

lim ¥, (x) = y(x), a.e.on R" and {y,} is bounded in L”(R"), (36)

m—seo
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then W, — W weakly in LP (R"), as m — oo.
3) For 1 < p <o, ifa sequence {W,,} and a function y in LP (R") satisfy the following two conditions:

lim y;,(x) = y(x), a.e.on R" and ’igrlo”wm”l‘p = |||, (37)

Mm—soo
then limy, o0 || W — Y||r = 0.

Proof. Since R" with the Lebesgue measure is a o-finite measure space, the first item is a standard result in Real
and Functional Analysis.

For the second item, since L”(IR") is a reflexive Banach space for 1 < p < oo, the boundedness of {y,, } in
LP(R") implies that there is ¢ € LP(R") such that y,, — ¢ weakly as m — co. By Mazur’s lemma, this weak
convergence implies there exists a sequence {{,,} C L”(R") such that

&n € conv{ W, Winyi1, -~} and &, — @ strongly in LP(R"). (38)
From the condition v, — y a.e. and {,, € conv (U7, ¥), it follows that
n— v ae. in R™. (39)

On the other hand, by the first statement in this lemma, the strong convergence in (38) implies that there exists a
subsequence {,, } such that {,, — @ a.e. as k — . Therefore, (39) leads to y = ¢ a.e. on R” so that y,, — ¥
weakly as m — oo. The third item is a known result in Functional Analysis, cf. [5, Chapter 4]. Thus the proof is
completed.

Let us define the following energy functional on E: for (u,v) € E,

T(u,v) = |||+ (o + 8> = B8) |lul* + !!Vu!!2+2/ (F (x,u) + ¢3(x)) dx. (40)

R»

Compare (9) and (40), we see that

T(uv) < [[(0)[2 +2 / (F () + 93(x)) dx. 1)

n

Lemma 6. For every bounded set B C E and any integer k > 0, there exists a constant My = M (B, k) > 0 such
that for all m > My one has t,, > k with the property that

lgl>

1
C(u(tm —t,u0m),v(tm —t,Vom)) §R+1+g [25(C2]¢3HL1 +||92|) + B—35

(42)

forallt € (0,k] and (uo m,vo,m) € B, where the constant R is the same as in (19).

Proof. Integrate the inequality (14) over the time interval [0,¢] C [0,k|, where § > ¢ by (13). Similar to (18),
there exists M; = M;(B,k) > 0 such that for all m > M; one has t,, > k and

T (uttyy — t,10,m), V(tm — ,v0.m)) < € CE D (u(tyy — kg, m), V(tm — Ky Vo))

k 2
+ [ et (28Calontu +loalh) + 455 ) ds a3)
t
<R+14 2L 28l dsllps + [ 62]l0) + lsll” 1 €0,k
= c 3L L [)'—5 ) I

Therefore, (42) is proved.
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Theorem 7. For every bounded set B and for any sequences t,, — oo and g0, = (to.m,Vom) € B, the sequence
{®(tm,g0.m) )52, has a strongly convergent subsequence in H'(R") x L*(R"), where ® is the solution semiflow
generated by the nonlinear damped wave equation (4).

Proof. The proof goes through the following steps.
STEP 1. By Lemma 3, there is a constant M, = M,(B) > 0 such that for all m > M, and g, € B, we have

Hq)(tmagO,m)HE <R+1 (44)
where R > 0 is given by (19). Then there is (i, V) € E such that, up to a subsequence and relabeled as the same,

D(t, gom) — (@,7) weaklyin E and

(45)
®(t,, gom) — (@,7) weakly in H'(R") x L*(R").

Since E is a reflexive and separable Banach space, the weak lower-semicontinuity of the E-norm and of the
norm of H'(R") x L?>(R") as well implies that

liminf |P (&, gom) £ = [|(7, 9|,
m—soo

(46)
timinf ([ ®(tm, g0.m) |12 2 (@ )| cr2-
Next we want to prove that in the Hilbert space H'(R") x L*(R"),
D(t,,, g0m) — (i, V) strongly. 47
It suffices to show that
limsup || ®(tn, go.m) g1z < [ ( 7)1 2+ (48)

m—soo

If so, then (46) and (48) will lead to limy, e || ®(tm, 80.m) || 11 12 = || (i, V)| 1 12~ By the item 3 of Lemma 5, we
shall obtain (47).

STEP 2. By Lemma 6 and (7), there exists a constant C > 0 such that, for any given integer k > 0 and all
m > M (B,k), one has t,, > k and

[t = 1,60,m) v (tm = 1, v0,m)) ||

ccfre 1L (26080 +loalry + LEEN]
= pos 211931t 2111 B_6 (49)

1 gl \1"7
HC R+ 1+ (26(Calgsll el + 575 )| 1€ 0K

for any (o m,vo,m) € B. In particular, (49) is satisfied for r = k.
According to Banach-Alaoglu theorem, there exists a sequence {ii, Vi } -, in the space E and subsequences
of {t,}5_, and { (40 m,vom)};_, again relabeled as the same, such that for every integer k > 1,

(u(tm —k,uom),v(tm —k,vom)) — (i, Vx) weakly in E, (50)

as m — oo, which can be extracted through a diagonal selection procedure as in Real Analysis.
By the weakly continuous dependence on the initial data of the weak solutions stated in Lemma 2, here the
weak convergence (50) together with the concatenation

(u(tm,tom), V(tm,vom)) = (u(k,u(ty, —k,uom)), v(k,v(tmw —k,vom))) 51)
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implies that for all integers kK > 1, when m — oo,
(u(tm, o m), v(tm,vom)) — (u(k, i), v(k,v)) weakly in E. (52)
Thus (45) and (52) validate the following equality that for all positive integers k,
(i, %) = (u(k, i), v(k, V%)) (53)

By the similar argument from (11) to(12), the weak solutions (u,v) of (4) satisfy

%F(u(t, uo),v(t,vo)) +20T(u(t,up),v(t,vo)) < G(u(t,uo),v(t,vo)), (54)

where
G(u,v) = =2(B =6 = o)[IVl|* —2(8 — o) (a+ &* — B5) [|ul®
) (55)
—2(8 —0)||Vul| +4G/Rn(F(x,u)+¢3(X))dX—25 (f(x,u),u) +2(g,v).

From (53) and (54), for any integer kK > 1 we have

k
T(i, ¥) < e 2°F T (i, %) + / e 2 G(u(E, a),v(E, %)) dE. (56)

0

STEP 3. On the other hand, from the concatenation (51) and the inequality (54), we obtain
F(M(tm, uO,m)7V(tm7 VO,m)) < eizckr(u(tm —k, uO.,m)yV(tm —k, vO,m))

k

~2B-5-0) [ ¢ (& vl — ko)) P

0

k
~2(5-0) (a8 = B8) | ¢ u(E.ultn — ko))
k
~25-0) [ VUl ultn ko)) Pl -
k

+4G/ e 298 | (F(x,u(&,ulty —k, uom))) + 03(x)) dxd€

R}l
—26/ —20¢ f x,u(E u(ty —k, ugm)) ) u(§, u(ty —k, uom))dxd§
—|—2/ “208 [ g(x)v(E,v(tm —k, vou))dxdé.

0 Rn

Below we treat all these terms on the right-hand side of the inequality (57).
1) For the first term on the right-hand side of (57), by (42) in Lemma 6, for all m > M, (B, k) we have

e—Zok F(u(tm _ k7 u()’m),v(fm - k,vo,m))

I :
<ot <R+ Lot [25(02”‘7’3'&1 T l2lln) [!gH D Y

<e <R+1+1 [25(C2H¢3!L'+H¢2HU IQD
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2) For the second term on the right-hand side of (57), by (50) and the weakly continuous dependence of

solutions on the initial data stated in Lemma 2, we find that for any & € [0,k], when m — oo,
V(E, v(tm —k, vom)) — v(E, %) weakly in L*(R"),
which implies that for all £ € [0, k],

timinf [v(&, v(t —k, vom)) I > [Iv(§, %) |1

m—soo

By (59) and Fatou’s lemma we obtain

m—yoo

k
liminf / 298 (|V(E, V(1 — k, Vo)) P dE
0

k k
Z/ e 2o iminf [|v(&, v(tw — k. vou)) |* & 2/ e 2% |[v(&, )| dé.
0 0

m—yoo

Since (10) and (13) implies B — 0 — o > B —20 > 0, (60) leads to

k
limsup —2(8 — & — G)/O e 2% V(E, V(tw — Kk, vom)) | d&

m—ro0 .
——2(p—5-o)timint [ (g v~k von))
k
< 2B-6-0) /O 28 (£, 7| dE.

Similarly for the third and fourth terms, by (50) and Fatou’s lemma we obtain

k
limsup — 2(8 — &) (a+ 52 — B) /O 2 (&, ulty — k. o)) | dE

m—soo

k
< -26-0) (a8 —p3) [ ¢ u(E.m)|dz.
k
limsup —2(6 ~ o) /0 e %% Vu(E, utn —k; uom))|* &

k
<-26-0) [ P TulE ) P

3) For the fifth term on the right-hand side of (57), we have

k
e | P aElon = o)~ F (. ) drd

k
e 208 x.u(E ult, —k.u —F(xu(é. i X
< /0 / | VFCe o)) P&, ) e
k

+/ e 206 |F (e, u(E, u(tm — ks uom))) — F (x,u(8, d))| dxdS.
0 | <r

(59

(60)

(61)

(62)

(63)

A) For any given 1 > 0, by the proof of Lemma 4 adapted to the time interval [k,oo), there exist M3 =

M3(B,n) > M, and K = K(B,n) > 1 such that for & € [0,k|, whenever r > K and m > M3, one has

/ (et — &, o m) > + |ttt — &, u0.m) P + 01> + |62 + | 93]) dx < 1.

(64)
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In view of (5) and (6), there is a constant L; > 0 such that for any & € [0, k] one has
[ PGt & o))
|x|>r
< / Ly (|u(tm — & t0.m)|* + |t(tm — & ,10,) [P + 91> + 92| + | 93])dx < L,
X|>r

for all » > K and m > Ms.
B) Since (50) shows that

i, = (weak) lim u(t, —k,ug,,) in L*(R")NLF(R"),
m—oo

by the weakly continuous dependence of solutions on intial data stated in Lemma 2, by the weak lower-
semicontinuity of the L? and L? norms, it yields from (64) that

k
/6205 |F(x, u(k— &, iiy))| dxd&
0 [x[>r
k
S/O e 208 . Li(ju(k =&, @) |* + [u(k — &, @) P + |91 | + |¢2| +|¢3]) dxd&

k
= [ (Il &) e k= 0 ) 8

k
+ / 2L, / (0P 0n]+ s
0 X|>r
k ) 5
: /0 e 298 Ly [timinf Jlu(k — &, @) 2 5, + iminf [u(k — &, 70112y g | 4
k
L
et [Pl o) dxdg < 5. for v Ko >
0 |x|>r

The above two inequalities show that there exists a constant L, = L; (14 1/(20)) > 0 such that the first term on
the right-hand side of (63) satisfies

k
/ e 208 |F (x,u(k — &, u(ty —k,uom))) — F (x,u(k— &, i))| dxd&
Ok |x|>r (65)
S/O e 20% - (|F (x,u(ty — & uom))| + |F (x,u(k — &, ))])dxd§ < Lom,

for all » > K and m > M3.
C) For the second term on the right-hand side of (63), by (50) we have

u(k—&, u(ty —k,uom)) — u(k— &, i) weakly in H'(B,) NLP(B,).
Since H'(B,) is compactly embedded in L?(BB,), it follows that for any & € [0, 4],
u(k— &, u(ty —k,uom)) — u(k— &, ii;) strongly in L*(B,). (66)
Then by the first item of Lemma 5 and the continuity of F (x,u),

F(x,u(k—&, u(ty —k,ugm))) — F(x,u(k—&, i) in B,, as m — oo. (67)
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On the other hand, by the Standing Assumption and Lemma 6, we have the following uniform bound that there
is a constant L3 > 0 such that

/|‘| ’F(x7u(k - 57 u(tm - k? M()’m)))| dx <L (Hl't(k_gv ”(tm - kv uOm))”é(B,)
x|<r

Huk =&, wltn —kstto,m) 175, + 10111+ 110211 oy + 110311 (R”)) (68)
1 1 2
<t [k 1 L et (20(Callnl + [onlhn) + 4505 ) + 10117+ el + sl

for any £ € [0,k| and m > M,. By the second item of Lemma 6, it follows from (67) and (68) that
F(x, u(k— &, ulty —kugm))) — F(x, u(k—&,i)) weakly in L'(B,),

as m — oo, Consequently, when m — oo,

/|| Fx, ulk— &, ultn—Kouom)))dx —s | Flx, ulk—&,d)) dx. 69)

|x|<r

Furthermore, (68) shows that

’/||< [F(x, u(k— &, u(ty —k,uom))) — F(x, u(k— &, ig))] dx

1 2
<o R 14 R (20Callonlus +10al) + 505 )+ 1011F-+ el + sl

(70)

FIF(C ulk =&))L ey -
According to Lebesgue dominated convergence theorem, (69) and (70) imply that for every integer k£ > 1 and
any r > K,

k
lim [ ¢ 2°¢ F(x,uk—&, u(ty—k,upm)))dxd§

m=e Jo |x|<r
. (71)
= / e 296 F(x,u(k—¢&, i) dxd§.
0 |x|<r
Put together (63), (65) and (71). Then we obtain
k
lim [ 29 [ (F(x,u(k—&, u(ty —k, uom)))+ 03(x)) dxd&
meJo R (72)

k
:/ e 208 (F(x,u(k—&, iix)) + ¢3(x)) dxd§&.
0 R»

4) By an argument similar to the proof of (72), we can also prove the convergence of the sixth term on the
right-hand side of (57),

k
lim ) ¢ 206 5 T ulk— &, ulty — ko)) u(k — &, ulty — ko m)) dxd€
k
= [P [ o uth &) ule £ vz,
0 Rn
k k
tim [ 2% [ ga)uth= &tk vom)drd = [ e [ gluie—g,m)dxde:

m—yoo 0 Rn
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STEP 4. Take the limit of (57) as m — oo and assemble together the results shown above in the items 1)
through 5) of Step 3. Then we get

1 2
limsup Tt o), ¥ vom)) < ¢ (R 14 L [28(Call sl + 9all) + 481
m—sco (& [3—8

k k
—2(;3—5—0)/0 e %% |v(k— &, %) |I*dE —2(8 — o) (a+62—135)/0 % lu(k — &, )|*d&

(73
~26-0) [ WUtk g 40 [ ¢ [ (R ulh &) + oo |
+2 / a0t [ lo(a)v(k— 8.5 = 87 . ulk— &) ulk— &) .

From (56) and (73) it follows that
limjup T(u(tim, uom), v(tm,vom))
<e ok (R—|— 1 +é _25(c2H¢3Hu +¢2ll1) + l!‘i”?) +/Oke2°5 Glu(k— &, i), v(k— &, 7)) dE
= (re1s L 6@l + el + J45] )+ 1@ - ot r )
<o (R 142 (28l + el + ['3'{”;_) T3,
Take limit k — oo of the al;ove inequality to obtain _
limjup T (u(tm, tom), v(tm,vom)) < T (@,7). (74)
On the other hand, from (53), (67) and (68) we have
Wlll_rgo RnF(x, u(tm, uom))dx = /nF(x, i)dx, (75)

which along with (74) shows that

timsup (|[v(tmyvom)||> + (0 + 8% = BE) ||ttty to,m) || + 1| Vet (b, 0, ) |I)
m—»oo (76)
< |91 + (e + 8> — B &) |al* + || val>

STEP 5. Note that the norm of H'(R") x L?>(R") is equivalent to
def 2 2 2 2
1, v)[1n =F(uaV)—Z/Rn(F(xau)Jr%(X))dx: V7 + (o + 67 = BE)[|ul|” + [[Vuel|*-

Same as the second inequality in (46), from the weak convergence shown by (45), for any sequence {go,, =
(40, m;Vom) Yooy C B, we have
liminf [[®(t, go.m) [ = [ (@, )] |-

Meanwhile, (76) implies that
limsup ([ D (tm, gom) I < [1(, 9)[lr1-

m—yoo
Thus we have proved
Tim ([, g0.n) I = 1|, ) (77)
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Finally, for the Hilbert space H' (R") x L?(R"), the weak convergence (45) and the norm convergence (77) imply
the strong convergence. Therefore, up to finite steps of subsequence selections (always relabeled as the same),
we reach the conclusion that

lim ®(t,,, go.m) = (i, ¥)  strongly in H'(R") x L*(R™").
Mm—yoo ’

Thus the proof is completed.

5 The Existence of Random Attractor

In this section we shall first prove an instrumental convergence theorem in the space L”(X,.# , 1) of Vitali
type. It will pave the way to prove asymptotic compactness of the first component of the semiflow @ in the space
LP(R") for any exponent 1 < p < % This is the crucial and final step to accomplish the proof of the existence
of a global attractor for this dynamical system & for the nonlinear damped wave equation (1).

Theorem 8. Let (X,.# ,11) be a o-finite measure space and assume that a sequence { fi}rm_, C LP(X, 4 ,11)
with 1 < p < oo satisfies

lim f,,(x) = £(x), ae. (78)
Then f € LP(X,.# ,1) and
nllgrioufm_fHU’(X,//{,u) =0 79)

if and only if the following two conditions are satisfied:
(a) For any given € > 0, there exists a set Ag € M such that L(Ag) < 0 and

/ |fn(x)|Pdu <€, forall m>1. (80)
X\Ae
(b) The absolutely continuous property of the LP integrals is satisfied uniformly, i.e.
lim / |fn(x)[Pdu =0, uniformly for all m > 1. (81)
w(¥r)—=0 Jy

Proof. First we prove the necessity.
Statement (a): Under the condition (79), for an arbitrarily given € > 0 there exists an integer N = N(g) > 1
such that

€
1= FlLox ) < 5y forallm>N. (82)

Since f € LP(X,.# , 1), there exist measurable sets Be and S, both of finite measure, such that
/ FPdu < £ and / ()P di < &, form=1,--- N, 83)
X\Be X\Se
Put A, = B¢ USe. Then (Ag) < o and we have
| m@rdin= [ () - 5@+ @ du
X\Ag X\Ae

+—-=¢, form>N.

<o ([t - seopan+ [ . FoPan) <

N M
| m

Besides, from the second inequality in (83) it follows that

/ |fm(x)’pdﬂ§/ |fn(x)[Pdu <€, form=1,---,N.
X\Ae X\Se

V[
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Therefore, the statement (a) is valid.
Statement (b): By the absolutely continuous property of Lebesgue integral on a o-finite measure space, for
any given € > 0, there exists dp = 6y(€) > 0 such that whenever u(Y) < & one has

/\f(x)Pdu<28p and /]fm(x)]"du<8, form=1,--,N, (84)

where N = N(¢) is the same integer in (82). Then for any measurable set ¥ C X with u(Y) < & one also has

/|fm NP du <2P~ 1</|fm !pdli+/|f |pdu><8 for m > N.

Thus the statement (b) is valid.
Next we prove the sufficiency. Suppose the two conditions (a) and (b) are satisfied. First of all, by the
condition (a) and Fatou’s Lemma, for an arbitrarily given € > 0 there exists a set A¢ of finite measure with

sup [ Ul du < e
X\Ae

m>1

which implies that the limit function f in the assumption (78) satisfies

/ £ (x)|? du <11m1nf/ ()P dp < €. (85)
X\Ae m=ee - Jx\A,
Hence it follows that

felP(X\Ae) and || fu— fllrpoa <267, forall m> 1. (86)

Therefore, the proof of f € LP(X,.#, ) and (79) is reduced to proving that
ferry) and tim | fu—fluu =0, (87)

for any given measurable set Y C X with p(Y) < oo,
By the condition (b), for any given € > 0, there exists 6; = &;(€) > 0 such that for any S C X with u(S) < 9
one has

/ | fin(x)|Pdu < €, uniformly in m > 1. (88)
S

Consequently, by Fatou’s lemma,
/ |f(x)]Pdu < liminf/ |fin(x)|Pdu < €. (89)
s m=eeJs

By Egorov’s theorem on Lebesgue integral over such a set Y of finite measure in the space (X,.#, ), there
exists a measurable subset B C Y with u(Y\B) < §; such that

lim f,(x) = f(x), uniformly a.e. on B,
m—soo

so that there exists an integer my = mg(€) > 1 such that

[ fon — £
Combining (88), (89) and (90), we get

[ fn = Fllereyy < W fmllrorvg) + 1 lrorigy + 1 fm — Fllrs) < 3€, for m > my.

Therefore, (87) is proved. The proof is completed.

B) <&, for all m > my. (90)

Finally we present and prove the main result of this work on the existence of a global attractor for this
semiflow @ generated by the nonlinear damped wave equation (1) on the product Banach space with critical
exponent and arbitrary space dimension.
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Theorem 9. Under the Standing Assumption, the semiflow ® generated by the nonlinear damped wave equation
(1) in the converted problem (4) on the space E = (H'(R") N LP(R")) x L>(R") has a global attractor </ in E.

Proof. Lemma 3 shows that there exists an absorbing set, the K = Bg (0, R) in the space E for the semiflow ®. It
suffices to prove that the semiflow ® is asymptotically compact in E.

(1) Theorem 7 shows that for any given bounded set B C E and any sequences f,, — o and {go, =
(40, m;vom)} C B, the sequence {®(t,,, 80.m) }_; has a convergent subsequence, which is relabeled by the same,
such that

®(t, o) — (4, V) strongly in H'(R") x L*(R"), 1)
and consequently
P, ®(t, o.m) — i strongly in L*(R"). 92)

Here P, : (u,v) — u is the component projection.
(2) Applying the first item in Lemma 5 to the space L?(R"), it follows from (91) that there exists a subse-
quence {P(t,, 80.m,) ooy Of {P®(tm, go.m) }m—y such that

]}im D(t,,, g07mk)(x) = (i(x), v(x)), a.e.in R". 93)
—>00
Hence we have
]}im P, @ (tm,, o.m,)(x) = ii(x), a.e.in R". (94)
—>00

Therefore, the assumption (78) in Theorem 8 is satisfied by the sequence of functions {P,®(t,, 0.m,)(*) } 1,
in LP(R™).

(3) By Lemma 4, for any € > 0, there exists an integer ko = ko(B,€) > 0and V = V(&) > 1 such that for all
k > ko one has

/]R”\B |Puq)(tmk’ g07mk)(x)|pdx < ||q)(tmk’ gOJ"k)”Z(RH\BV) <E, 95)
v

for any go », € B, where By is the ball centered at the origin with radius V in R”". Then there exists Vp = Vy(€) >0
such that

/ |Pucb(tmkag0,mk)(x)’pdx< €, for k= 11 7k0' (96)
R"\By,
Thus (95) and (96) confirm that with Az = Bax{v,y,) the condition (a) in Theorem 8 is satisfied by the sequence
of functions {P,®(t,,,80.m, ) (*) } 1y in LP(R").

(4) Finally we prove that the uniform absolutely continuous condition (b) of Theorem 8 is also satisfied by

the sequence of functions {P,®(t,,80,m, ) (x) } 5, in LP(R").
According to the Standing Assumption, for any measurable set Y C R”", we have

c3/ ul? dx < /(F(x, W)+ 03(x))dx < Ty (i,v), for (u,v) € E,
Y Y
where I'y (u,v) is analogous to (40) and defined by
Ty (1) = [0l + (0 8 = B8) il + [Vulfegy 42 | (Flran+ s ©7)

We can integrate the inequality (14) over the time interval [0,7,,] to get

Iy (u(tm, M07m)a V(tma VO,m))

IIgHiz(Y)> " (98)

[771
<e T Ty (uomvon) + [ €O (25<czr¢3uu+u¢zru>+ .
O -
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Substitute the expression of I'y (1, vo,m) With (uom,vom) € B into the inequality (98). Since (5)-(6) yield
/Y(F(x’ u) +¢3(x)) dx < sz [CIH’f’pr(y) +llullZay F 01120y + 102011 r)
for any g0 m = (uo,m,vom) € B, we get
G /Y s tt0) P dx < Ty (s ), V(s Vo))

<e [HVO,mH%z(y) +(a+8%—Bo) HMO,m”%z(y) + HVUO,mHIZ}(y)}
99)

o 1
e [Clluo

G 22y F 0l 72y + H%HLI(Y)}

" ot 2 e o
+25C2/0 e (H(f’lHLZ(Y)JFH¢3HL1(Y)>df+/o m”gﬂy(y)dt

Due to the absolute continuity of the respective Lebesgue integrals of the functions ¢ (x),@2(x), ¢3(x) and g
involved in the above inequality (99), for an arbitrarily given 11 > 0, there exists ty = to(n) > 0 such that for
any measurable set Y C R” with u(Y) < uo one has

[ fm ) 5 tm e—Gl
76 m ___ —C
OWNU +ﬂ%hmﬁ+9&54 e OWMMH+W%bgﬂm+[;ﬁ_5

(100)
20 1 n
< & (10 + 10elcr) + 5o (1011 + 1951100) + 55— 18l < -
Moreover, since B C E is a bounded set, there exists a constant C > 0 such that
e [0 o) + (04 82— B8) ol By + [ Vit |
1 _ PN
+a€ Ot |:C1 ””O,m”pa(y) + H”O,m”%z(y)} <e %nC (HBH;ZE(Y) + HBHZ(Y)> )
where ||B||g(y) = maxg cp(o_, o) |80 & || £ With {y being the characteristic function for the set Y. Clearly,
lim e ~%||B||z = 0
t—roo
For the aforementioned arbitrary 1 > 0, there exists an integer my = mo(B, 1) > 1 such that
~ Gt (A — Gl A n
e~ (1Bl )+ 1B,y ) < e~ (IBIE+1BIZ) < 3 (101)
for all m > my. Then there esists t; = p; (B,mg,n) > 0 such that for any set ¥ with u(Y) < u; one has
o A n .
e (B )+ 1Bl2)) < 3+ 5= 1, mo. (102)
Put together (100), (101) and (102) with (99). It shows that
P n.n
Cs | |ultm, uom)|? dx < — + —=n, forallm>1, (103)
Y
whenever a measurable set Y C R” satisfies (Y) < min{ o, 1, }. Therefore,
11rn / |Py®(ty, , 80.m)(x)|” dx =0 uniformly for all k > 1, (104)
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so that the condition (b) of Theorem 8 is also satisfied by the sequence of functions {P,®(t,, go,m,)(X) }7; in
LP(R™).

As checked by the above steps (2), (3) and (4) in this proof, all the conditions in Theorem 8 are satisfied by
the sequence of functions {P,®(t,, 0.m,)(x) } 5, in LP(R"). Then we apply Theorem 8 to obtain

lim P, ®(t,,,, gom,) = @i strongly in L”(R"). (105)

k—roo

Finally, combination of (91) and (105) shows that there exists a convergent subsequence {®(t,,80,m,) } 1
of the sequence {®(t,,80.m) 7, in the space E = (H'(R") NLP(R")) x L?(R"). Therefore, the semiflow ® on

m=1
the Banach space E is asymptotically compact.
According to Theorem 1, we conclude that there exists a global attractor .7 in E for this semiflow & gener-

ated by the original nonlinear damped wave equation (1). The proof is completed.
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