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ABSTRACT. For a function f satisfying f(z) = o((logz)¥), K > 0, and a
sequence of numbers (gn)n, we prove by assuming several conditions on f that
the sequence (af(gn))n>n, is uniformly distributed modulo one for any nonzero
real number a. This generalises some former results due to Too, Goto and Kano
where instead of (gn)n the sequence of primes was considered.

Communicated by Werner Georg Nowak

1. Introduction and results

Let p, be the nth prime number in ascending order and a a nonzero real
number. Then Goto and Kano [I], [2], as well as Too [7], proved by assuming
several conditions on the function f that the sequence (af(pn))n is uniformly
distributed modulo one. Recall that a sequence (z,)nen of real numbers is said
to be uniformly distributed modulo one if for every pair «;, 8 of real numbers with
0 < a < B <1 the proportion of the fractional parts of the xz,, in the interval
[ar, B) tends to its length in the following sense:

lim #{1<n< N :{z,} €a, )}
N —o0 N

=0—-a.
In fact Goto, Kano and T oo proved their results by determining a bound
for the discrepancy of the considered sequence.

DEFINITION 1. Let 21, ...,z 5 be a finite sequence of real numbers. The number

Dy := Dy (z1,...,ZN) := sup #llsns NN{xn} €l (B—a)
0<a<f<1

2010 Mathematics Subject Classification: 11J71, 11K38.
Keywords: Uniform Distribution, Discrepancy.

93



MARTIN REHBERG

is called the discrepancy of the given sequence. If w = (z,,) is an infinite
sequence (or a finite sequence containing at least N terms), Dy (w) is meant to
be the discrepancy of the first N terms of w.

It is well known that a sequence w = (z,,),cy is uniformly distributed modulo
one if and only if limy_, D (w) = 0. Instead of the sequence of primes, which
was investigated in [I], [2] and [7], we consider a sequence of real numbers (g, )5 >1
satisfying 1 < q1 < ¢2 < --- with ¢, = o0 as n — oco. Further, we assume that
the sequence (g,)n>1 satisfies

©odt x
Q) = C/Z logt < (log z)F W)

for every positive k > 1, where Q(z) := >, .1 and ¢ > 0 is some constant.
Note that condition () holds for the sequence of primes (with ¢ = 1), as well
as for primes in arithmetic progressions (with ¢ = ¢(q)~!, where ¢ is Euler’s
function and ¢ is the modulus).

However, the sequence (¢, )n>1 we consider satisfies ({l) and for such a sequence
we prove the following theorems:

THEOREM 2. Let a > 0, ng := min{n € N : ¢, > a} and let the function
f i ]a,00) = (0,00) satisfy the conditions

(a.) f is twice differentiable with f' >0,

(b.) 2%f"(x) — —00 as x — oo,

(c.) (logz)?f"(x) and x (logz)* f" () are nonincreasing for sufficiently large x,
(d.) f(z) =o((logz)X) for some K >0 as x — oc.

Then, for any nonzero real constant «, the sequence (af(qn)) is uniformly

n>ngo
distributed modulo one and

flan) 1 1
Dy < (loggn) X * \| —a% " (an) - (log gn ) (—q3 f"(an)) @

as N — 0.

THEOREM 3. Let a > 0, ng := min{n € N : ¢, > a} and let the function
f i la,00) = (0,00) satisfy the conditions:

) [ is twice differentiable with f >0,

) 22 f"(x) — 0o as x — oo,

.) (log x)2 1" (x) is nonincreasing for sufficiently large x,

) f(z) =0 ((logz)X) for some K >0 as x — .
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Then, for any nonzero real constant «, the sequence (af(qn)) is uniformly

n>ngo
distributed modulo one and

DN<<\/ flan) +\/ ! (3)

(log QN)K Q%Vf“<QN)
as N — oo.

THEOREM 4. Let a > 0, ng := min{n € N : ¢, > a} and let the function
f i la,00) = (0,00) satisfy the conditions:

(
(
(c.) (logx) f'(x) is monotone for sufficiently large x,
(d.) f(z) =o((logz)X) for some K >0 as x — oc.

a.) f is continuously differentiable,

b.) zf'(z) = 00 as x — oo,

Then, for any nonzero real constant «, the sequence (af(qn)) is uniformly

n>ngo
distributed modulo one and

flaw) o f1 1
Dy <\ Togam)x T {N’qu'<qN>} @)
as N — oo.

In view of [, Theorem 1] it should be remarked that in Theorem Ml a replacement
of conditions (a.) and (b.) by:

(a’.) f is continuously differentiable and f(xz) — 0o as z — oo,
(b)) z|f(z)| — o0 as x — oo,

would lead to the same discrepancy estimate, where only f’(¢y) has to be re-
placed by |f'(¢n)|. If we compare Theorem [2 with [7, Theorem 3], one notices
that the “nondecreasing” condition is replaced by “nonincreasing”. It was al-
ready remarked in [6] that this replacement is necessary.

Applying Theorem Pl to the function f(z) = (log )% with an arbitrary K > 1,
we obtain that the sequence ((logg,)™), ., is uniformly distributed modulo one.
This generalises the example in [7] on the uniform distribution modulo one of the
sequence ((logpn)™) ..

Note that it was proved by Wintner [I0] that the sequence (logpy)n>1 is
not uniformly distributed modulo one. A shorter proof can also be found in [8]
Exercise 5.19]. Similarly, the sequence (log gy )n>1 is not uniformly distributed
modulo one if () is replaced by Q(z) ~ x(logx)~! for z — oo. The proof is
analogue to the one in [8]. An example of a sequence satisfying Q(z) ~ z(logz)~!
for x — oo is a sequence where each ¢, fulfills p,, < ¢, < pn+1 (see [3], [B])-
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2. Proofs

Except for the already pointed out change of the conditions “nondecreasing”
and “nonincreasing” in Theorem[2] the theorems of this paper are generalisations
of the theorems in [7]. Therefore it might not be surprising that the proofs are
similar. However, for the sake of completeness we state the whole proofs and do
not only point out changes in the reasoning.

In the proofs we will make use of a theorem due to Erdoés and Turéan to
estimate the discrepancy, which was proved by them in 1940:

THEOREM 5. For any finite sequence x1, . ..,xn of real numbers and any positive
integer m, we have

1 1
< Sl — —
Dy <C <m+g h

where C' is an absolute constant.

Proof of Theorem [Bl can be found in [4]. In addition, we need the follow-
ing estimates

LEMMA 6. Let F(z) and G(z) be real functions, G monotone and

F(x)
m >0, or gg;; < —m < 0. Then

F'(x)
G(x) =

b
/G(x)eiF(”)dx < —.

4
m

LEMMA 7. Let G(z) be a positive decreasing function.

(a.) If F"'(z) <0, F'(x) >0 and g,/,((?) is monotone, then

G(z) G'(x)
= 4:%?%(13 { |F”(x)|% } + arga?%(b { ‘ F"(z)
(b.) If F"(x) > 0 and F'(z) > 0, then

b
/G(m)eQﬂF(m)dx <4 max { Glr) }

a<e<b | F¥(z)z

b
/G(x)e27riF(x)dx

b

The first Lemma can be found in [9, Lemma 4.3] and the second one in [I1]
Lemma 10.2, Lemma 10.3, p.225]. d
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Proof of Theorem 21 Note first that it is enough to prove @), [@B) and @)
for a > 0. If we replace f by é f we see that it is enough to prove these statements
for @ = 1. In view of condition (b.) we can assume that f”(z) < 0 for sufficiently
large z. Further, we may assume that for x > a we have f”(z) < 0 and that
both (logx)?f”(x) and z(logx)?f”(x) are nonincreasing for z > a. To prove
that the sequence (f(¢n))n>n, is uniformly distributed modulo one, it is enough
to prove estimation (2)). In view of conditions (b.) and (d.), the term on the right
side in (2] surely tends to zero as N tends to infinity. To obtain (), our aim is
to apply Theorem [l in the form

1 m 111 N
- il 2mihf(qn)
Dy < —+ E . ’ N E e

h=ng n=ng

s <5>

where m is an arbitrary positive integer to be specified later. The essential point
is to estimate the exponential sum in (Bl). Therefore let gy := w and x(n)
be the characteristic function of the sequence (g,)n>1, i.e., x(n) = 1 if n is a
member of the sequence (g, ),>1 and zero otherwise. Then ) _ x(n) = Q(z)
and integration by parts yields -

N
E(no, Nign) i= Y €™l = 37 2rihfm)y (m)
n=mno qo<m<gn
an .
:/ e27mhf(z)dQ(x)

q0
— Q(qN)e%rihf(qN) _ Q(qo)ez’”hf(%)

an .
/ (L*(x)+R*(x))de27mhf(z)’
q

0

where R*(x) := Q(z) — L*(x), L*(z) == ¢ ; lcflgtt for ¢ > 0 constant, x > g and

f: = f(a,b]' Again by integration by parts,

/qNL* (CE) deQwihf(m) = L* (qN)€27rihf(qN) _L* (q0)€2m’hf(q0)
q

0

an )
- c/ (log z) "t/ (@) gy,
q

and 0

an . an .
/ R*(z) de*™hf (@) — 2m’h/ R*(x) f'(x)e*™ " @)y,
q

0 q0
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Therefore,
E(no, N; qn) = (R* (qN)e2mhf(QN) _ R*(q0)62mhf(qo)>

aN .
—l—c/ (logx)_le%”hf(x)dx
q

0

an )
- 2m'h/ R*(z) ' (z)e?™ @) gy
q0

=11 + I> + I3,
where we used R*(x) = Q(x) — L*(z). Now we estimate each I; (i = 1,2,3)

individually: In view of our assumption (II), we get

Re(a) = Q) ¢ [ 1« o

<
wlogt — (logx)*

for every k > 1, implying

aN
I _— 7
P o) PR "
for K > 0 as N — oo. By estimation (@) and condition (a),
v fan)
I; <« h——"— 8

so it remains to estimate Io. First, let us remark that (§) for N — oo is also
an estimation for (7)), since f > 0 and h is a positive integer. To estimate I we
apply Lemma[l (a.) to get
I < ! + !
max
2 p<e<an Ih(log x)2f”(x)|% hz(logz)2 f"(x)
1 1

(log gn) (~hf"(qn))? ! qn (loggn)? (=hf"(qn))

<

as N — oo. Note that for the last estimation condition (c.) is needed in terms
of “nonincreasing”. Putting our estimation for Is and (8) in () yields

1 1 1 mqn f(qn)
N o Ntogaw) i) | Nan(ogan? (~77(an) * Nllogan)
)

for N — co. After comparing the first and the last term in (@), we choose
1
1 1+K\ 2
S <N. (log g ) > '
an f(an)
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Using this together with Q(¢n) = N and Q(z) = 2= + O (m), we end up

log x
with our desired estimation (). 0

Proof of Theorem Bl In respect of condition (b.) we can assume that
f"(x) > 0 for sufficiently large x. Further, we may assume that for © > a
we have f”(z) > 0 and that (logx)? f”(z) is nonincreasing for > a. Like in the
proof of the previous theorem, we will show that the discrepancy Dy of the
sequence (f(gn))i_,, tends to zero as N — oco. Since the estimations () and
[®) for I; and I3 still hold in the considered setting, it remains to estimate I5.

By applying Lemma [T (b.) we get

[N

1 1
I, € max T (=
wsrsan { (h(logz)?f"(x))? (h(log qn)*f"(qn))
Combining this with (@) and (8) we obtain in (H)

mqn f(qn) 1
N(loggn)ttE (q%vf”(QN))%

)

1
Dy < —+
m

logz

where we used Q(qn) = N and Q(z) = 2= 4+ O (m) Choosing

we get Flaw) 1 1
aN
e () by
¥ \logan)® ) (a3 /" (an))
which tends to zero as N — oo in view of (b.) and (d.). O

Proof of Theorem Ml With respect to condition (b.) we can assume that
f'(xz) > 0 for sufficiently large x. Further, we may assume that for x > a we
have f/(z) > 0 and that (logx)f’(x) is monotone for x > a. As in the previous
proofs, we will show that the discrepancy Dy of the sequence (f(gn))h_,,, tends

to zero as N — oo. Since the estimations (7)) and () for I; and I3 still hold in
the considered setting, it remains to estimate I5. Applying Lemma [@] yields

1 1
by max {1’ llog gn f'(qn)] }
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Thus, together with (7)) and () in (@), we get
1 1 1
Dy« L +max{_ } man f(qn)
m

N’ N [log gn f'(gn)] N(logqN)1+K

1oL 1 mgn f(gn)
< +ma {N7 lan f'(an)] } * N (log gy )"t

where we used in the second argument in the maximum that Q(¢n) = N and
Qx) = lf;:gxx + O (m) After comparing the first and the last term in the
discrepancy estimate, we choose

m= <N . (log g )'** >2

an f(an)
and get
1
flaw) )5 { 1 1 }
Dy < <7 +max{ —,——— 5.
M \(log gn) X N’ [gn f'(an)]
By condition (b.) and (d.) this tends to zero as N tends to infinity. O
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