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OF SPECIAL SEQUENCES AND POINT SETS
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ABSTRACT. The goal of this overview article is to give a tangible presentation
of the breakthrough works in discrepancy theory [3| 5] by M. B. Levin. These
works provide proofs for the exact lower discrepancy bounds of Halton’s sequence
and a certain class of (t, s)-sequences. Our survey aims at highlighting the major
ideas of the proofs and we discuss further implications of the employed methods.
Moreover, we derive extensions of Levin’s results.

Communicated by Robert Tichy

1. Introduction and statement of main results

In [3] and [5] M. B. Levin proved optimal lower discrepancy bounds for cer-
tain shifted (¢,m, s)-nets and for the s-dimensional Halton sequence. The main
ideas of these proofs are also basis for later, even deeper works of Levin on
this topic, see [, [6]. However, these papers will not be discussed in our survey.
In [3] and [5] Levin showed the subsequent Theorems [Il and 2, which we will
state below in a simplified version. We start with fixing the notation for basic
quantities and concepts, which will be needed for the formulation of Levin’s
results and of our extensions.
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Let (x,,)nen be an infinite sequence in the s-dimensional unit cube [0, 1)%

y = (y“),-n,y(s)),

[O’y) — [O’y(l)) X e X [O’y(s)) C [0’ 1)3.

We call A(-, (wn)ﬁ;l) :[0,1]° = R,

and

N

A(y, (mn)fqul) = Z(X[O,y)(xn) - y(l) - .y(s))’

n=1
the discrepancy function of the sequence (x,,),cn. We define the star-discrepancy
of an N-point set (z,)_; as

D*((@n)l)) = swp | <Ay, (@))y)]

y€(0,1)°

Further, we need the definition of a (¢, m, s)-net in base b introduced by H. Nie-
derreiter [2] and the so-called d-admissibility property of nets.

DEeFINITION 1. For integers b > 2, s > 1, m and ¢, with 0 <t < m, a (t,m,s)-
net in base b is defined as a set of points P = {xg,...,@pm_1} in [0,1)°, which
satisfies the condition that every interval with volume b=™%% of the form

(3 (3 1 . . .
J= H[;,%) with d;€Ng, a;€{0,1,...,b% -1}, for i=1,...,s,

contains exactly b' points of P. We will call these intervals J elementary inter-
vals.

DEFINITION 2. For 2 = >, #, where 2; € {0,1,...,b— 1} and m € N, the
truncation is defined as - .

Forz = (zW, ..., 2(*) the truncation is defined as [z],, = ([ V], [2)]).
Moreover, we define [z]g := 0.

®|H

Keep in mind that for an arbitrary number = € R, [z] denotes the integer
part of x. For the next definition recall the concept of the digital shift.
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For a point » = .-, 7 and a shift 0 = ) ,_, 7+ we have that

Yi

Tdo = b where Yi = x; +0; mod b
i>1
and analogously,
O 0= %, where Y = x; — o; mod b.
i>1

Forx = (x(l), e x(s)) and o = (0(1), e a(s)) the b-adic digitally shifted point
is defined by z @ o = (zM &, ..., 2(9) & 0(®). Analogously, we define z& 0.

DEFINITION 3. For x = > ., %, where z; = 0 for i = 1,...,k and zx11 # 0,
the absolute valuation of z is defined as
1
lzlls = pEL
Forz = (z(1), ..., 2(*)) the absolute valuation is defined as [|2[|;, := [T5_; |27,

With this definition we can introduce point sets with a special property which
is essential for the further considerations of this chapter.

DEFINITION 4. For an integer d, we say that a point set P = {xg,...,Zpm_1}
in [0,1)® is d-admissible in base b if

min T T > —.
0<k<n<bm Iz & llo pmtd
We remind the definition of the Halton sequence in bases by, ...,bs, where
s > 1. Throughout this survey all occurring bases by, ..., bs, are assumed to be
pairwise coprime integers.
DEFINITION 5. Let by,...,bs, b; > 2 (i =1,...,s), for some dimension s > 1,
be integers. Then the s-dimensional Halton sequence in bases by, . .., bs, denoted

by (Hs(n))neNO, is defined as
Hs(n) := (¢b1(n),...,¢bs(n)), n=0,1,...,

where ¢, denotes the radical inverse function in base b;, i.e, the function ¢y, :
Ny — [0, 1), defined as

(o]
B, (n) =Y b7,
j=0
where n = ng + nib; + n2b? + -+, with ng,n1,n2,... € {0,1,...,b; — 1}.
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It is well known in discrepancy theory that the Halton sequence (requiring
that the underlying bases are pairwise coprime) is a low discrepancy sequence,
i.e., the star-discrepancy is of order O(W) (see, e.g., [I]). Succeeding in
showing that the discrepancy of the Halton sequence satisfies D* ((H,(n))2_,) >

sw, for infinitely many N, with a constant ¢s > 0, would prove that this
order is exact.

For (¢, m, s)-nets in base b, denoted by P, we know that their discrepancy al-

s—1 s—1
ways satisfies D*(P) < ¢, pb" %. We will show that the order O(%)
is exact for certain (¢, m, s)-nets.

Now, we can state Levin’s main results from [3] and [5] (in a simplified form).

THEOREM 1. Let s > 2,d > 1,m > 9(d + t)(s — 1)? and let (z,,)o<n<pm be a
d-admissible (t,m, s)-net in base b. Then, we can provide an explicitly given w

h that
s T (4(d+1)(s — 1)) 5+

me*((iBn @w)0§n<bm) > X ms_l_
In particular, we have
log N)*~1
D*((a}n ) w>0§n<N) Z Cs,d%’

with a constant cs.qg >0 and N = b™.

THEOREM 2. Put B = by---bs, s > 2 and mo = |2Blog, B| + 2, then the
estimate for the star-discrepancy of the Halton sequence

sup  ND*((H,(n)),) = m*(8B) ",
1<N<2mmo

is valid for m > B. In particular, there exists some constant cs > 0, such that

log N)*
N

D*((Hs(n))h_y) > cs< , for infinitely many N € N.

The implied constant cs also depends on the bases but not on N.

The aim of this paper is two-fold. First, we will give an easier and simpler
access to the ideas of Levin. To this end, we are eager to give a clear and
illustrative re-proof of Theorems [[l and 21 We use absolutely the same ideas as
Levin, but focus on a clearer presentation. To achieve this goal, we restrict
the re-proof of Theorem [I] to the two-dimensional case and carry out the steps
in detail. For this case of course, the exact lower discrepancy bound follows
(for an arbitrary w) by the general lower bound for the discrepancy of two-
dimensional point sets by W.M. Schmidt [7]. For simplicity we will also
restrict ourselves to base b = 2. Moreover, we focus on the optimal quality
parameter £ = 0 and for ease of presentation we formulate and prove the result
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for m = 0 mod 4. We also state the result without the shift and require a certain
condition on @ instead. (The ideas for the proof in the general case are the
same as in this special version.) This gives Theorem [

THEOREM 3. Let (x,)o<n<2am be a (0,m,2)-net in the base 2 with m > 4,
m=0mod 4 and xy =y = (v(V),4?),

w_ Lt 1 1
7= 922 24 om/2’
@) _ 1 1 1
7T omt2 + om/2+4 Tt om’”
Then it holds for the interval Jo, = [0,71)) x [0,73)) that
1 1 1

NA(% (n)ogn<am) < “1gmz™

and consequently,

1 logN
D* ((xn)o<n >
(@n)o<n<n) = 16log2 N

,  with N =2".
The second aim is to give, in a certain sense, a quantitative extension of The-
orems [l and 2 We will show:

THEOREM 4. Let m > 2s°(s — 1)®. Then, there is a set T’ C [0,1)% s > 2, with
the following properties:

e Forallx €[0,1)° there exists a v € I' with

1
Iz — ] < by/i—s
b2(571)
Here, || - || denotes the euclidean norm.
o IfP={xp,...,xpm_1} is a (0,m,s)-net in base b, and if ¢; € T for some

1€{0,...,0™ — 1}, then, with N =b™,

) (b—1)5(25—3)*" 1 (log N)*~!
DY(P) 2 it = Plog b N

THEOREM 5. There are constants ¢1 and co > 0, such that for infinitely many
N there exists a set Ay C [0,1)? with the following properties:

e We have \y(AN) > c1, where Ao denotes the 2-dimensional Lebesgue mea-
sure.

e For allx € Ay there ezists a y € [0,1)% with ||z — y|| < V8L and

NTi
|A(y, (H2(n)))_1)| > ca(log N)?.
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REMARK 1. An analogous result can be obtained for arbitrary dimensions.
For sake of simplicity our considerations will be restricted to the two-dimensional
case. The basic ideas become better visible in this case and can be adopted
to higher dimensions in a straightforward manner.

The remainder of this paper is organised as follows: In Chapter 2, we will
discuss the d-admissibility property in more detail. Of course, the proof of The-
orem [3 will be the major part of this chapter. We relax some of the condi-
tions of Theorem Blin Chapter 3 and derive a more general result (Theorem [H]).
In Chapter 4, we will prove Theorem Pl in detail. Chapter 5 will be solely dedi-
cated to the proof of Theorem

2. Remarks on admissibility of nets and
Re-proof of Theorem

Before stating the proof of Theorem Bl we discuss the d-admissibility prop-
erty for (0,m, s)-nets, since in this theorem we restrict ourselves to the quality
parameter t = 0.

LEMMA 2.1. A point set P = {xg,...,xpm_1} in [0,1)% is s-admissible if
and only if P is a (0,m,s)-net in base b. Moreover, P cannot be d-admissible
ford < s.

Proof. Let P be a (0,m, s)-net in base b. First, we show that

1
———— >  min
pmts—1 = g<p<n<bm

T, © b,

by taking special elementary intervals into account. Since P is a (0,m, s)-net,
we know by definition that every elementary interval of order m in base b, i.e.,
every elementary interval with volume b%, contains exactly one point of P.
Therefore, this is also true for intervals of the form

{k k+1

pm’ pm

) x [0,1)*71, ke{0,...,0™ —1}.

Now let = (z(M,... 2()) be the unique point of P for which it holds that

zM e [0, b},L). Moreover, let y = (y™,...,y®)) be the point of P such that
y(l) S [bbjnl, bl,’n). This is equivalent to
1 b—1 1
0< (1)<_ —<(1)<—
=z bm’ pm Y pm—1
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Therefore, we know that z(!) and y(») can be written as

n_ M X2
x - pm+1 + pm+2 + ’
b—1 163 I6;
(1) — L 2 o
Y - pm + pm+1 + pm+2 + ’

where oy, 3; € {0,1,...,b— 1} for i > 1. Thus, ||y © 2M|, = b}n. Moreover,

for 2 and y¥, i = 2,..., s, it holds that ||y ©2"||, < L. Therefore, it follows,
that

1
ly oz, < pme T

If we can prove that ming<g<n<pm || €n S xi|[p > bm%, then the first implication
of the assertion immediately follows. Suppose that there exist points

T = (x(l),...,x(s)),zc €P and y= (y(1)>-~'ay(s))ay epP

such that ||y © z||, < zi. Then, there exist integers IV, ..., (>~ such that
, , 1
Hﬁ”@ﬁ%hgﬁm,fMi:anst
and 1
Hy(s) e x(é)Hb < pms—1D — =1

This implies that the first [() — 1 digits of the b-adic expansion of z(*) and y(®),
i=1,...,s— 1 are identical. Also, the first m 4+ s —[(}) — ... — =D _ 1 digits
of the b-adic expansion of z(*) and y(*) are identical. Consequently,  and y are
contained in an elementary interval of volume b%n. This contradicts our assump-
tion that P is a (0, m, s)-net.

Let now P be an arbitrary b"-point set in [0,1)® which is not a (0,m, s)-net.
Then there exists an elementary interval J; C [0,1)° of volume 1/b™ which
contains no point of P or at least two points of P. In the second case it immedi-
ately follows (by the same considerations as above) that P is not s-admissible.
Consider now the first case: We can partition [0,1)® into b™ elementary inter-
vals J; of the same shape as J;. Since J; contains no point of P there exists
at least one ¢ such that J; contains at least two points, and this again contradicts
the s-admissibility. O

REMARK 2. Note, that it might happen that a (1,m, s)-net in base b is non-
admissible for any integer d. To see this, just take b copies of a (0, m —1, s)-net in
base b. This gives an example of a (1, m, s)-net in base b which is not d-admissible
for any d € N.
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These preliminary considerations put us in the position to prove Theorem [Bl
In Chapter 3 we give the proof for a more general result in the general case.
Note, that for (¢,m, s)-nets with nonzero quality parameter the d-admissibility
condition has to be required additionally. The idea underlying the proof of the
theorem in the general case is exactly the same.

Proof of Theorem Note that by Lemma2.Tl (2, )o<pn<am is 2-admissible.
To begin with, we want to find a suitable partition of the interval J,. Let there-
fore r = (r1,72) € N2. For

ry =271 and T2:m/2+2j2 with jl,jQE{l,...,m/4}

it holds that 1 1
1) — il (2) — =
7= Z or1 and % = ora "

T1 T2

Now define the set A which contains all combinations of the indices r; and rs,

Le., . L
A= {(r1i,r2)| 11 = 2j1, 12 =m/2+ 2jo, j1,j2 € {1,...,m/4}}.

The partition of J is then given by

1 1
ooy = [0 B4 37 ) ¢ [ 2] 52

for (r1,r2) € A. Furthermore, let
Ay ={r e Alr+ry <m},
Ay ={reAlri+ro=m+1},
As={r e Alri+r,>m+2},

such that A = A; U Ay U Az. The intervals J, 4 are elementary intervals in
base 2 with volume 2T1+T2, i.e., of order 1 4 r2. Moreover, all J,. 4 are disjoint
and therefore, we obtain with

%A(‘Y, (@n)osncam) = Y <é§:> - )‘2(‘]”77)> =2 <J‘;<*:) B )\2(Jr’7)>

= =
+T§2(f;<7:> ) Az(Jr,7)> D> @(7:) o Jm)>

=: A1() + Ao () + As(y).
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CONSIDER Aj. Since (&y,)o<n<2m is a (0,m,2)-net, it is fair with respect to all

elementary intervals of order < m. For » € A; it holds that r; + ro < m and
therefore

A(r)

Ai(y) = Z

reA;

CONSIDER Aj,. From the condition that » € Ay C A we get that

— Na(Jpy) = 0.

r1 = 2j1 and ro =m/2+ 2ja,

where j1,j2 € {1,...,m/4}. Tt follows that
r1+ 712 =m+2(j1 + j2 —m/4).

Since j1+j2—m/4 € Z we know that 2(j;+j2—m/4) # 1 which is a contradiction
to the assumption that r1 + 79 = m + 1 for all » € A,. Therefore, Ay = () and
Ay = 0.
CONSIDER Agz. As a first step we want to show that J, 4 with 7y +ry > m 4 2
cannot contain any point of (x,)o<p<am and we will do that by deriving a
contradiction.

Suppose there exists x € J, o for some £ < 2™ and some r € Az. Then we
know for the first coordinate

1 (1) 1 1
]S <DL Lt gy
which is equivalent to ) ) )
i+i+...+# < ﬁ+...+x§“{1_l +x§“)"1 + .-
22 24 ori—2 — 9 9r1—1 271
1 1 1 1
<2—2+2—4+"'+m+271.
Therefore, it has to hold that
1 1 1 1 1 1
) =eflh= o =ell =1 o) =sil = =all =0

An analogous procedure can be done for the second coordinate. Hence,

[’y(l)]rl—l = [x](cl):lrl—l and [7(2)]7'2—1 = I:x](cz)]r2—l' (21)
Combining (Z)) and the assumption that xy = v leads to
[(zr © mo)(l)]r1_1 —0 and (@), © 5'30)(2)]7«2_1 -0

Thus, we get ng) S xg)Hz < 5. Since 7 € As, i.e., 71 + 12 > m + 2, it follows

that 1
lek © xoll2 < Yoy < omTa

This is a contradiction to the assumption that (x,)o<p<2m is a 2-admissible
(0,m, 2)-net in base 2.
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Hence, A(r) =0 for all » € A3 and
A(r
As(y) =D ( an) - )\2(Jr,7)>

reAs
1 < 1 A 1
- Z oritre — - Z om+2 _| 4‘2m+2
reAs rcAs
r1+ro=m-42

with
A4:{T‘€A3| r1+ 1o :m+2}.

It is easy to see that m
|A4|:Z for m >4 and m = 0mod 4,

and so we finally get

1 1
NA(% (xn)0§n<2m) =Az(y) < _W|A4|
11
- _me'

3. Proof of Theorem [4]

The first aim of this section is to focus on the assumption of Theorem [3] that
there exists a point &y € P such that @y = v (of course the condition g = =y
can be replaced by @, =~ for any n € {0,...,2™ — 1}). This restriction on the
point set is weakened by showing that there are many possible choices for « such
that the proof of Theorem [3 can still be performed in an analogous way. In fact,
it turns out that ~ only has to fulfill some simple properties as the following

lemma shows:

LEMMA 3.1. Let (z,)o<n<tm be a (0,m,s)-net in base b. Let

5 4 , 1
G) A0 =
T € H[’yj 7’7J +bmaX(Rj))’
Jj=1
where )
() — Z ar
fy - bT )
TER]'

o) e {1,2,...,b—1} and R; C{1,2,...,m} for j=1,...,s. Here the R; are
arbitrary, but for r = (r1,72,...,rs) € R1 X Ra X... X Ry, the following constraints

need to be satisfied:

112



LOWER DISCREPANCY BOUNDS OF SPECIAL SEQUENCES AND POINT SETS

1

)

o [{r|m+1<37 rj <m+s} < e

1

o {rl Sioimj=m+a}| > 20—,

for some constant B > 0, some integer « > s and for § > b(bgil)ﬂ Then, it
holds for the interval J = [;_,[0, 79)) that

ms—

s/ (h—1)F bt =1 (b—1)° 1

(b—1pb"1—1 (b—1)° 1
< 5 po—1 + 5 b—a> > 0.

1
N
where

Proof Let A= {r|r; € R;, j =1,...,s} be the set of indices which can be
split into three disjoint subsets

Ay ={r € 4] ergm},

j=1
S
Azz{r€A|m+1§er<m+s},
j=1
S
Az={re Al > r>m+s}.
j=1

Further let

Ay =A{r| er =m+ a}.
j=1

A partition of the interval .J, is given by the subintervals

S

g;+1
Jryg = H {[V(J)} i—1 + 3 b 7[ (j)]”-—l + le> ,
j=1

where g = (g1,...,9s) with g; € {0,1,...,a,, — 1}.

The intervals J,. o 4 are disjoint elementary intervals of order )"

j=17Tj in base b.
We define

b —1

Z X, (@)

29

Then, it is possible to split the estimation of the discrepancy function into three
parts corresponding to the sets A1, Ay and Ag,
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FAO @oznam) = 5 (HEL - Al

reA; b
g
A(r,g)
+ Z <T = As(Jrq.9)
rcAs
g
A(r,g)
+ Z <T = As(Jrv,g)
recAs
g
= A1+ Ay + As.

It follows by the net property and the fact that J, 5 4 are elementary intervals

that A
A=Y < (b:;g) = AS(JM,Q)> —0.

recA;
g

Since Jp 4.9, T € Az, are elementary intervals of order greater or equal to m +1,
they either contain one point of the (0,m,s)-net or they are empty. Let us
consider these two cases:

(1) @ € Jyp 4,g. Then it holds that

1 1 A(r,g) 1 1 1 1
pm - pm+l = pm s(Jrr,g) = %—m < pm pmts—1

(2) Pz € Jp g In this case it holds that

1 A(r,g) 1 1
_bm+1 = pm - /\S(JT7'779) - _b2§=1 r; = _bm—i-s—l ’

Then, by the assumptions on Ay we obtain the estimate

1 ms—l

s 1 1 ms—1 s

Now, consider As. The first step is again to show that .J,. , 4 with r € A3
and for all associated g, cannot contain any point of a (0,m, s)-net which has
an element x, € Hj:1[7(j)77(j) + m) The condition that xq is contained
in this set, is equivalent to

[’7(3)}7'] = [x(()j)]ij fOI' .7 = 17 EEEE (31)
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Suppose that there exists xj € J, 4,4 for some k <b™, some r € A3 and some g.
It then follows that

[’Y(j)]rj—l = [xlgjj)]7'j—17 forj = 17"'78'

Therefore,
1 1
[z © zollp < 5%

G=1Ti T bm+s'

This is a contradiction to the assumption that x; and xy are elements of a
(0,m, s)-net in base b because from Lemma 2] we know that

oy I Syl = gy

s—1

Hence, all J, ~ g, where r € A3 are empty. Using the fact that [A4] > mb_ , we

then get
A(r,
> (—(I;g) - Asur,v,g))

reAs

g
1
- Z ij‘:l Ty

rEA;3
g

1
= - Z pmta
reAy
g

As

s—1 1

3 (b—1)°

m
< — .
- bm-l—a

Finally, we get the estimate

1
ﬁA(’Y’ (wn)0§n<bm) =A1+ Ay + Ay

1 1 ms~1
< |- — |} ——(b=1)°
- (bm bm—i—s—l) 6 (b )

ms~! 1

b—1)°
ﬁ ( ) pmta
ms~t/ (b—1) bt -1 (b—1)°1
T (‘ 5 1 3 b_a><0

for5>ba(l72;#. O
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Subsequently, we now derive Theorem ] which in some sense describes how
dense possible choices of « are in [0, 1)".

Proof of Theorem [ Let I" be defined as the set, which contains all points

of the form
1 1
Y= (Zle”Z bTS) )
1 Ts

where r; € R; C {1,2,...,m} fori =1,...,s and the sets R; fulfill the following
conditions:

o [{(r1i,....rs)lm+1<>7 jri<m+s}H =0,

ms=1(25—3)°"1

o [{(r1,....7s)| 2521 r; =m+ s} > @s2(s—1)2)—T "

Consider now the b-adic digit expansion of some x = (x(l), . ,x(s)) €10,1),
2D =3
s$; €8, ’
where S; C N is the set of indices for which we have ag, € {1,2,...,b — 1}
fori=1,...,s. Now we have to construct a point v with the following properties:
1
2 =] < bVs—m—, (3.2)
b2G-1)s
~ €T, where I is defined as above. (3.3)
Let v = (v(V,...,4®), u
() — ri
gl 2, G
where i€t m
R, ={s; € Si| s; <k}UT;, where k:= {m}

and where t; € T; has the form
m

=y e

fori=1,...,s—1and ts € Ty has the form

ts:m(sl)({ﬁ] +sm> + 8js.

Here, j1,...,js € {1,...,m} with
_ m(2s — 3)
m=|———>=|.
2s%(s —1)
Moreover, we choose a,, = ag, for all r; € {s; € S;| s; < k} and otherwise,

ar, = 1.

116



LOWER DISCREPANCY BOUNDS OF SPECIAL SEQUENCES AND POINT SETS

By the choice of S; it then holds that [z(®], = [y, for all i = 1,...,s.
This implies that @ and ~ are contained in the same square elementary interval

of order sk, i.e., ,
x,Y € H |:b_k’ bk )
=1

for some A; € {0,1,...,b* — 1}. Therefore, it holds that

1

1
_ — < )
HCC ")’H < \/gbk < b\/ng(sTl)s

Hence, (3:2) is shown. It remains to check, whether the condition on 7, men-
tioned at the beginning of the proof, is satisfied, i.e., if v € I'. Obviously,
R, C{1,2,...,m}foralli=1,...,s.

To begin with, observe that for any r; € R;, where i = 1,...,s — 1, and for
any sg € S, ss < k we have that

m

s—1
) < _ - 7
;n+357(3 1)[28(81)]+m5+k

m ) m(2s — 3) m

< (s—1) (23(3—1) 232(3—1)S+28(s—1) = m.

Additionally, for any s; € S1,s1 < k and r; € R;, where ¢ = 2,...,s it holds
that

51+§ri<k+(sl)([ﬁ] +sm>+sm
m m(2s—3)  m(2s—3)

25(3—1)+(871)8 *e -

<
=7 2s%(s — 1) 2s%(s — 1)

Hence, we can conclude that

s s
{(Tlv"wrs)‘ Zri>m,’f‘i€Ri} {(tlv"'7t8)| th>m7t2€ﬂ}
i=1 =1

Therefore, let us consider t; € T; for ¢ = 1,...,s. We have that

S
Zti:m-|—s(j1—|—-~-—|—js—(s—1)m)#m—l—s,
i=1

because of the fact that m € Z. It follows that

=0.

S
{(rl,...,rs)|m+1§2n<m—|—s}
i=1
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For the case t; + - -+ +ts = m + s it holds that
Jo=14 (s = Dm—ji— — jaoi.
This implies that the following inequality must be fulfilled:
1<1+(s=—1)m—j1— - —js—1 <M.

Obviously, the left inequality holds for any choice of ji,...,js—1. For the right
inequality consider the case that j; = ... = js—1. Then we can conclude that it
has to hold

Hence, we obtain

‘{ TlyeeoyTs)] Zn—m—l—s}

:Mth tﬂ}jt_nr+§

(o)

- s—1
m
>
= [24]
m*~1(2s — 3)57!
(s -1
by using the estimate
m [;222(2:?3] m(2s — 3) for m > 252(s —1)?
= rm > 2\ )
s—1 s—1 T 4s%(s —1)2 - 25-3

Thus, also ([B3)) is shown. Now we finish the proof of Theorem [l It remains to
show the second item. Let P = {xo,...,zpm_1} be a (0,m, s)-net in base b
for which some element @x; belongs to the set I'. Therefore, the conditions
of Lemma [3] are satisfied with

B B (452(s — 1)%)s1
A=l = g Ty

By considering the limit § — oo we obtain

b(b* ! — N(Eds*(s 1))
(25 — 3)*—1

and for any § >

1 ms=1 (b— 1)%(2s — 3)*1
— m) < —
NA(F)I? (wn)0§n<b ) = pm bs(482(8 — 1)2)5_1 )

and the assertion follows with N = ™. O
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4. Re-proof of Theorem

In the interest of clear presentation, the proof of Theorem 2l will be split into
several auxiliary lemmas. The necessity of the following two results should be
motivated. In a later step, we will define a special axes-parallel box [0,y) and
partition this multi-dimensional interval into several disjoint axes-parallel boxes
(see, equation (A]])). Lemma Il and Lemma[4.2] show under which condition on
n a sequence element Hg(n) of the Halton sequence is contained in one of these
disjoint intervals.

LEMMA 4.1. Define z; := Zjoi1 xi7jbi_j, z;; €40,1,...,b; — 1}, and its trunca-

tion [z;], = E;Zl xi,jb;j, fori=1,...,s,r=1,2,... Then, we have

¢, (n) € [[wi],«, (2] + b;r) <= n=x&;, modb;, where &;,= in,jbg_l.
=1

Proof. The result follows immediately from the definition of the Halton se-

quence. O
LEMMA 4.2. For a vector v = (r1,...,75) of positive integers, let By :== [[;_, b,

and the integer M, ., be defined such that M;,(Byb; ") = 1modb;’, then
we have

b, (n) € [[@]y,, (@], +0;7)  for i=1,...,s <= n =i, mod By,

S
with &p =Y M; By, " i .

=1

Proof. This follows immediately from Lemma [£.1] and the Chinese remainder
theorem. (]

In order to obtain further information about the discrepancy function of the
Halton sequence, i.e., about A(-, (Hs(n))Y_,), we will investigate this function
for a special setting of the interval [0,y) and thereby exploit the information

gained by the previous lemmas. Accordingly, let y;, i = 1,...,s, be defined as

= Zb;f”, with 7, = min{1 <k < BYb¥ =1 mod BW},

where m € N,m > B and B = E If we consider, for instance, the two-
dimensional Halton sequence in bases b1 = 2 and by, = 3, we obtain 7 = 2 and
T2 = 1.
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Having gathered these tools, we put [0,y) = [0,5™1)) x --- x [0,5)) C [0,1)°.
The pertinence of introducing the integers 7; will be revealed at a later step
in Lemma 5l For a further analysis concerning [0, y), it turns out to be bene-
ficial to consider a disjoint partitioning of this interval. To achieve the goal of a
disjoint decomposition, a truncation of the one-dimensional interval borders y;,

of the form [y;|rx, = 251:1 bi_j”, ki > 1,1=1,...,s, is taken into account.
Collecting the integers k; in a vector k = (kq,...,ks) we arrive at
S
[0,y) = U Py, with Py := H[[yi]nki — b5 [yil ks ) - (4.1)
1<k, ks <m i=1

We apply Lemma [£.2] to the interval P, and obtain:

LEMMA 4.3. An element Hq(n) of the Halton sequence is contained in Py, if and
only if ¢p,(n) € [[yz]ﬂkl — b;”k", [yi]ﬂ.ki), fori=1,...,s, or equivalently,

S
n= ZM,-,.,..kB.,..kbi_T"k”g’/“i(ki_l) mod Bk, (4.2)
i=1
where Ui 7.k, = E§;1 b7 "1 Here, 7 = (71,...,7s) and the product T-k denotes
the vector (11ky, ..., Tsks).

A slight reformulation of relation ({2) is required. Although, by the previous
lemma, we have found a criterion for a sequence element to be contained in P,
key steps of the proof of Theorem ] will be based on a congruence of the form
n = §Jm + Ax mod Bk, with 7, independent of k and Ay the least positive
remainder modulo Br.., i.e.,

A = Z*Mi,‘r-kB‘r-k:bi_l mod B, A € [O,B.,-.k).
=1

This form is obtained as follows: We have

S
Z Mi,r-kBr-kbz‘_nki Yiri(ki—1)

=1
s s
= MirkBrab; " Girp, = Y MizxBrib; '
i=1 =1
s s
—ri(m41) _
= Z Mi,r(m—i—l)B‘r(m—i-l)bi milmt )yi,r(m—i-l) - ZMi,‘r-kB‘r-kbi !
i=1 =1

=: ﬂm + Ak mod B‘r-k:-
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Here @, is chosen such that g, € [0, By(y41)). The first of the congruences
above follows by elementary computations. We summarize:
Hg(n) € Py, <= n = g, + Ag, mod By k.

Note that the multiplication 7(m+ 1) has to be understood componentwise, i.e.,
we have 7(m + 1) = (ri(m +1),...,7(m + 1)).

Employing the information received from Lemma 3] the equality
(N141)Brg—1

S (v (Han) - B7L) =0,

n:NlB.,-.k

holds for any integer N; > 0, since amongst Br., consecutive integers the
congruence of relation (£2) has exactly one solution. Moreover, for an integer
Ny € [0, B-.), we have

Jm+N1Brg+Nz—1

Y. (mHm)-Br) = Y (xaHn) - Brh). (43)

n:gm,“l‘NlB-rJe nE['g7n7'g7n+N2)
Recalling that

Hy(n) € Py <= n = g, + A mod By <
dl1€7Z, suchthat n=I[Brg+ Jm+ Ar ,
~~
€[0,Br.k)
the characteristic function in the sum (€3] only has a nonzero contribution for
n = §m + Ag, i.e., [ = 0, since for all other values of [, n does not belong to the

interval [§m, Um + N2). Hence, these arguments enable to restate (3] by the
expression

> 1-MBj =

€[ G+ N2)

1 —NoB_), 0<Ag< Ny,
—NQB_:}C, else.

= X[o,No) (Ak) — NzBT_.}c~

So far, we have constructed a special interval [0,y), partitioned this box into
subintervals and derived criteria to verify if some sequence element H(n) is
contained in a fixed box Pjg. To make the star-discrepancy of the Halton se-
quence sufficiently large, we additionally have to construct infinitely many val-
ues for N, which are bad in the sense that they yield (in combination with the
special interval [0,vy)) a large discrepancy. The decisive idea is to show the ex-
istence of such N, rather to give an explicit construction. This consideration
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is realised by taking a quantity o, into account, which represents the average
of the discrepancy function, evaluated for the sequence elements (H S(n))%’;;iv_l
for several different values of N. Succeeding in showing that |«,,| > c¢sm?®, with

cs > 0, would allow to conclude Theorem

LEMMA 4.4. Let

then

1 A 1
o oA . 4.4
“ 2 (2 B 2Bf.k> (44)

B

1 T™m - N 1
= A (y (H ()3 )

M N

-1
= Z ka, )) - B‘r-k) :
1§k17---7ks§m n=Ym
=Qm k

The summands o, , can be reformulated in the following way:

‘I"ITL y’nL+N 1
AUm k=

ka: )) - B;%«:)

n=ym

= B Z Z Z (ka <H8<n)) - B;%c)

N;=0 Ny=1 0]

1 B‘rm/B‘r-k:_1 Brk (g’ln“l‘NlB‘r-k_l
N=Ym

=0
Ym+N1Br.pg+Na—1

+ > (xpo (Hs(n)) — B;.i))

N=Ym+N1Br

=X[0,Nq) (Ar)—N2 B},

B‘rm/B‘r-k:_1 Br.k

=3 > > (o (Ak) = NaB[})

N;=0 Ny=1

Brk
1
= B . ( Z X[O J\/’2 Ak Z N2BT k) (45)

N2 1 N2 1
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By virtue of the fact that Ag € [0, Br.g) the first sum of (LX) is not vanishing
and simplifies to Br.p — Ar. We therefore arrive at

Omk =5~ 55— —

and consequently

LEMMA 4.5. Let «y,, be defined as in the previous lemma. Then we have

lam| > csm®,  with ¢s > 0.

Proof. For simplicity reasons, we will prove this lemma only for the two-
-dimensional Halton sequence in bases by = 2 and b, = 3. The general case
works analogously with a bit more technical effort. To estimate the absolute value
of a,, from below, we investigate the three occurring sums in (4] separately.
We have > ) <4 ro<m 3= %2 The definition of Ay gives

Ay, i M; 7.1 Brib; "

B-,-.k B‘r-k

mod 1, (4.6)
i=1
and therefore it is necessary to examine the expression M; +.xb; ! mod 1 in detail.
According to the choice of the integer M; ., and 7;, we obtain in our special
case:

M 73" =1 mod 2%%1,
hence

M 743" =1 mod 2
and consequently,

M1 rk = 1 mod 2.

Further

My +x2%% =1 mod 3%,
hence
+ 122 =1 mod 3
and consequently,

My 1 =1 mod 3.

Combining this result with (£0) yields

Ap, 11 [ U B
=————=———-modl=1—-—— .
Brx by by 2 3 2 3 6
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Summing up the reformulated addends of equation (@3], gives

1 1 1 .
oo | = m2(§_6)_ 3 o > com?, with ¢y >0,

and m sufficiently large. O
This estimate gives us the necessary tools to conclude Theorem Pl

Proof of Theorem 2l From the definition of «,, (see formulation of
Lemma [£4) and from Lemma we conclude that for every m there is an
N with 1 < N < B, such that
A (w (I )| 2 o,
Hence,
i Cs i _ Cs 4

A (v (H)izg )| = S v A (v ()i ¥ )| = S,
Assume, the second estimate holds (the other case is treated analogously) and
set Ny, :== ym + N, i.e.,

— Co .
A (u (0N )| 2 S
Now note that
Nm - gm +N = BT(m+1) + B‘rm < BSm(7'1+..-+7's)’
Le., ) o
M2 g BT

and therefore
CS

N,,—1 s
A (y7 (Hs(n))n:() )‘ 2 2(10gB3(T1+“'+7-5))S (logNTn) .

It can easily be argued that we can obtain infinitely many such N,,, with this
property and the result follows. ([l

5. Proof of Theorem

The investigations of the current section are restricted to the two-dimensional
Halton sequence in bases by = 2 and by = 3. In the following, we survey possible
options to modify the intervals [0,y)) and [0,y?)), and discuss whether these
changes still allow to derive the estimate |a,| > cam? or not. A way to obtain
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further possible values for y(*) or y(®) would be to remove some addends of the
specification of ¥y or y(?), i.e., to consider for example

g =Y "27" or §P =337 with €N and 1<I<m.
j=1 j=1

il il
Recalling equation (4, the choice of the modified box [0, 7M) x [0, %)) would
have the consequence that ([€4]) amounts to

1 A 1
=) <§ " Bk 2B.,.k>'
1<k1,ka<m
k17l
Note, that all previous steps of the proof of Theorem [2 can easily be adapted
to this modified choice of the axes-parallel box. Since k; only takes on (m — 1)

different values, we get

1 1
Q= =m(m—1) — E
’ 1<Ky < 2Pk
k1 #1

and therefore we are still in the position to derive a lower bound for |a,,| of the
form com?. The next corollary focuses on the questions of how many addends
can be removed from the representation of y) (or ().

COROLLARY 5.1. Let € > 0 and fiz an m > ¢éa(€), with a sufficiently large
constant éo(€). If we remove at most m(1 — €) addends from the representation
of yM) (y(2)), while y(?) (y(l)) remains unchanged, then we still have

|| > co(€)m?  with ca(e) > 0.

Up to now we have only modified y* (3®) and kept ¥ (y*)) unchanged.
If we remove addends from the representation of y*) and from the one of 3y,
we obtain the following corollary.

COROLLARY 5.2. Let € > 0 and fiz an m > ¢é3(e), with a sufficiently large
constant ¢3(€). If we remove at most m(1 — €) addends from the representation
of YV and y® then we still have

|atm| > c3(e)m?  with c3(e) > 0.

Based on these preliminary considerations, we will derive the following lemma,
which states, that there are, in some sense, many feasible choices for the interval
borders y1) and y(2).
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LEMMA 5.1. Let m be sufficiently large (as in Corollary[23). Then, there is a
set T C [0,1)? with the following property: For all x € [0,1)? there exists an

y €T with 1
om/2°

lz —yll < V8

Furthermore, for such a y, we have || > cam?, with some constant cy > 0.

Proof. Let ) = 0.010101...01 in base 2, and y® = 0.11...1 in base 3,

2m m
the original choice of the interval borders of the two-dimensional box [0, y(!)) x

[0,43)). We now consider modified interval borders of the form

gV = 0.a;...4;,0101...01 with aq,...,a;, € {0,1}

2m
and
g = 0.by...b,11...11  with by,..., b, € {0,1,2}.
N—_— —Y

The question is of course, how large [y = I1(m) and ls = l2(m) can be chosen
for a given m, such that we still have |a,,| > cam? for this modified choice
of the interval. The set T is then defined as the set of all feasible choices of
GD,5®). Let &Y and &' < 1, /2 be integers, for which a

If one of the digits a

2];(11‘) = a21~c§171) =1.

2R 10 Gof(D g is one, we split an interval of the form

[[g(l)]géy—l)a [g(l)]géy))

into the two disjoint intervals
- - YAO! _ oi ()
(7D, Vg0 = 2757) A [5V]0 =275, [0 )

Now, let lgéi) < Iy, be an integer, for which b;) = 2. Then, we split an interval

of the form o
(1700 =237, [1@)00)
into the two disjoint intervals

- @ _ () - _R@
(51500 — 23757, [1@) —3787) A (1@ — 37, 1@ )

We investigate the influence of this additional interval on the quantity .
Therefore, we consider the average of the discrepancy function for the interval

- - _ o) -
Jl = |:[y(1)]2]}§i*1)7 [y(l)]Q]}Y) -2 2k ) X [07y(2))7
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i.e., we study:
1 Brm Im+N—1
~(1
Gl = S Y xo (Ham) = Naz()
= n=ym
1 Brm Ym+N—1

= Z Z XJ1 (Hs(n))

Brm N=1 n=9m
B 41 2%{9 1
m a;
- X ¥ Z Y 3
j=2]~v(z—1)_~_1 i=lo+1
| Brm 260 —1 N 260 —1
> 52— > > Z | o] + ¥ . a5 5]
TM N=1 j= 2k}<1 1)_"_1 j=2k}§l 1)+1l lo+1
7.(9)
2k —1 Iy m
Brm +1 S i 1
2 Z Zg Z 3t
=1 i=lo+1

j:21"c§“1>+1

Estimating the floor function yields:

1 Brm 2k(l) 1
(1)
S ) > S (7w )

j=2R(imD 4 i=1

2k$9 1 m

X Sa(gey)

j= Qk(’ D 4qi=le+l

2k 1

l2
B +1 a; b;
- W; > 2_§ ;32 Z 3i

j=2,;§ifl)+1 i=lp+1

Brm +1 #O1 Lo g +1 2k -
o be
== X Xogmt—s— Z Z o 5
j= 2k<1 1)+1l 1 j=2k§l 1)+1z lo+1

Bomt1 [ P 2,

m aj

2 Z 27 Z 30 Z 3i
j:2l~€§1'_1)+1 =1 i=lo+1

2k 1

l2
Dbt m=b)] > q
i=1

j=2k{ " 1

2k 1 2k 1
> (—m—l2) Z a; > —2m Z aj.
j=2k{"Y 4 j=2k{""Y 41
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We get an analogue upper bound for al) , by estimating ZZ’”;:]A X, (Hs(n))
with the expressmn
2k —1 259 —

> () - 2 S ()
j—2k)§l 1)+1 =1 j—2k)§l 1)+1 i=lo+1
To sum up, we get .
2k(V -1
‘dg)‘ < 2m Z aj.
j=2k{"Y41

In total, all intervals of this form yield therefore a contribution of at most lym.
Studying the average of the discrepancy function for an interval of the form

Jo = [0,?3(1)) X [[y( )] B — 3 EY [N(Q)];Céw),

we get, analogously to above, an additional contribution to «,,, of at most lom.
In total, we thus have, an contribution of the magnitude

m(h + lg)

Therefore, if I; + 1o < m, we still can derive an estimate of the form || > cam
for the modified box [0, ™) x [0,%(®)). Let now m be given and = = (z1,z3) €
[0,1)2, arbitrary but fixed, where

7 bi
xlzz%, a; € {0,1} and x2:2§, b; € {0,1,2}.

i>1 i>1

2

Due to above considerations, we can find y € T, which satisfies

o vl <\ (=) + GGrm) < Vg

and also allows to derive |, | > com?. O

Based on the previous lemma, we are in the position to prove Theorem [G
which gives a lower bound for the discrepancy for a specific N and not just for
the average.

Proof of Theorem Fix an m, which satisfies the condition of Lemmal[5.]]
and recall Ny, = N + ¢, as in the proof of Theorem 2l Consider now squares
Qi C [0,1)% of side length 22,;//% Due to Lemma B.I we know that each such
square contains elements of the set T (defined as in Lemma [5.1]). We partition

[0,1)? into 23% such squares ;. Choose, for each Q;, y; € Q; N Y. For some

fixed y;, we have 5
lam (yi)| = cam®. (5.1)
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Let ¢2 > 0 be small enough, such that this estimate holds for all other choices

Yj € Q; # Q; as well.
Note, that we always have |a,,| < ¢cm? for a fixed constant ¢ > 0, since

log N)?
D ((Ha(m)2L, ) < UENE
N
Now, we claim that the number of Ns with 1 < N < B, and

o G012 < S

, for all N.

. : — _C—C2
is at most KBy, with k := a2

Suppose the number of Ns with 1 < N < B, and
c
1A (i, (H2(0))m )| < Sm?
would be larger than xB,,,. Then, we would have

|Oém<y1) Tm‘ < K/BTm 2 m + (1 - Fa)BTmcmz = CQBTmmZ,

which is a contradiction to inequality (G.1I).
Therefore, the number of Ns with 1 < N < B, and

o ) >

is at least (1 — K)Bry = 52— Brp,.

2c—co
To sum up, we have —m squares @;, and for each of them, we have identified
(1 — K)Bry, distinct Values for N, 1 < N < By, which give a sufficiently
large discrepancy. Thus, in total we have identified 23—7;(1 — K)Bry many N and
this implies that at least one of those IV is identified at least 23—7;(1 — K)-times.
Let Ny be an N with this certain multiplicity. Further, this means that there
exist at least 2 (1 — k) distinct y; € U; Q; N'Y, such that

A (i, ()N | 2 22,
where Nr(,?) := No+ ¥m. Note, that the union of all squares @); containing the y;
with this property, forms the set Ay, and therefore Ao(Ax) > 1 — k. It remains
to Verify, that for all € Ay, there exists a y € [0,1)? having a distance less

than \/_ . Since 1 < Ny < Bz, the claim immediately follows by Lemma [5.1]
and the estlmate Um 4+ Brm < 27™. O

REMARK 3. We note, that the considerations of this section can also be adopted
to an arbitrary dimension s > 2. For ease of notation, we have only presented
them in the two-dimensional case for the bases b; = 2 and by = 3.
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