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ON THE CLOSURE OF THE IMAGE
OF THE GENERALIZED DIVISOR FUNCTION

CARLO SANNA

ABSTRACT. For any real number s, let o5 be the generalized divisor function,
i.e., the arithmetic function defined by os(n) := Zd\n d®, for all positive inte-
gers n. We prove that for any » > 1 the topological closure of o_,(NT) is the
union of a finite number of pairwise disjoint closed intervals I1,..., I,. Moreover,
for k =1,...,¢, we show that the set of positive integers n such that o_,(n) € Ij
has a positive rational asymptotic density di. In fact, we provide a method to give
exact closed form expressions for I1,...,I, and di,...,dp, assuming to know r
with sufficient precision. As an example, we show that for r = 2 it results £ = 3,
I = [1,72)9], Io = [10/9,7%/8], I3 = [5/4,72/6], d1 = 1/3, do = 1/6, and
ds =1/2.

Communicated by Rita Giuliano

1. Introduction

For any real number s, let the generalized divisor function os be defined by
os(n) = Z d’,
d|n

for each positive integer n, where d runs over all the positive divisors of n. It is
well-known that o, is a multiplicative arithmetic function. For r > 1 it can be
readily proved that o_,.(NT) C [1,{(r)[, where ¢ is the Riemann zeta function.
Moreover, Defant [I] proved that o_,.(NT) is dense in [1,¢(r)[ if and only if
r < n, where n = 1.8877909 is the unique real number in |1, 2] that satisfies the

i
equation o1 3141

om—1 3m—1

¢(n)-
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Similar results were also given in [2]. In this paper, we shall prove the following
result about the topological closure of o_,.(NT).

THEOREM 1.1. For any r > 1, the topological closure of o_.(NV1) is the union
of a finite number of pairwise disjoint closed intervals Iy, ..., 1;. Furthermore,
fork =1,...,¢, the set of positive integers n such that o_,(n) € Iy, has a positive
rational asymptotic density dy,.

In fact, we provide a method to give exact closed form expressions for Iy, ..., Iy
and dy, ..., dy, assuming to know r with sufficient precision. As an example, we
show that for r = 2 it results £ = 3,

I =[1,7%/9], I,=1[10/9,72/8], I3=[5/4,7%/6],

dy =1/3, dy =1/6, ds =1/2.
Let us note that the existence of the densities dy, . .., dy is already known. In fact,
by the Erdés—Wintner theorem [5, Ch. 5] it follows that the additive arithmetic
function log o_, has a limiting distribution, and consequently so does o_,.. Thus,
for each real interval I the set of positive integers n such that o_,.(n) € I has
an asymptotic density. Our new contributions are the proof that dy,...,d; are
all positive and rational, and the method to compute them.

Lastly, we note that from a result of Defant [3, Theorem 3.3] it follows that

and

{— +o00 as r— +00.

NoTATION. For each positive integer j, we write p; for the j-th prime num-
ber and N for the set of all the positive integers without prime factors < p;,
also Ny := NT. We use oo in place of +00 and we define
1
oo\ L 3 ay
o-r(p%) = lim o, (p%) = 7 o
for all > 1 and prime numbers p. Moreover, v, will be the usual p-adic valuation

for the prime number p. For each X C R, we denote by C1(X) the closure of X,
while a - X := {az : 2 € X} for any a € R.

2. Preliminaries
We begin with an inequality between consecutive prime numbers.
LEMMA 2.1. For each integer j > 463, we have pj 1 < (1 + ﬁ%) Dj-
Proof. See [, Proposition 1.10]. O
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Now we recall the Euler product for the Riemann zeta function

for any r > 1, which in particular implies that

T —— =TI -r") <o, 1)
k=1

k:>j1_pk

for each nonnegative integer j. The product on the left-hand side of ([Il) will play
a crucial role in our proofs.

LEMMA 2.2. For any r > 1, there exist only finitely many positive integers j

such that 1
H <1l+4+p;".
_ T J
E>j 1=y

Proof. For each positive integer j, put

1 1
IL; = - 11 =
L+ p; k>j1_pk7

Thanks to Lemma 2T we know that there exists a positive integer

j' < max {463,exp ( m) } , (2)

such that for all integers j > 5 it holds p;1 < 2'/"p;, which in turn implies
gers j =2 7 j+ J

Pj_-:1 > (219; + 1)_1'
Therefore, . ( -
1-po 1= (2pr 4 1)

W1 o= (1+p;7") S I < (L4 p ) ;

1+pi, T+ (2p5 )0

for each integer j > 7/, since the function [0,1] - R : 2z — (1 —2)/(1 + z) is
monotone nonincreasing. Thus (II;);>,; is a monotone nonincreasing sequence.
Now II; — 1 as j — oo, so it follows that II; > 1 for all integers j > j',
which is our claim. g

Ay =11,

In light of Lemma 22 for each r > 1 let jo = jo(r) be the least nonnegative
integer such that

1
H — > 1+p;", for all the positive integers j > jo. (3)

k>j k
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Actually, the proof of Lemma explains how to effectively compute jo:
First, find the minimal j' by checking the inequality pj;1 < 21/ "p; for all the
positive integers j less than the right-hand side of (2)). Second, find jy by checking
the inequality (@) for all the positive integers less than j"

The next lemma is the first step to determine the closure of o_,.(INT).
LEMMA 2.3. Forr > 1, we have

Cl(o—r(Njy)) = |1, H

k> jo

1
1—p."
Proof. Pick any = € |:1’Hk>jo ﬁ} Define the sequences (z;);>;, and
(aj)j>j, via the following greedy process: xj, := 1, while for each integer j > jo
let a; be the greatest a € N U {oo} such that z;_1 - 0_.(p}) < x, and put also
Tj = Xj_1 Oy (p;”) By construction, (z;);>;, is a monotone nondecreasing
sequence such that x; < z, for each integer j > jo. In particular, there exists
¢ :=1lim;_, x; and it holds ¢ < z. Moreover, z; € Cl(c_,(N,)) for any integer
J = jo, hence € € Cl(o_,(Nj,)). If a; < oo for some integer j > jo, then

1

—r M

1 —p;
Hence, if a; < oo for infinitely many integers j > jo, then x = ¢ € Cl(o_,(Nj,)).
Suppose instead that a; < oo only for finitely many integers j > jo. Let j; be
the least integer > jg such that a; = oo for all integers j > j;. Thus we have

J
1
xrj=xj - H — [-3pt]

i+1
T < Tj1 "0y (p?"+ ) <ZTj1-

hence z = ¢ € Cl(o_,(Nj,)). If j1 > jo, then, by the minimality of j;, we have
aj, < oo so that

aj,+1 aj,+1
1 / x  Ta-170-r(Pj T—r \Pj,
L — < -
1 - . = < ) - ajq <1 +pj1 ’
k> — Py Ljy Ljy Ljy O—r (pj1 )

but this is absurd since [, . ; # >1+p;
k
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So we have proved that [1, [Tisj, #] C Cl(o—,(Nj,)). The other inclu-
e

sion is immediate, since o_,(Nj,) C [1, [T, # : O
TP

Now we give a recursive formula to express Cl(a_r (J\/'j_l)), for a positive
integer j < jo, in terms of Cl(o_.(Nj)).

LeEMMA 2.4. For each positive integer 7 < jo, we have

Cl(o—r(Nj—1)) = U o_r(p]) - Cl{o_r(N7)).

a€eNU{oo}

Proof. Pick 2 € Cl(o_,(Nj_1)), so that there exists a sequence (nj)r>o of
elements of A;_; such that o_,(ng) — x, as k — oco. Let aj := Uy, (ng) and
my = nk/p?’“, for each integer £ > 0. On the one hand, if (ax)r>o is bounded,
then by passing to a subsequence of (ny)r>0, we can assume that aj = a for all
integers k > 0, for some a € N. Therefore,

r=0_(pj) kl;nolo o_r(mg) € o—r(pF) - Cl(o—r(N})),

since obviously my € N for each integer k£ > 0. On the other hand, if (ax)r>0
is unbounded, then by passing to a subsequence of (n)r>0, we can assume that
ar — 00, as k — oo. Therefore,

xr = klgrolo o—r(p§*) klgl(r)lo o_r(mi) € 0 (p5°) - Cl(0—(N})).
So we have proved that
CI(U—T(/\/J’—I)) - U U—T(p?) ) Cl(”—?"(-/vj))a
a€eNU{oo}

the other inclusion is immediate. O

Finally, we need a technical lemma about certain unions of scaled intervals.

LEMMA 2.5. Given 8 > a > 1 and j € N1, let ag be the least nonnegative
integer such that
O_p (p?o-i-l) < é

o (") a

For each nonnegative integer a < ag, put Jo, 1= o_.(p}) - [, B]. Put also

Jag = [U—T(p?o)aag—r(p;o>5]-

Then the intervals Jy, ..., Jq, are pairwise disjoint and it holds
U o_r(P§) o, B] = Jo U+ U Jg,.
a€NU{oco}
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Proof. The sequence (a_r(p;”l)/a_r (p?))a>0 is monotone nonincreasing and

tends to 1 as a — oo, while §/a > 1. Therefore, ag is well-defined and it holds

O'_T(p?+1)/0'_r(p?) < B/a,ie., U_T(p;”l)a < o_(p})B, for each integer a > ay,

which in turn implies

U U—T(p?) ’ [aaﬁ] = [O-—T‘<p?0>aao'—r<p(;o)ﬁ] == Ja0~

ae€NU{co}
a> ap

Finally, by the minimality of ag, we have
o (piT)a >0 (p9)8

for each nonnegative integer a < ag, hence Jy,...,J,, are pairwise disjoint.
The claim follows. O

3. Proof of Theorem [1.1]

We are now ready to prove Theorem [Tl Actually, we shall prove the following
slightly stronger lemma, from which Theorem [[1] follows at once by choosing
j=0.

LeMmMmA 3.1. Fiz any r > 1. Then for each nonnegative integer j < jo, there

erist: a positive integer L;, pairwise disjoint closed intervals Ij1,...,1; ., and
positive rationals dj 1, .. .,djg,, such that
Cllo—r(Nj)) =Ljn U...Uljy,, (4)
while
eN;:n<uz o_ cl;
dj; = lim #ineN;insw oon(m) €k oy o 1,....6.  (5)
T—>00 x

Proof. We proceed by (backward) induction on j. For j = jo, it is sufficient to

take £, =1,
1
Lia = |1, I] T |
k> jo Py
and
neN;, :n<uwz 70 1
djo1 = 11{20 74 ;? } = H (1 - p_k> )

so that the claim follows by Lemma 23
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Now we assume to have proved the claim for j > 1, and we shall prove it
for j — 1. For k = 1,...,¢;, write I;, = [ajk, B and let a; ) be the least
nonnegative integer such that

J—T(p;jyﬁ_l) < Bin
o(p;"") T ik

Then, put
Jj7k7a = O-_T(p?) ’ I]7k

for all the nonnegative integers a < a; ; and also

ik = [U—r(p?j’k)aj,k,U—r(p}?o)ﬁj,k] .

By Lemma [2.9] it follows that J;x 0, ..., Jjk,q,, are pairwise disjoint and
U o) Lix=JnoU-Udjna,, (6)
a€NU{co}

At this point, from Lemma 2.4 and equations (@) and (), we obtain
Cl(a—r(/vj—l)) = U J—r(p?) ) CI(J—T(A/J'))

aeNU{oco}

£
= U o0 - ULix
a€NU{oo} k=1

£;
= U Uo) Ix

a€NU {oo} k=1

£
= U U U—T(p?) Lk

k=laeNU{oco}
£

= JUiko U Udjnan) = LU Ui,
k=1

for some positive integer £;_; and some pairwise disjoint closed intervals
Ij_171, . ,Ij_17gj71.

In particular, note that for each k € {1,...,¢;}, each nonnegative integer
a<ajy, and each h € {1,...,¢;_1}, it holds Jj o € Ij—14, and in such a
case we set 0j . q,p 1= 1; or it holds Jj ., N Ij—1 = &, and in such other case
we set 0 x,a,n := 0.
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Fix any h € {1,...,¢;_1} and put for convenience
S:={neN;_1:0_.(n) € [_1,}
and
S(z) =#{neS:n<z}, foral z>0,

so that it remains only to prove that S has a positive rational asymptotic den-
sity d;_1 . On the one hand, any n € Nj_; can be written in a unique way
as n = pfm, with @ € N and m € Nj. On the other hand, by induction
hypothesis I;1,...,I;,, are pairwise disjoint and their union contains o_,(N}).
Therefore, for any x > 0 we have

S(x)=> #{meN;:m<a/p}, o (p§)o_r(m) € 15}
a=0

14

=3 > #{meN;:m <a/py, o_p(m) € L,
k=1a=0
o (p§)o—r(m) € Lj—1n} -

If ke {1,...,4;} and m € Nj are such that o_,(m) € I, then we have that
o—r(p§)o—r(m) € Ij_1p, for some a € N, if and only if §;x minf{a,a; 3.0 = 1-

As a consequence,

Ej [ee)
S(iIJ) = szj,k,min{a,aj,k},h #{m € -/\/'] tm < x/pgv U—T(m) € Ij,k}
k=1a=0
L fajr—1
:Z Zdj’k,a’h#{mej\/'j :m < z/pj, o_p(m) €L}
k=1 a=0 o
+0j kasph Z#{m eN;:m <a/pf, o_(m) €I} (7)
a:ajﬁk
For any integer A > max{a;1,...,a;g,}, since there are at most :c/pj‘Jrl positive
integers not exceeding x and divisible by pf“, we can truncate ([7]) getting
Ej a_,v,k—l
S(z) = Z Z Sjkan#{meN; :m< x/p§, o_r(m) € Ik}
k=1 a=0

A
x
+ ) kaj 0k Z#{m eNj:m<a/pf, o n(m) € Ik} +O<p—A+l>'
J
(8)

a=aj; k

84



ON THE CLOSURE OF THE IMAGE OF THE GENERALIZED DIVISOR FUNCTION

Thus, dividing () by z, letting x — oo, and using (), we obtain

S(z) o ey k,a,h A 1

. . _ . J,R,a, . R _—

hxn_1>1£f P E djk E —p‘? T 0jkag,h E a + O<pA+1> ’
k=1 a=0 J a=aj "~ J J

and similarly for the limit superior. Therefore, as A — oo, it follows that

ajr—1

0.
E 0ik.a 0ika;

lim @ :Zd‘,k Z Gkah G, kag kh cQ.
k=1

1
T e R N )

In conclusion, putting

fj aj,k—l 5 5
j k,a,h j,kaj k,h
o= Yoy | 3 Shen ket |
k=1 prr S p;]'k (pj —1)
for hzl,...,fj_l, (9)
we have proved the claim for j — 1 and the proof is complete. (]

4. Algorithm to compute the closure of o_,.(NT)

Now we are ready to illustrate an algorithm to exactly compute the closure of
o_.(NT), given any r > 1. Well, the words “algorithm” and “exactly” need some
explanation. We assume our algorithm runs on a machine always able to decide
inequalities involving finite products of the quantities

o_r(pj) and H %, with j € NT and a€ NU/{oo}.
k>j o Pk

For the most r, probably almost all  with respect to Lebesgue measure, inequal-
ities of that kind can be decided by numerical computation, using (Il). However,
in general those inequalities are probably undecidable (how to exclude that the
equality holds?), although this poses no practical problems. At the end of its
execution, the algorithm returns the extreme points of the intervals I, ..., Iy in
the statement of Theorem [[L1] as finite products of the quantities above, and
also dy,...,dy.

The idea behind the algorithm is just to make constructive the proof
of Lemma [B.], we give only the essential details.
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Require: r > 1.
Ensure: A positive integer ¢y, pairwise finite closed intervals Iy 1, ..., Iy ¢, and
positive rational numbers dy 1, ..., do.¢,, such that

CI(U_T(N"_)) =lo1U---Ulpy,,

while
eNT:n< o_, e I
ok i #{n n<uax, (n) O,k}’

T—00 €T

for k=1,...,4.
1: Compute jg as explained just after the proof of Lemma [Z.2
2: L, 1
Lo & [1 T go 2]

1-p,. "

w

J 1
4 djo 1 [ (1 - p—k)
5. for j = jo,jo—1,...,1 do
6: for k=1,...,4; do
7 ajk < min{a € N : 0'_r<p?+1)/0'_7«(p?) < sup(I; )/ inf(L;k)}
8: fora=0,...,a;,—1do
9: Jjka < 0—r(DF) - Ljk
10: end for
11: Jiskaz = lo—r(p§)Inf (L k), 0 (p5°) sup(L 1]
12: end for
13: Compute pairwise disjoint closed intervals I;_11,...,1j_1,¢,_, such that
£
UWikoU--Udjhas) =Liaa U Uiy, .
k=1
14: fork=1,...,¢;,a=0,...,a55, h=1,...,¢;_1 do
15: if Jj,k,a C Ij—l,h then
16: 6j,k,a,h +—1
17: else
18: 6j,k,a,h 0
19: end if
20: end for

21: forh:l,...,ﬁj_l do
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l aj k=1 0 k.a,n Ojikaj g
22: di—1n < D 1 dik | 2ol '}'pd = T :
J pj" (p]*l)
23: end for
24: end for

The author implemented this algorithm in the Python programming language,
with floating point arithmetic. Running the implementation on a personal com-
puter, he computed CI(U,T(N+)) from r = 1.5 to 3.5 with a step of 0.01, leading
to the plot of Figure [l

FIGURE 1. A point (z,7) of the plot is black if and only if ({(r) — 1)z + 1 € Cl(c—(NV)).
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5. Closure of o _»(N™)

In this section, we compute the closure of o_o(N™T). We shall use the same
notation of the proof of Lemma Bl First, in light of Lemma 2] a quick com-
putation shows that p; 1 < 2'/2p; for all positive integers j > 4. Moreover,

1 1 1
Hl — <1+p? Hﬁ<1+p2_27 Hﬁ>1+p§23
k>1- " Pk k>2+ Pk k>3 Pr

hence jo = 2. Thus, ¢, =1,

and

e fi(-2)- 03634

Now 0_2(3')/0_2(3%) > 7%/9 and o_2(3?)/0_5(3') < 7%/9, hence az; = 1,
so that

0 m?
Ja10=0-23") Ion =11 = [17 g] )

and

72 10 72
Joia = |o-a(3"),0_5(3%) - 3] - {3’ —] |

Therefore, {1 = 2 and we can take I 1 = Jo1 0 and Iy 2 = J21,1, so that by (@)

we have ) ) )
:g, and d172:d271'07:—.

1 =da py(p2—1) 6

) )

3
wol| =

Now o_2(2')/0_2(2°) > 7%/9 and o_2(2?)/0_5(2") < 7%/9, hence a;1 = 1,
so that
0 °
Jino=0-2(2")-ha=15L,= {17 3] ;
and

Jii1= 022", 0 2(2%) - W_z] - {

5 472
5 )

427
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2 2
Also, 0_3(2")/0_5(2°) > Z= /%2 and 0_5(22)/0_2(2") < % /42, hence a1 2 = 1,

so that

<
10 72
Jigo=0202" Lo=12= {57 g] ;
and

The union of Jy 1,0, Ji,1,1, J1,2,0, and Ji 2,1 has £y = 3 connected components,
namely

72 10 72
I =J =1,— loo=J =|—=,—=
0,1 1,1,0 |: ) 9 :| ) 0,2 1,2,0 |: 9 ) ] :| )
and
los=Ji11UJ — 2 W—2
03 = 111U Ji21 =17,
Lastly, by (@) it follows
1 1 1 1
do1=di1-—5=75, dog=d12 75 =7,
. n 3 no 6
arn 1 1 1
dos=d11- dig —— = .
0,3 LT +d1,2 -1 2

The claim about Cl(o_»(NT)) given in the introduction is proved.

6. Concluding remarks

It seems likely that the proof of Theorem [[.1] could be adapted to multiplica-
tive arithmetic functions f : N* — R* other than o_,, satisfying at least the
following hypothesis:

(i) For each prime number p, the sequence ( f (p“))a> o is monotone nondecreas-
ing and . -
f(p>) = lim f(p?)
a— o0

exists finite.

(ii) For each prime number p, the sequence (f(p"+1)/f(p“))a>0 is monotone
nonincreasing. a
(iii) It holds
IT roe) < £y,

k>j
only for finitely many positive integers j.

We leave this possible generalization as an open question for the reader.
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