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DISTRIBUTION FUNCTIONS
FOR SUBSEQUENCES OF GENERALIZED
VAN DER CORPUT SEQUENCES

PoJ LERTCHOOSAKUL — ALENA HADDLEY — RADHAKRISHNAN NAIR —
— MicHEL WEBER

ABSTRACT. For an integer b > 1 let (¢3(n))n>0 denote the van der Corput
sequence base in b in [0,1). Answering a question of O. Strauch, C. Aistleitner
and M. Hofer showed that the distribution function of

(¢b(n),¢b(n +1),...,¢p(n+s— 1))n20 on [0,1)°

exists and is a copula. The first and third authors of the present paper showed
that this phenomenon extends to a broad class of subsequences of the van der
Corput sequence. In this result we extend this paper still further and show that
this phenomenon is also true for more general numeration systems based on the
beta expansion of W. Parry and A. Rényi.

Communicated by Oto Strauch

1. Introduction

For an integer b > 1 we define the Kakutani-Von Neumann odometer
Ty :[0,1) = [0,1)

by Ty(z)=z—14+b""+b"" for ze[1-bF1-b"""), (k=0,1,...).
The name arises from the fact that 7, is a ‘Euclidean model’ for the map
7(x) = = + 1 on the ring of b-adic integers. The sequence (Tb"(O))n>0 is called
the base b van der Corput sequence and the sequence (Tgl(x))n>0 for arbi-

trary x is called the generalized van der Corput sequence. For pairwise coprime
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bi,...,bs > 1, we call (Tgll(O), o T (O))n>0 the Halton sequence. All three
of these sequences are examples of low discrepancy sequences valuable in nu-
merical integration [DP]. Henceforth we will write ¢p(n) = 7;'(0) (n > 0).
For a real number y let {y} denote its fractional part. Recall that we say a se-
quence (xy,)n>1 is uniformly distributed modulo one if for each interval I C [0, 1)
of length |I| we have
lim —#{1<n<N:z,el}=]|I.

N—oco N
Following I. Niven [KN| p.305] we say a sequence of integers (ky)n>0 is uni-
formly distributed on Z if for every integer m > 1 and every residue class 7 mod m
for j € [0,m — 1), we have

1 1
i — <n< : =9 = —.
J\}gnooN#{liniN k, = j mod m} -

We call a sequence of integers (k,)n>0 Hartman uniformly distributed if for
each irrational number « the sequence ({k,a}),>0 is uniformly distributed mod-
ulo one and the sequence (ky),>0 is uniformly distributed on Z [KN, p.296,
Ex. 5.11]. The concept can be generalized to second countable groups, though
this degree of generality doesn’t play any further role in our considerations.
See [KN] for more details. A list of examples is given in Section 3.

Let (X, B, 1) be a probability space and let T : X — X be a measurable map,
that is also measure-preserving. That is, given A € B, we have u(T~1A) = u(A),
where T—! A denotes the set {z € X : Tz € A}. We call (X, B, u,T) a dynamical
system . We say the dynamical system is ergodic if T-1A = A for A € B means
that either p(A) or u(X\A) is 0.

We say (kn)n>0 is LP good universal if for each dynamical system (X, B, 1, T')
and for each f € LP(X, B, 1) the limit

lrf(x) = hm —Zf

exists p almost everywhere.
Recall that a function C': [0,1]® — [0,1] is called a copula if:
(i) for each s-tuple u in [0, 1]*, we have C'(u) = 0 if any one of the coordinates
of u is 0;
(ii) for each z € [0,1], we have C(1,1,...,1,2,1,1,...,1) =z and

(iii) for each B C [0,1]® which is a product of intervals contained in [0, 1],
we have [, dC > 0.
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In [LN] a result is proved which implies the following
THEOREM A. Suppose that (kn)n>0 is Hartman uniformly distributed and LP-
-good universal for some p € [1,2]. Also suppose that (n1,...,ns) is an s-tuple
of non-negative integers and that b > 1 is an integer. Then the asymptotic dis-
tribution function of the sequence

(do(kn +n1), ., ok +15)) 15

exists and is a copula.

In the case k, =n (n = 1,2...) withn; =i —1 (i = 1,2,...s) this result
appears in [AH] in response to a question of O. Strauch. The special case
s = 2 of the result from [AH| appears in [FS]. Conditions for subsequences of
the Halton sequence (¢, (n), ..., ¢s, (n))n>0 to be uniformly distributed modulo
one for pairwise coprime by, ..., bs appear in [HN]. See also [HKLP] for related
results.

We now describe the extension of Theorem A proved in this paper.

Let G = (G)n>0 be an increasing sequence of positive integers with Gy = 1.
Then every natural number n can be written in the form

n=>_gr(n)Gr,
k=0

where gr(n) € {0,...,[Gk+1/Gr]} and [z] denotes the integer part of x. This
expansion (called the G-expansion) is unique and finite, provided that for every
finite K > 0, we have

K-1
Z gk(n)Gk < Gk. (1.1)
k=0

We call gy, the kth digit of the G-expansion. The digits (gx)x>0 can be calculated
using the greedy algorithm and G = (Gj),>0 is called an enumeration system.
We denote by K¢ the subset of sequences satisfying (2.1). The elements of K¢
are called G-admissible. To extend the addition-by-1 map from N to Kg we
introduce

J
KY = {x € K¢ :dM,,Vj > Mx,ng(x)Gk < Gj+1 — 1} C Kqa.
k=0

Put z; = ZZ;:O 9 G and set
m(x) = (go(z; +1),...95(x; + 1), gjp1(2), gj2(2), .. .),

for every x € K2 and j > M,. This definition does not depend on the choice of
j > M, and can be extended to K¢\KE by setting 7(z) = 0 = (0°). We have
defined the G-odometer or G-adding machine.
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In the sequel we restrict our attention to enumeration systems, where G =
(Gn)n>o is a linear recurrence, i.e., we require in addition that for each positive
integer n we have

Gn+d = aOGn+d—1 R ad—lGn- (12)
To this linear recurrence we can associate the characteristic equation
2t = aoxd_l +---4ag_1.
Recall that we say a real algebraic number greater than one is a Pisot- Vijayarag-
havan number if all its Galois conjugates are less than one in absolute number.
We further restrict our attention to enumeration systems, with a characteristic
equation having a Pisot-Vijayaraghavan (PV) number as a root. Note that this

is always the case when
ag > ay > - >aq-1 > 1.

See [B] for the details of this. W. Parry [P] showed that, under this hypothesis,
if 8 is this PV root of this characteristic equation, then the S-expansion of 3 is
finite, i.e., a1 g1
ﬂ:a0+g+"'+w,

To enumeration systems, whose characteristic root g is a PV-number satisfy-

where ag =[] (1.3)

ing (2.3), a sum ZQJ:O g1 Gy, for finite M, is the expansion of an integer if and
only if the digits of the G-expansion satisfy

(gkagk?—la -+, 90, OOO) < (a())al) ceey ad—1>oo

for each k with < denoting the lexicographic order. Representations (g, . - ., go)
satisfying the condition are called admissible representations and thus belong
to Ka. We call a set of the form

Z=Zni,...,ng,a1,...,ar) ={x € Kg: 7" (x) =a1,..., 7" (z) = ar}

forny,...,nx € Nwith a1,...,ax € Kg and 0 < k < oo a cylinder set of length &
for the odometer (K¢, 7) defined earlier. For such a cylinder set Z let

Frw = #{n < Gropr : (90(n) g1 (n)..) € Z}.
We can define a 7 invariant measure p on g by setting

 FroBT  (Fra—aoFro)+ 4 (Fra—1 — aoFyd—2— - —aa—2Fg )

- BE(BIT BT+ +1) ’
for cylinder sets and then extending p first to the o-algebra generated by the
cylinder sets and then to the bigger completion o-algebra obtained by adding
null sets. Here we are thinking of the cylinder sets as a basis of balls for the
topology they generate on K.

w(Z)

4
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Now we turn to the definition of the Monna map ¢4 for non-integer bases 3
as follows. Let n = 37,5 9;(n)G; be the G-expansion of a positive integer n.
Then set

o) = 05 [ S asmG; | = S gs(m)s .

320 520

Furthermore, the restriction to ICOG has a well defined inverse. In this context
the f-adic van der Corput sequence is given as (¢5(n))n>0, where (8 is the
characteristic root of the G-expansion. a

By the nature of its construction, as a consequence of Proposition [Tl below,
we see that ¢5(N) C [0, 1). Of course, this implies nothing about its distribution.
The following gives conditions for the density of ¢z(N) [HIT]. Proposition
below is also proved in [HIT]. There is an extensive literature on this subject
starting with [Ni]. See also [GHL] for further background.

ProrosiTION 1.1. Let a = (ag,...,aq—1), where ag,...,aq—1 > 0 are the coef-
ficients defining the enumeration system G, and assume the corresponding char-
acteristic root [3 is finite as defined by (L3). Furthermore, assume that there is
nob = (by,...,bk—1) with k < d such that 8 is the characteristic root of the
polynomial defined by b. Then ¢g(N) C [0,1) and ¢5(N) is not contained in
[0,2), for any x € (0,1) if and only if a can be written either as

a= (ag,...,a9) oras a=(ag,a0—1...,a0—1,ap),

where ag > 0.

PROPOSITION 1.2. For an enumeration system G of the form (L2), let us as-
sume that the coefficients of the linear recurrence are given by a; = a, where
7=0,...,d—1, and a is a positive integer. Let 3 be the corresponding charac-
teristic root. Then

w(Z) = XM¢s(2))
for all cylinder sets Z.

In this paper we prove the following theorem.

THEOREM 1.3. Let G be a unique finite enumeration system with characteristic
root 3. Suppose (kj)j>1 is Hartman uniformly distributed and LP-good universal
for a specific p € [1,00]. Let (nq,...,ns) be an s-tuple of non-negative integers.
Then the sequence (¢g(k; +n1), ..., ¢a(k; + ns))j21 has a distribution function
on [0,1)%.
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REMARK 1. An explicit construction of the distribution function in Theorem 1.3
will appear via the proof.

REMARK 2. Let p denote a polynomial mapping from Z to itself. In [LN] it is
also shown that if instead of being Hartman uniformly distributed, we assume
that k; = p(i) or k; = p(p;) (i = 1,2,...), where p; is the i*" rational prime,
the distribution of the sequence (¢s(k; +n1),...,¢p(k; + ”S>)j21 also exists in
the setting of Theorem A. The distribution function is not however known to
be a copula. The proof of this result relies on harmonic analysis methods on the
group of b-adic integers. These are not available in the setting of Theorem 1.3,
and the analogous statements are open in this context.

REMARK 3. See [FMS)] for still more explicit information about the limit distri-
bution in the special case, where s = 3 and the 5 are all rational integers.

2. Proof of Theorem 1.3

A central tool of ours is the following lemma [HJLNJ.

LEMMA 2.1. Suppose (k;){2, is Hartman uniformly distributed, and LP-good
universal for p € [1,2] and that the dynamical system (X,B,u,T) is ergodic.
Then the limit {7 s(x), defined in the introduction, exists and equals fX fdu
for u almost all x.

We have the following lemma, which in the case k, = n for n € N is classi-
cal and due to J. C. Oxtoby [O]. A version of this lemma appears in [LN].
The proof of this contains a significant gap. This gap is filled in [JLN]. See Sec-
tion 4 of [JLN] for an extensive list of sequences of natural numbers, that are
both Hartman uniform distributed and LP good universal for some p € [1,00).
We say a dynamical system (X, B, u, T) is uniquely ergodic if there is no other
measure 1’ on (X, B), such that (X, B, u/, T) is also an ergodic dynamical system.

LEMMA 2.2. Suppose (kn)n>0 is Hartman uniformly distributed and L?-good
universal. Let T be a continuous map of a compact metrizable space X. The fol-
lowing statements are equivalent:

a) the transformation (X, B,T) is uniquely ergodic;

b) for each continuous function f defined on X there is a constant Cy such
that for all x € X,

N-1
. k'n. —
i Z%f(T z) = Cy;
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c) for each continuous function f defined on X there is a constant Cy such
that for all x € X we have

uniformly on X; and

d) there is a T invariant measure p on X, and whenever f is a continuous

functions on X we have
N-1

. 1 k
Jim = f(THa) = /fdu,
n=0 X
pointwise on X, i.e., for all x € X.

Proof of Theorem Using Proposition and the definition of the
Monna map, we get an isomorphism between the dynamical system (K¢, T)
and the dynamical system ([0,1),7") with 7": [0,1) — [0,1) given by

T(z) = ¢p 070 ¢5(x),

where d)zg is the inverse of ¢ from the subset of K¢ on which bijection is well
defined. The subset includes the natural numbers. In [HIT] it is proved that the
dynamical system (K¢, 7) is uniquely ergodic, and since it is also isomorphic to
([0,1),T), then ([0,1),T) is again uniquely ergodic. Following [AH] for ¢ € [0, 1)
define
V() = (T (1),...., T (1) € [0,1)°,
and
[:={~(():te[0,1)}.

The measure preserved by T" which we denote by ¢z on [0,1) is the push down
of the unique ergodic measure of the dynamical system (Kq,7) on to [0,1).
Note that ¢ induces a measure on I' by setting

v(A) =Lla({t:~(t) € A}) for ACT.

Furthermore, v induces a measure 7 on [0,1)® by embedding T" in [0, 1)® and for
every Jordan-measurable B C [0,1)® setting fi(B) = v(BNT).
We define the empirical measure of the first N points by

pn(B) = %# {0<n<N:(T"T™(0),..., T (0)) € B}.
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Then we have

lim %# {0<n<N:(T"(0),...,T"*"(0)) € B}

ngnoo KN (B) N —o0

.1 n n
:N@mﬁ#{ogngjv: (T**™1(0),...,TF*"(0)) € BNT'}

1
= lim N#{OgnSN:Tkner(O)Eprojl(BﬁF)}

N —o0

.1 k .
:ngnooﬁ#{ognSN:T "(0) € proj, (BNI)},

where proj; denotes the projection onto the first coordinate of [0,1)%
Note the fact that (T Fn (0))n>0 is asymptotically distribution with respect to u

as a consequence of Lemmas 2.1 and 2.2. Using this and the fact that ¢t — T'(t)
is bijective we have that

£3(proj, (BNT)) = w(BNT) = (B).
This 7z is the required distribution function. O

REFERENCES

[AH] AISTLEITNER, C.—HOFER, M.: On the limit distribution of consequtive
elements of the van der Corput sequence, Unif. Distrib. Theory 8 (2013),
no. 1, 89-96.

[AN] ASMAR, N. H—NAIR, R.: Certain averages on the a-adic numbers, Proc.
Amer. Math. Soc. 114 (1992) no. 1, 21-28.

[B] BRAUER, A.: On algebraic equations with all but one root in the interior of
the unit circle, Math. Nachr. 4, (1951) 250-257.

[CFS] CORNFELD, I. P—FORMIN, S. V.—SINAI, YA. G.: Ergodic Theory,
Springer-Verlag, Berlin, 1982.

[DP] DICK, J.—PILLICHSHAMMER, F.: Digital nets and Sequences, Discrepancy
and Quasi-Monte Carlo Integration, Cambridge University Press, Cambridge,
2010.

[DT] DRMOTA, M.—TICHY, R. F.: Sequences, Discrepancies and Applications.
In: Lecture Notes in Mathematics Vol. 1651, Springer-Verlag, Berlin, 1997.



[FMS]

[F'S]

[GHL]

[HILN]

[HIT]

[JLN]

[HKLP]

VAN DER CORPUT SEQUENCES, DISTRIBUTION FUNCTIONS

FIALOVA, J.—MISIK, L.—STRAUCH, O.: An asymptotic distribution func-
tion of the three-dimensional shifted van der Corput sequence, Appl. Math. 5
(2014), 2334-2359.

Published Online August 2014 in SciRes: http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2014.515227

FIALOVA, J—STRAUCH, O.: On two-dimensional sequences composed
by one-dimensional uniformly distibuted sequences, Unif. Distrib. Theory 6
(2011), no. 1, 101-125.

GRABNE, P. J—HELLEKALEK, P.—LIARDET, P.: The dynamical point
of view of low discrepancy sequences, Unif. Distrib. Theory, 7 (2012), no. 1,
11-70.

HANCL, J.—JASSOVA, A.—LERTCHOOSAKUL, P.—NAIR, R.: On the
metric theory of p-adic continued fractions, Indag. Math. (N.S.) 24 (2013),
no. 1, 42-56.

HELLEKALEK, P—NIEDERREITER, H.: Constructions of uniformly dis-
tributed sequences using the b-adic method, Unif. Distrib. Theory 6 (2011),
no. 1, 185-200.

HEWITT, E—ROSS, K. A.: Abstract Harmonic Analysis (2nd edition),
Grundlehren der Mathematishchen Wissenschaftenenm. Vol. 115. A Series
of Comprehensive Studies in Mathematics. Springer Verlag, Berlin, 1979.

HOFER, M.—IACO, M. R.—TICHY, R.: Ergodic properties of B-adic Halton
sequences Ergodic Theory Dyn. Syst. 35 (2015), no. 3, 895-909.

JASSOVA, A.—LERTCHOOSAKUL, P.—NAIR, R.: On variants of the Hal-
ton Sequence, Monat. Math. 180 (2016), no. 4, 743-764.

HOFER, R.—KRITZER, P.—LARCHER, G.—PILLICHSHAMMER, F.:
Distribution properties of generalized van der Corput-Halton sequences and
their subsequences, Int. J. Number Theory 5 (2009), no. 4, 719-746.

KUIPERS, L.—NIEDERREITER, H.: Uniform Distribution of Sequences,
John Wiley & Sons, New York 1974.

LERTCHOOSAKUL, P.—NAIR, R.: Distribution functions for subsequences
of the van der Corput sequence, Indag. Math. (N.S.) 24 (2013), no. 3, 593-601.

OXTOBY, J. C.: Ergodic sets. Bull. Amer. Math. Soc. 58 (1952), 116-136.

NAIR, R.: On asymptotic distribution of the a-adic integers, Proc. Indian
Acad. Sci. Math. Sci. 107 (1997), no. 4, 363-376.

NINOMIYA, S.: Construction a new class of low-discrepancy sequences by us-
ing the B-adic transformation., Math. Comput. Simulation 47 (1998), no. (2),
403-418.


http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2014.515227

P. LERTCHOOSAKUL— A. HADDLEY — R. NAIR — M. WEBER

[P] PARRY, W.: On B-expansions of real numbers, Acta. Math. Acad. Sci. Hun-
gar. 11 (1960), 401-416.

Received September 23, 2015 Poj Lertchoosakul

Accepted August 23, 2016 Institute of Mathematics

10

Polish Academy of Sciences
ul Sniadeckich 8
PL-00-956 Warsawa
POLAND

E-mail: pojtitee@Qimpan.pl

Alena Haddley
Radhakrishnan Nair
Mathematical Sciences
University of Liverpool
Liverpool L69 7ZL
U.K.

E-mail: ajassova@liv.ac.uk
nair@liv.ac.uk

Michel Weber

IRMA

10 Rue de Général Zimmer
67084 Strasbourg Cedex
FRANCE

E-mail: michel.weber@math.unistra.fr



