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p-ADIC VALUATION OF EXPONENTIAL SUMS
IN ONE VARIABLE ASSOCIATED TO BINOMIALS

Francis N. CASTRO — RAUL FicUEROA — Punua GUAN

ABSTRACT. In this paper we compute the p-adic valuation of exponential sums
associated to binomials F(X) = aX? + X% over F,. In particular, its p-adic
valuation is constant for a,b € IF;. As a byproduct of our results, we obtain a
lower bound for the sizes of value sets of binomials over F,.

Communicated by Arne Winterhof

1. Introduction

Exponential sums have been applied in many areas of mathematics and their
p-adic valuation is used as a tool to characterize important properties of objects
in applied mathematics. Many authors have studied the p-adic valuation of the
roots of the L-function associated to the exponential sum. This information is
encoded in the Newton polygon of the L-function ([I} 2, 5] [6] I8, 211, 23], 24]).
As the value of an exponential sum is equal to the sum of the roots of the asso-
ciated L-function, any estimate on the roots implies an estimate for the p-adic
valuation of the exponential sum. In this paper we study the p-adic valuation of
exponential sums associated to polynomials over F, when p is odd, i.e., the p-adic
valuation of the sum of the roots of the L-function associated to the exponential
sum.

In general, there are good estimates for the p-adic valuation of exponential
sums ([I, O, 14}, 15, 19]). We are interested in computing the p-adic valuation
of exponential sums associated to polynomials in one variable over the prime
field [,. This is a difficult problem in general, therefore, in this paper, we study
the p-adic valuation of exponential sums associated to binomials. The p-adic
valuation of exponential sums associated to monomials is well known; the next
simplest case is exponential sums associated to binomials.

2010 Mathematics Subject Classification: 11T23; 11T06.
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In this paper we compute the p-adic valuation of families of exponential
sums associated to binomials. In particular, the p-adic valuation is computed
for exponential sums associated to F(X) = aX% + bX% when a,b € F7, and
max{dy,ds} < +/p — 1. In the case when (d; —d3) divides (p — 1), we completely

characterize the p-adic valuation of exponential sums associated to binomials.
Let up(F) be the smallest positive integer k such that 3 g F(z)* # 0 in
F,(¢ = p¥). If u,(F) does not exist, define u,(F) = co. In [20], Wan, Shiue,
Chen established the following lower bound for the size of the value set Vg
of a polynomial F' over a finite field F,: if u,(F) < oo, then |Vp| > u,(F') + 1.
up(F') is always finite for the prime field F, (see Remark 2.3 in [20]). Recently,
Mullen, Wan, Wang generalized this result to polynomials in several vari-
ables ([I7]). We compute u,(aX® + bX9) for d; and do satisfying some nat-
ural conditions. In particular, u,(aX% + bX?) is computed explicitly when

max{dl,dz} < VP — 1.

2. Preliminaries

Given j, j; integers such that 0 < j; < p and j = >_._, jip’, we define the
p-weight of j by 0,(j) = >_i_, ji and p,(j) = [];_ ji!. From now on, we assume
that a polynomial F(X) = Zivzl a; X% is a nonconstant polynomial of degree
less than p. In this paper we consider p to be odd.

Let Q, be the p-adic field with ring of integers Z,. Let 7 denote the Te-
ichmiiller representatives of I, in Q. Denote by £ a primitive p-th root of unity

in @p. Define 6§ = 1 — ¢ and denote by vy the valuation over 6. Note that
vg(p) =p—1and vp(z) = ’;;’T(xl).
Let ¢ : E, — Q(&) be a nontrivial additive character. The exponential sum

associated to F'(X) = Zfil a; X% is defined as follows

Sp(F) =Y ¢(F(x)).
z€R,
Frequently, we denote S, (aX% + bX %) by S,(dy,d2), where ab # 0.
Note that if the p-adic valuation of the exponential sum erFp o(F(x)) is a

real number, then S,(F') will not be divisible by an arbitrary power of p and
therefore S, (F') # 0. The next theorem gives a bound for the #-adic valuation
of an exponential sum with respect to 6.

38



p-VALUATION OF EXPONENTIAL SUMS
THEOREM 2.1 ([I5]). Let F(X) = Zivzl a; X% a; # 0. If S,(F) is the expo-

nential sum
F) = Z ¢(F(x))a (1)

z€R,
then vg(Sy(F)) > pp(dy, ..., dn), where

N
pp(di, ... dy) = min ({Zji | 0 < <p}+e(p1)>,

(]17"‘7]N) i—1
for (j1,---,jn) a solution to the modular equation
d1j1+d2j2—|—-~'+deNEOHlOdp—]. (2)

and
62{ 1 if (i, dn) = (0,...,0),

0, otherwise.

Following the notation in [I5], we expand the exponential sum S, (F):

1=0  jn=0 Li=1 teT
where a;’s are the Teichmiiller representatives of the coefficients a; of F, and ¢(j;)

is defined in Lemma 23] below. Each solution (j1,---,jn) of (@) is associated
to a term T in the above sum with

N N ‘
VB(TJE,‘.‘,jN) =l (lH C(]z)] lz td1j1+"'+deN‘| lH a/.,'];i‘|>

- teT N |
~o(|TLe)] ) 0 ([z vtV [T
N _ =1
Z (i +0+0—Zyz, (4)

teT
1=1

for (j1,...,JnN) 3& (0, ...,0)(see Lemma 2.4)).
Sometimes there is not equality in the bound of Theorem 21l on the p-adic
valuation of S),(F') because it could happen that there is more than one solution

N C)

(j1,--.,Jn) providing the minimum value for Zivzl ji, for example, when the
associated terms are similar some of them could add to produce higher powers
of 0 dividing the exponential sum. In [7, 8, [10], we computed the p-adic valuation
of some exponential sums over finite fields for special polynomials. Our results
of this paper generalize and improve the results of [§].
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REMARK 2.2. In the case that there is a unique (j;,...,jn) such that
,up(dl, A ,dN) Zjl + - —|—jN, then

Vo (S(F)) =l Z Tj,..jn | = VB(]}ly-'-yjN))

dy1j1+-+dNin=0 mod p—1
sice

VG(T]177JN) > ye(levvjN)
for any (j17 s 7]N) 7& (j17' . 7jN) and (jl7' . 7]N) satisfies (m)

From now on, we call any solution (j1,---,jn) of (@) that has vy(T) =
pp(di, ..., dn) of minimum value a minimal solution. We need to use the fol-
lowing lemma together with Stickelberger’s Theorem([3]) to compute the p-adic
valuation.

LEMMA 2.3. There is a unique polynomial C(X) = Z?;é c(1)X7 € Qu(8)[X]
of degree p — 1 such that

Ct)=¢ forall t € T.
Moreover, the coefficients of C(X) satisfy

c(0)=1

(p—1elp—1)=—p
(p—1De(j) = 9(j) for 0<j<p-1, (5

where g(j) is the Gauss sum,

g(i) =D t7¢

teT*

THEOREM 2.4 (Stickelberger [16]). For0<j<p-—1,
9@epd) _
boG) = 1 mod 6. (6)

Now we state some theorems about polynomials that are going to be used in
the following sections.

THEOREM 2.5 ( [12]). The polynomial F(X) in one variable over F,(q =
is a permutation polynomial of ¥, if and only if Sy(F) = erFq ¢(F(x))
for all nontrivial additive characters ¢ of If,.

p’)
-0

REMARK 2.6. Theorem 25 implies that if S,(F) # 0 for at least one nontrivial
additive character, then F' is not a permutation polynomial of F,. Using the
result of Conway-Jones in [I1], we obtain that if S, (F") = 0 for a nontrivial
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additive character ¢ of [f,, then F' is a permutation of F,. Note this is only true
for the ground field. For example,

Z (fl)T’"(xu(o‘H)z) =0, and |Vg|=21, where o®+a®+1=0.

rERo

We extend the definition of p,(d;, ds) for field extensions of F,. Let

f1q(d1, d2) :quig o {j1+j2ldij1 +dojo=0mod g—1, ¢ = Pf}~ (7)
_J‘11<,FJ.7'2_#%

The conclusion of Theorem 21l is false for ¢ = pf > p (see [I5] for the correct
version of the theorem).
Now we state a relation between u,(F') and pg4(dy, ds).

LEMMA 2.7. With the above notation u,(EF') > pg(dy,ds). In the case that equa-
tion @) has a unique minimal solution, we have u,(F) = p,(dy,ds).

Proof. If u,(F) does not exist, then u,(F) > p4(di,d2). We assume that
up(F) < oo. We are going to prove the lemma for binomials but the proof
is similar for general polynomials. The terms of (ax® + bx92)™ are of the form
(jf?h)ajlb”xdljﬁd?j? with j1 + jo = m. We have that

Z < m. >aj1bj2xd1j1+d2jl =0 if dij1 +d2j1 #0mod q— 1.

z€F, J1sJ2

In the case dyj; + d2j1 = 0 mod ¢ — 1, we have that Zmqu al1 bz phirtdagn oL
0. Hence u,(F) has to be greater or equal than f,(dy,ds) since pgy(di, dz) is
the smallest positive integer such that (az® + bxd2)“q(d1’d2) contains terms of
x with exponent congruent to 0 mod ¢ — 1. Now we consider the case when
q = p and equation (2 has a unique minimal solution. When we expand (ax% +
bxd2)“P(d17d2) many terms of x with exponents congruent to 0 mod p — 1 could
appear and its sum could be equal to zero. In the case that equation (2)) has

a unique minimal solution, we only have one term congruent to 0 mod p — 1.

Hence, Zmer(axdl + bad2)Hr(didz) £ (. Therefore, u,(F) = pp(dy, dz). O

REMARK 2.8. The condition of a unique minimal solution of () does not
guarantee u,(F) = p,(dy1,ds) since the coefficient of 971 in the expansion of
(axth +bxd2)“q(d1’d2) could be zero. This can happen when ¢ = pf > p. For exam-
ple, we have that the modular equation 11j;4+372 = 0 mod 127 has a unique min-
imal solution (11,2). Hence j1127(11,2) = 13. We have that ) (z''+2%)" =
Y e€Fiag (2t 4 2103 4 2™ 4 2T 4 247 4 239 4 216 4 28) = 0 in Fyog since the
coefficient of the monomial z'?7 is equal to (ﬁ’) = 0 in F»g. Actually the value
of u,(F) = 29.
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3. p-adic Valuation of S,(d;,d>)

In this section we compute the p-adic valuation of Sy,(dy,ds) under some
natural conditions. In particular, we compute the divisibility of S,(d;,ds) for
max{dy,ds} < /p — 1. Also, we obtain a lower bound for the value sets of bino-
mials over finite fields.

Now we state an elementary lemma that is going to be used in the following
lemma.

LEMMA 3.1. Let di > ds be positive integers, and p — 1 = s; mod dy, where
s1 is the smallest non-negative integer satisfying the modular equation. Then
ldy = —s1 mod dy is solvable if and only if ged(dy, d2) divides p — 1.

Proof. We have that ld; = —s; mod dy is solvable if and only if ged(dy, ds)
divides —s1. But we have gcd(dy,dsz) divides —sp if and only if ged(dy,ds)
divides p — 1. ]

The next elementary lemma computes p,(di,d2) for the modular equation
dii + doj mod p — 1. We did not find a proof of the following lemma, hence we
state the lemma and include its proof. The proof of the main theorem of this
paper relies on the following elementary result.

LEMMA 3.2. Let di > do be positive integers, ged(dy,ds) divides p — 1 and
p — 1 = sy mod dy, where sy is the smallest non-negative integer satisfying the
modular equation. Let 1 be a non-negative integer satisfying

ll = mm{l ‘ ldl = —S1 mod d2} (8)
If l1 satisfies
p—1 p—1
I < d dy—dy < 9
1> { d1 J an 1 2 > dl ) ( )
then the modular equation
dii+dyj=0modp—1 (10)
has a unique minimal solution given by (i1, j1) = (Lpd_llj -1, %). Further-
more, fip(di,ds) = min{i+ j|dii +daj = 0mod p—1,(3,5) # (0,0)} =41 + j1,
where
-1 l1d
7;1 = b — ll and j1 = w (11)
dl d2
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Proof. The assumption that ged(dy, d2) divides p—1 and LemmaB Il guarantee
that [, exists, so

li = min{l : ldy +s; =0modds}

1
_ min{l:ld1+(p1{pd Jd1>:0modd2}
1
1
_ min{l:p1+d1(Lpd Jl):Omoddz},
1

where the minimizations are over nonnegative integers. We can set

i = {p—lJ Iy, jp = belhd p=l=di|(p=D)/di|+dils _ si+dily

dy - do ds - do ’

so as to have dii; + doj1 = p — 1. We note that [; < ds since it is the least
nonnegative integer satisfying a congruence modulo ds, and s; < d; for similar
reason. Thus

71 < dl(ll + 1)/d2 and so j1 < di. (12)

We shall show that (z,y) = (i1, 71) is the unique minimizer of 2+ y among pairs
of nonnegative integers satisfying the congruence dix + doy = 0 mod p — 1. So
suppose we have a nonnegative pair (i, ) with dyi 4+ doj = T(p — 1) for some
integer T > 1 and suppose that i + j < i3 + j1. We shall show that in fact
(%.7) = (ilajl)'

We note that dy (Ti1) +da(Tj1) = T(p—1), and any other i, j with dyi+daj =
T'(p—1) must be of the form ¢ = Ty + (udz/g) and j = T'j1 — (ud; /g), for some
integer u, where g = ged(dy, ds). So we write our pair (4,7) in this way. Then

0<iy+j1—(i4+7)=—(T—1)(ir +j1) + (u(dr — d2)/g),
and thus (7" — 1)(i1 + j1) < u(dy — d2)/g. On the other hand, the fact that j is
nonnegative forces (u/g) < Tj1/d;. Combining these, we obtain
(T'=1)(ix +j1) < Tjr(dy — dz)/dh,
which means that T'dyiy + T'daji < dy(i1 + j1), that is, T(p — 1) < dy(i1 + j1),
or equivalently
T(p—1) <diin +doji + (di —d2)j1 =p — 1+ (di — da)j1,

so that (T—1)(p—1) < (dy —d2)j1. Now we know that dy —ds < (p—1)/d; from
our given assumptions and j; < dy by ([I2), so we have (T — 1)(p—1) <p —1,
which forces T' = 1.

Thus i = i1+ (uds/g) and j = j1 — (udy/g) and dyi+doj = dyiy +daji = p—1
and i+ 7 = i1+ j1 — (u(dy — d3)/g). Since we have assumed that i + j < iy + j1,
this forces u > 0. So then ¢ > i1 and we can set | = |(p—1)/d;| — 4, which is less
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than or equal to [y = | (p—1)/d1| —i1. Furthermore, since dyi < dyi+daj = p—1,
we know that ¢ < [(p —1)/d1]. So [ is nonnegative. Furthermore

1
p—l—%(Vd y4>:p—1—¢h:@j=0mﬂ®
1

Thus by the minimality of /;, we have [ = [;, which means ¢ = ¢;. This implies
u =0 and so j = ji. O

REMARK 3.3. Lemmal3.2]can be modified to be applied when ged(dy, ds) t p—1.

Let g= ged(dy,da)

Ted(dydep—T)- Then equation () is equivalent to

d d
<J>i+(ﬁ>j:0mmp1
g g

Note that gcd(%, %2) | (p—1). Hence p,(di,ds) = ,up(d?l, %).

Now, we state the main result of this section.

THEOREM 3.4. With the same notation and assumptions as in LemmalT3, we
have

(1) vo(Sp(di,d2)) = {%J + M

2
— 11 (d1—d
(2) P> Vaxanpoxen| 2 | B | 4+ 2l 4 g,

Proof. Now we prove the first part of the theorem. Combining Remark [Z.2] and
the uniqueness of Lemma [3.2] we obtain that the p-adic valuation:

Vo (Sp(di,d2)) = pp(di, do).

Also Lemma B2 implies that j,(dq, d2) = L%J + %‘il_d”. The second part
of the theorem follows substituting

p—1 s1 4 11(dy — da)
di,ds) =
Vp( 1, 2) \‘ dl J+ d2
in Lemma 27 and applying the result of Wan, Shiue, Chen [20]. O

Those conditions of the Theorem [B.4] seem artificial but will lead to the cal-
culation of p-adic valuation of exponential sums under natural conditions.

In the following corollary we impose conditions on d; and dy such that we
can apply Theorem 341

COROLLARY 3.5. Ifd; < +/p—1 and ged(ds,d1) =1, then

-1 s1+li(dy —d
V@(Sp(dhdz)) = {pdl J + 2 15121 2)
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and

1(dy — da)

1.
ds *

-1 s1+1
P> Voxappxaz| > {pdl J+ -

Proof. The condition d; < /p— 1 implies that I; < |2~ ] and dy —dp < 2+
If ged(dsa,dy) = 1, then there exists I3 in Lemma Hence applying Lemma
we obtain desired result. O

EXAMPLE 3.6. Let p = 619, dy = 27, do = 23. The conditions of Theorem [34]
are satisfied since L618J =22, 51 =24,j1 =24,1; =17 and 17 < 22,22 > 4 =
27 — 23. In this case, we have that 1/9(8619(27 23)) =22 —-17+ 21 = 26 and
|Vxerypxes| > 27. Corollary 2.5 in [20] implies that |Vxer px2s| > 24.

REMARK 3.7. Theorem B4 can be modified to compute the p-adic valuation
when ged(dy, da) 1 p — 1 using Remark B3]

ExAMPLE 3.8. We want to compute the p-adic valuation of the exponential sum
Se7(35,5) for p = 67. Note that 51 66. Using Remark B3] the modular equation
associated to Sg7(35,5) is 7i + j mod 66. Now applying Lemma B2 we obtain
that V@(S@7(35, 5)) =12.

Now, we apply Lemma[3.2] to give a lower bound to the value sets of binomials
over F,.

THEOREM 3.9. With the same notation and assumptions as in Lemma 33, we

have . L(ds — dy)
q— s1+ l1(d1 — d2

1

dy J+ do T

Voo saxes] 2 up(F) +1> |
whenever u,(F) < oo.

Proof. Lemmal[3.2lis true substituting p—1 by ¢—1. Hence u, (F) > v,(d1,d2) =

| o= J + m by Lemma 271 Applying the result of Wan, Shiue,
. - Iy (di—d

Chen ([200), we obtain [V, ya, ypxas | > up(F)+1 > | L2 [ othlhizd) 1 0

ExAMPLE 3.10. Consider the polynomial F(X) = X! + aX over Fa5. Using
Theorem B9, we have that |Vp| > 18.

REMARK 3.11. In [5], Blache, Férard, Zhu state the following conjecture:
Let € > 0 and F(X) be a polynomial of degree d over the rational numbers.
If v, (S, (F(X)) > % + € for infinitely many primes p, then F(X) = P(Dy(z,c))
for some polynomial P(X) over the rational numbers and a global Dickson poly-
nomial D,, of degree n > 0. Corollary implies

vo (Sp(aX ¥ +bX %)) 1

I S
P00 b1 4y
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whenever ged(dy,dz) = 1. For the case when ged(ds,d;) > 1, we need to use
Remarks and 371

REMARK 3.12. In [I3], Katz used p-adic divisibility to obtain restrictions on
families of exponential sums with three values.

Now we state a conjecture.

CONJECTURE. Let s = ged(d; — do,p — 1). If s < /p—1, then the modular
equation (I0) has a unique minimal solution.

The following Corollary follows from Theorem [B4] for dy = 2.

COROLLARY 3.13. Let di > 1 be a positive integer and p — 1 = L%Jdl + 51
with 0 < s1 < dj.
(1) If s1 is even and % >1 di — 2, then vy(S,(d1,2)) = chl_llJ + %, and
P> [Voxdypxz| > Lpd;lJ + 3+ 1
(2) If dysy is odd and % > dy — 2, then

-1 s1+d
(Sy(,2) = | B | -1 25,
1
and ) J
p— s$1+dy
P> |Voxappxz| > { d J + 5
1
Proof. The corollary follows considering all the congruent classes modulo ds =2
and noting that /; < 1 in the case of dy = 2. O

Now we are going to improve Theorem [3.4] when

-1
dy | s1 and p—lz{pd

Jd1+81, 0<s; <dy—1.
1

THEOREM 3.14. Let di > 2 be a positive integer. Let
F(X)=aX" +bX%(ab#0) be a polynomial over T,

and

-1
pl:V?d—Jd1+Sl’ where  0< s <d; — 1.
1

a. If s1 < Lpd—_llj, then

-1
v (Sp(X ™ +bX)) = {p(h J T 51
in particular, p > Vp > {pd_

1
J+81 + 1.
1
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b. Ifds | 51 and (p—1) > (dy — d2)?, then

Ve (Sp(X 4 4 bX%)) = Lp 1J L0

dy dy’
-1
i particular, p > Vp > b + o1 + 1.
dq do
Proof. If dy | p— 1, then vy (S (Xd1 + aX)) _1 . From now on, suppose

that dy f (p—1). We have p—1 = d; | £ J + 51 and dlzl +j1 = c(p—1) for some
integer ¢ > 1. Suppose that i1 + j; < L J + s1. We have that

—1
d111+]1+(d1—1)j1<d1{ ] J+S1+(d1—1)81<:>
1

(e~ Dlp =1+ (@ = 1 < (dy — Dy < (01 - 1) | 2

1

<p-—1
This is a contradiction, part a holds.

Now we are going to prove part b. If dy | (p — 1), then the theorem holds.
From now on, we assume that d; J( (p — 1). Suppose that iy + j; < L%J +
where dyiy + daji = c(p — 1), [ B~ Jd1 +d2(3) = p— 1 for ¢ > 1. This implies
that

dq

The last inequality can be written as follows:

. . -1 s
dii1 —l—dgjl + (dl — dg)jl <d; Lp J —+ 51 + (d1 — d2) <—1> .

C(p*1)+(d1*d2)j1 2p71+(d1 dz) <~

d2
(c=Dpp-1)< <d_2 —]1> (dy —dg). (13)
Therefore Z& > ji. We have iy > [ 2= J since i1 > (¢ — 1)(&- ) Then
) , 1 s
c(p—1) = (di — dz)ir +da(iz + j1) < (di — da)iz + dp QTJ + d_;>

= (dy —da)iy + (p—1) — (d1 — d2) ng—llJ ,

po1=e-0E- <l -do) (i~ [P ) < @ - (5 -)

< (d1 — d2)2, for J1 > L.
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This is a contradiction, i.e., (p — 1) < (dy — do)?. If j; = 0, then
s
G-Vl D=1 = - (). (14)
2
We have two cases:

e if 5y = do, then (p — 1) < (dy — d2) < (dy — d2)?. This is a contradiction
since dy —ds < p—1.

° if1<d2<81,then
dy+1<dy —d3—1<dyds—dy
—dy — 1 < dydy — d3

dy — 1
! < dj —ds
2
S1 dlfl
— < dy —d
TS Ta, ShT®

S
— (dl — dg)d—l < (d1 — d2)2
2
S1 2
%(p—l)g(dl—dz)d: <(d1*d2) .

This is a contradiction. If de = 1, then (4] gives the desired contradiction. [J
4. Divisibility of S,(aX® + bX%) when (d; — dy) | (p — 1)

In this section, we estimate the p-adic valuation of exponential sums of type
Sp(dq,ds), where dq —ds divides p—1. This result is an improvement to the results
of Section 3 when d; — do divides p — 1. In particular, we compute the p-adic
valuation of S,(di,d2) when % and dl(d%ldﬂ

We apply our calculation of p,(dq,ds) to the value sets of these binomials.

satisfy certain conditions.

Our results of this section allow us to determine families of polynomials that
do not permute F,. In particular, we obtain that if d; — 1 divides p — 1 and
F(X) = X% 4 bX permutes F,, then d; > /2(p — 1). This is an improvement
to the known results in this special case(see [4]).

LEMMA 4.1. Let dy > ds be positive integers satisfying ged(dy,d2) = 1 and

(di—d2) | (p—1). Letv = (p—1)/(dy —dz). Let ng > 1 be the smallest integer

for which there exists an integer ¢ > 0 such that
Tlodz Tlodl

<c<
174 174

(15)
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Then for the modular equation dii + d2j = 0 mod p — 1, we have that:

(1) for each ¢ > 0 satisfying [IH), the pair (i,j) with i = cv — nods,
j =nody — cv, is a solution of the modular equation and the sum i+ j =
no(dy — dz) is the minimal sum.

(2) If dy > v and do/v < |di/v| — 1, then the modular equation has more
than one solution with minimal sum.

(3) Ifdi <wv orifdy >v and dy/v > |di/v]| — 1, then there is a unique pair
satisfying the modular equation with minimal sum.

Proof. Let (i,) be any solution of the modular equation dyi+ dsj=0mod p—1,
with 4,5 > 0, (i,§) # (0,0). Let S =i+ j and d = dy — da. Then (S — j)d1 +
jdy = (p — 1) = ddv, for some integer ¢/ > 0. From here, Sdy = (v + j)d
and S = ((cv + j)/d1)d with (v + j)/d; an integer, since ged(dy,d) = 1.
Likewise S = ((¢'v —1i)/d2)d. Let ng and c as in the statement of this lemma.
Let i = cv — node and j' = ngdy — cv. Then ¢/ > 0, j/ > 0 and ¢/ # 0 or
j" # 0 since dy # ds. Clearly (', j') is a solution of the modular equation and
i 4+ j = npd is the minimal sum.

For the second point, assume d; > v. Let dy = qv + r with ¢, r integers and
0<r<wv.Whendy/v<qg—1,wehaved;/v>q>q—1>ds/vsony=1and
¢ =qand ¢ = g — 1 satisfy equation (IH).

For the third point, assume d; < v. If d; = v, then d1/v =1 > dy/v, so
¢ =1 and ng = 1. When d; < v, we have that v = qdy + r, with ¢, r integers,
0 <r < dy, and (¢ + 1)dy < 2v. If (¢ + 1)dy < v, then (¢ + 1)d2/v <
1 < (¢g+1)di/v sony=q+1 and there is a unique ¢ = 1.

In the case that (¢ + 1)dy > v, we have 1 < (¢ + 1)do/v < (¢+ 1)d1 /v < 2.
Let m be the minimal positive integer for which there exists an integer f
such that f < mds/v < mdy/v < f+ 1 and (m + 1)d2/v and (m + 1)d; /v
do not belong to the same open interval (g,¢g + 1) for all integer g > 0.
Since f < (m + 1)dz/v < (m + 1)di/v = mdy/v + di/v < f+ 2 and the
assumption on m, we have that f+1 = (m+1)dy/vor f+1 = (m+1)d;/v or
(m+1)dy/v < f+1 < (m+1)dy/v. In any of these cases ng = m+ 1 and only
c = [+ 1 satisfies (I5).

Assume now dy > v and dy/v > g — 1, where ¢ = |d;/v]. In the case that
di/v > q > da/v > q — 1, we have that nyp = 1 and ¢ = ¢ is the unique
integer satisfying (IH)). The same occurs when dy/v = ¢ (so dy /v > q = da/V).
For the other case g+1 > dy /v > da /v > g, let m be the minimal positive integer
for which there exists an integer f such that f < mds/v < mdi/v < f+1
and (m + 1)dy /v and (m + 1)d2/v do not belong to the same open interval
(9,9 + 1) for all integer g > 0. Then (m + 1)dz/v = mdy/v + da/v > f + q and
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(m+1)dy/v < f+ 1+ g+ 1 and by the assumption on m, we have ng = m + 1
and ¢ = f + ¢+ 1 is the unique integer that satisfies (5. O

REMARK 4.2. Lemma [£] can be modified to compute p,(d1,d2) = no(di — dz)
when ged(dy,d2) > 1 and (dy — ds) | (p — 1). If ged(dy,d2) = g > 1, then we
need to apply Lemma ] to the modular equation

p—1

it dyj=0mod —2_~
e ged(g,p— 1)

where dy = gd} and dy = gd,.

Now we state the main result of this section that follows immediately from
Lemma .11

THEOREM 4.3. With the same notation and assumptions as in Lemma [[.1], we
have:

(1) vo(Sp(F)) > no(di — dz2) and |Vp| > no(dy — dz) + 1.
(2) If dy < v orifdy >v and ds/v > |di/v| — 1, then:
] I/@(Sp<F)) = no(d1 - dg)
e [ is not a permutation polynomial of I,.

Now we apply Theorem to families of polynomials.

EXAMPLE 4.4. Various examples:

o Let F(X) = X% 4+bX"' be a polynomial over Fyg. In this case d; —dy = 34
and v = 27. Applying Theorem 3] equation (I0) has a unique minimal
solution. Hence, vy(Sg19(F)) = 34 and p > Vp > 35. Note that Theorem
1.7 in [4] does not give any information since 1122 = 34 x 33 > 918.

e Let F(X) = XP~2+bXP73 be a polynomial over F,. In this case d; —ds = 1
and v = p — 1. Theorem implies that v2(S(p — 2,p — 3)) = % and
|VE| = p%l. Using the Cauchy-Davenport Theorem, we obtain that any
a € [, can be written as follows: 2P~ 2+yP~24a(2P~34yP~3) = a. We have
that the Waring number of F' is 2 since F' is not a permutation polynomial
of E, ([22]).

e Let F(X) = XP~3+bXP~* be a polynomial over F,. In this case d; —ds = 1

and
1

S
|

p=1mod 3,
ng =

IS
w4+ w
—

p=2mod 3.
Theorem [£.3] implies that
-0 3—0
vo(S(p—3,p—4)) = pT and |Vp| > ]HT’ where § € {—1,1}.
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The following corollary is an improvement to Corollary 2.5 of [4] whenever
(dy — 1) divides (p — 1).

COROLLARY 4.5. Let F(X) = aX% + bX be a binomial over E,, so dy = 1,
where ab # 0. Suppose dy is an integer satisfying di > 2 and (dy — 1) divides
(p—1). Letv=(p—1)/(d1 — 1) = [ F]di + 51,0 < 81 < dy. Then

(1) vo(Sp(F)) = (LﬁJ +1)(d1 — 1), whenever di < \/2(p —1).

(2) p>|VFr| > (L%J +1)(dy — 1) + 1, whenever di < \/2(p —1).
(3) If F(X) permutes ,, then di > /2(p — 1).

Proof. The proof of Corollary follows from Theorem F3] considering the
cases v > d; and v < dj. Note that the hypothesis d; < /2(p — 1) of the
corollary implies that d; < 2v. (]

REMARK 4.6. The modular equation associated to the polynomial F(X) =
aX% + bX defined in Corollary has a unique minimal solution. This is not
true for d; — 1 < /2(p—1). Taking p = 67 and d; = 12, we have that the
modular equation 12i + j = 0 mod 66 has two minimal solutions: (5,6), (11,0).

Note that 12 —1 =11 < y/2(p— 1) = V132 =~ 11.49.

EXAMPLE 4.7. Let F(X) = X' + bX be a polynomial over Fyo7. In this case
/2(126) ~ 15.87. Corollary .5l implies v(S127(F)) = 14 and F is not a permu-
tation polynomial of [Fja7.
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