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Dedicated to the memory of Professor Pierre Liardet.

ABSTRACT. The paper gives conditions for a sequence of fractional parts of real
numbers ({anx})zozl to satisfy a pair correlation estimate. Here z is a fixed non-
zero real number and (@, )2, is a random walk on the integers.

Communicated by Oto Strauch

Let X be a Z-valued function defined on the probability space (€2, 3, P) with
characteristic function ¢(&) = E(e"¥()¢) and let x = {X,, : n > 1} be a sequence
of independent copies of X. For a positive integer n > 0 let a,, = X7 +---+ X,
and let ap = 0. The sequence of integers (a,)n>1 is the random walk which
we assume to satisfy |¢(t) — 1| > C|t|, some C' > 0. This last property fol-
lows, for instance, if the random walk and its absolute value have finite non-zero
mean [Sp|, p. 62]. In [W1] the condition |¢(t) —1| > C|t| is said to follow from the
assumption that the random is aperiodic and transient—a claim the authors was
unable to verify. This is then used to deduce a discrepancy estimate
for the sequence (Xn(x)):ozl. This is so, for instance (as a consequence of the
law of large numbers) if E|X| < oo and EX # 0 or if X is centred and %%

converges in distribution to F,, a stable law of index a € (0,1). This second
class of examples can be deduced using a local limit theorem of Stone [St].
For a real number x let X,,(x) = a,x. For an interval I let x;(z) denote the
characteristic function of the set I This means that we have

xr(x)=1 if z€l and x;(z) =0 otherwise.
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For a real number y let {y} denote its fractional part. Set

Ww(l(@) = > xi({Xa(z) = Xm(2)})

1<n<m<N
and then define
N(N -1
Apn(z) =sup |Vn(I) — Qleb([) )
ICT 2

where the supremum is over all intervals I in the one dimensional torus T.
Let ||z|| = mingez | — n| = min({z}, {1 — x}). Let n be a positive real number
or infinity. The irrational number x is said to be of type n if 1 is the supremum
of all v for which liminf, . ¢”||gz|| = 0. Using Dirichlet’s theorem on diophan-
tine approximation we can deduce for all irrational = that lim inf,_, ., ¢”||gz|| =0
so 7 > 1. On the other hand, the Thue-Siegel-Roth theorem tells us that for
every irrational algebraic x and every € > 0 there exists a constant ¢(x,e) > 0
such that ’

c(x, €
L= _’ = ;2—}-6)
holds for all coprime integers ¢ > 0 and p, so that algebraic n must be of type 1.
Liouville numbers can easily be used to show constructively that there exist real
numbers that of type strictly greater than 1.
Our theorem is the following.

THEOREM. Suppose (Xn(x))zo: 1 as described above that x has type n > 1.

Then given € > 0,

1

An(z) = 0(N2_%+6)
for P almost all w € Q.

Let Dy(xz) denote the N-term discrepancy of the sequence (X, (z)), .-

See p 88| for the definition. M. Weber [W2, p 411] has given an esti-
mate for almost everywhere behaviour of Dy (z) as N tends to infinity in terms
of the type of x and the properties of the the function ¢. The formulation is
however somewhat involved and forgone here. Results like our theorem, where
(an)22, is fixed and deterministic and z is random are now known. See [NP]
for details and further background.

We proceed by a series of lemmas. For real = let e(x) = €™ and let
N
On(h) = e(hanz) (N =1,2,---).
n=1

We need the following lemma taken for [W1J.
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LeEMMA 1. For integers N > R > 1 one has

E|0n (m) — O (m)[2 < min (%, N- R) .

Let (Y3){2, be a sequence of measurable functions defined on a measure
space €2 and then write

S; = ZYt, for j=1,2,---

1<t< j
We can define
Y, s = ZYt Ss —S,), forr<s,

r<t<s
and let

M, = sup |5;].
1<j<n
We have the following elementary lemma proved in [NPJ.
LEMMA 2. For K > 1,

K+12°—1

/M22K (W) dw < (K +1) Z Z/ Y, p0c1) i, ()20 40— ?(w) dw
i=1 v=1
Thus if K =1,2,---
K+12-1
E|1£2>2(K 0;(m) (; Vz:l El0,o0c41)-i(m) — 9(u+1)2<K+1>1‘(m)|2>
K+1 2’—1 7 (K +1)—i
“”(; 2 o mx)—u))

K+1 72(K+1) i

<( 20

= (1_1 [6(ma) — 1|>>

9(K+1)
<30+ 0y )

Thus, using the Erdds-Turan inequality [KN| p 112-4], we can show that
for L > 1, there exists C' > 0,
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22(K+1 L
E| max Aj(z)] <C +) - <2K+1+E max |9j(h)|2>

1<j<2K P 1<j<2K
92(K+1) L 4 9(K+1)
; e T (2 ))
( Zh( "B -1
(1)

Let A : Ry — R, be a non-decreasing and such that for any m € N,

- 1
— < A(L).
2 Woh) 1
Then the left hand side of (1)
92(K+1))
< | = +(log L)2E+D L A(L)(K +1)2E+FD ) (2)

Here, of course, < denotes Vinogradov order notation. Recall that there exists

C >0 such that [1—¢(t)] > C|t|.
Since

¢(hx) = p({hx}),

L 1 G|
2w 1~ © (; h||hx||> |

If x is irrational of type n > 1 [KN| p. 123, Lemma 3.3] for any € > 0, then

2

In consequence, we can choose A(L) = L"~17¢ the right hand side of () is

we therefore have

Ln 1+e> )

92(K+1)
<

+ (log L2+ 4 A(L)(K 4 1)22E+D (3)
Choosing L essentially optimally 2% ~ LA(L) = L""¢ the right hand side of (@) is

< 2(K+1)(2—%+e)(K +1)2. (4)
Now we will complete the proof of our Theorem .
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Proof of Theorem . Given €,¢9 > 0, we define
Eeey ={we: Ax(w,z) > N2_%+€(log N)3*€ for infinitely many N}.

We now proceed to show the P measure of E ., is zero. If we denote

€0

A = {w eN: max Ay (w,z) > 2K(2_;+6)K3+60} for each K > 1,

2K -1<m< 2K
then one easily sees that

E€€

»€0

- Ak.

Y
TC s

ﬁ
Il
A

r

Using (@) we can bound

E ’maXQKA <m<2K Am (x) |

P(Ag) <
Ar) < = K1+ gore

C2K(2—%+6)K2
T K3tk (2—j+e)

< CK~(F<0)  for sufficiently large C' > 0.

In particular, now we can observe that

D P(Ag) < > K 0F0) < foo,
K=1 K=1

It follows from the Borel-Cantelli lemma that P(E, ) = 0. g
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