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In connection with the rapid development of commerce of unmanned aerial vehicles (UAV), the optimality of their use 

with UAV companies (UAVCo) is becoming increasingly important. The basis of such companies are mobile units (mobile units 
(MU)), which include UAV, means of their delivery to the place of rendering services and maintenance personnel. A problem of 
determining the optimal level of orders for the use of MU with UAVCo has been formulated and solved. The task is formulated as 
an overbooking task. The process under investigation is described as a discrete-time Markov chain corresponding to 24 hours. Based 
on a fixed number of MU and a fixed overbooking level, distributions for the number of orders on hand, the number of unfulfilled 
customs, and the average income with an MU usage fee and penalties for unfulfilled orders factored in have been calculated. The 
solution method has been tested on a particular model. For calculation used language and computer environment MathCAD. 
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1. Introduction 

The improvement of regulations on the use of unmanned aerial vehicles (UAV) in the commercial 
sphere contributes to their increased use in different sectors of the economy, such as infrastructure, 
agriculture, transportation, insurance, mass media and entertainment, the mining industry, etc. (Federal 
Aviation Administration, 2016; Carey London Limited, 2016; Dronelife, 2015; DroneDeploy, 2016). The 
global market for services provided by UAV companies (UAVCo) is growing rapidly. It exceeded $130 
billion in 2016, with more than half of this market (61%) accounted for by infrastructure ($45.2 billion) 
and agriculture ($32.4 billion). 

We will consider UAVCo to be commercial if they: 
- provide their services for a fee; 
- work on an ongoing basis; 
- have all the necessary permits from aviation and other types of authorities for performing their 

activities; 
- employ certified pilots / operators. 
UAVCo provide a variety of services connected with aerial photography, as well as detecting and 

tracking objects, processes, and events. 
The main resource of UAVCo is mobile units (MU) that are either located in one particular area or 

distributed over a number of areas, fulfilling orders placed in their regions. An MU consists of a UAV, a 
vehicle (usually a specially equipped car) for the delivery of the UAV to the location of the service 
provision, a drone operator and an assistant (one of them is also the driver of the vehicle). UAVCo 
resources are reserved with the help of information systems (IS), the way it is done in the field of air 
transport. However, the structure of UAVCo IS, unlike that of computer reservation systems (CRS) used 
by airlines, lacks optimization products that could make it possible to implement strategies such as 
Revenue Management. It is known that the use of these products provides an increase of 3-7 percent in 
the incomes of traditional airlines, resulting in tens of billions of dollars of additional revenue per year 
(Cross, 1997; Kaul, 2009; Smith et al., 1992; Rebezova et al., 2012). 

One of the methods of the Revenue Management strategy is overbooking (Netessine and Shumsky, 
2002; Rothstein, 1971). Overbooking is an effective means of increasing revenues of airlines and other 
companies providing services (Netessine and Shumsky, 2002; Rothstein, 1971). Overbooking is a 
marketing policy where, in order to generate additional income, reservations are taken beyond the 
capacity for accommodation.  
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The aim of this study is to develop a stochastic model for optimizing the management of UAVCo 
revenues based on the overbooking method. In order to achieve this goal, we have identified the features 
of the overbooking of UAVCo resources, set up a corresponding optimization problem, chosen the 
solution method, and validated the model using a number of examples. 

The overbooking method began to be used in air transport and other services in the 1950s. At that 
time, up to 10 percent of passengers who bought airline tickets for flights did not arrive for boarding and 
later asked for a refund on their tickets. Thus, airlines carried empty seats instead of passengers, regularly 
experiencing huge losses. The use of the overbooking method allowed airlines quite reasonably to sell 
more tickets than there were places on the flight on the calculation that some passengers would not arrive 
for the flight and return their tickets. However, there was a risk that the number of passengers arriving for 
the flight would be bigger than the number of seats. In this situation, the airline is forced to compensate 
the customer for the inconvenience caused according to corporate rules (sending the passenger with the 
next flight offering a higher class of service, providing the passenger with food and accommodation, 
providing financial compensation, etc.). Thus, the effectiveness of overbooking models is determined by 
the difference between the gain from the sale of non-existing seats and the losses from the inability of the 
airline to fulfil its obligations on a particular flight if it is overbooked. 

The simplest overbooking models are based on the use of statistical information from the airline’s 
CRS about the distribution (usually normal) of the number of passengers who did not arrive but had 
guaranteed (i.e. paid) reservations to the number of flights (Netessine and Shumsky, 2002; Rothstein, 
1971; Littlewood, 1972). 

As a rule, more complex overbooking models used both as part of separate Revenue Management 
products in such as Amadeus, Galileo, Sabre, and as part of other systems (Phillips, 2005; Belobaba, 
2006): 

- use the mathematical methods of probability theory and dynamic programming to predict flight 
load, providing details on booking codes, flights and dates, taking into account interline agreements with 
other airlines; 

- calculate revenue load for the near future and a more distant future, taking into account market 
conditions. 

However, products that use these models cannot be applied to overbooking UAVCo resources, as 
they are, firstly, excessive in the number of types of overbooking resources (in UAVCo all resources are 
of the same type), secondly, they are quite expensive (hundreds of thousands of dollars) and, thirdly, 
calculations can be time-consuming. 

The present study develops a model (Sulima, 2012) based on the use of the theory of Markov 
chains, which optimizes overbooking of only one type of resource (i.e. seats of one booking class, which 
is suitable for overbooking UAVCo resources of the same type) and differs from the previously 
mentioned models in that overbooking as a method is used long before the flight departure if all the seats 
have already been sold. The development of the model (Sulima, 2012) consists in including such factors 
as force-majeure events (weather conditions and other conditions that make it impossible to use UAV, 
penalties paid to customers for cancelling orders on the day of their fulfilment). 

2. Model Formulation and Solution 

In order to solve the task of model development, we will use the following notation: 
n – the number of MU at the company’s disposal; 
λ(t) – the average number of orders on the day which is t days prior to their fulfilment (in fact, this 

number has a given integer distribution); 
q and q0 – probabilities of an order being withdrawn on the day before its fulfilment and on the 

day of its fulfilment, respectively (the events are mutually independent for different orders and do not 
depend on time); 

a – income for each MU used during daylight hours; 
b – a penalty paid by the client for cancelling the order on the day of its fulfilment or in case of 

non-fulfilment of the contractual terms for the preparation of the facility for service provision (order 
cancellation in advance, i.e. more than one day before its fulfilment, is not penalized); 

d – losses from compensation to the client for an unfulfilled order as a result of applying the 
overbooking strategy; 

f – a probability that a force majeure event may occur on the day when the order was to be 
fulfilled. 

A stochastic model of resources overbooking will be determined in two steps: 
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1) finding the distribution of orders fulfilled (W) and the distribution of orders cancelled (U) on 
the day of their fulfilment; 

2) finding the maximum number of orders accepted (r(k)) for each day that is k days prior to order 
fulfilment in order to maximize the average income. 

A few days (k) prior to the day of service provision, the total number of orders received is m, so 
the number of additional orders is r = min {m – n, 0}. We would like to find the probability that i MU 
will be busy on the day of service provision. 

The total number of all orders coming on a certain day is a random variable N having a Poisson 
distribution with parameter Λ. This means that the average number of orders per day is Λ. The share of 
orders placed k days before their fulfilment is φ(k). Function φ(k) can be calculated based on the statistical 
data on the number of days that it takes to fulfil orders. As a result, the input flow of orders on the day 
analysed is nonstationary, with the intensity of λ(k) = Λφ(k) for the day which is k days prior to order 
fulfilment. The corresponding distribution will be approximated by a Poisson law with parameter λ (k). 

Let X(k) denote the number of orders that the company has on the day which is k days prior to their 
fulfilment, and )(kpi be the corresponding probability: )(})({ kpikXP i . Then Х(0) is the number 

of orders at the moment of their fulfilment. If i > n, then several orders (L = i – n) will not be fulfilled. 
In order to calculate the probabilities )(kpi

, we will connect the distributions of random 

variables X(k) and X(k + 1) for two consecutive days. It is clear that the distribution of X(k) depends only 
on the value of X(k + 1) rather than on the whole chain of Х(τ), Х(τ - 1),  …, Х(k + 1), where τ is the 
maximum amount of time before the fulfilment of an order. The sequence of Х(τ), Х(τ - 1), …, Х(k + 1) is 
therefore a Markov chain (Kijima, 1997). Thus, we need to find the conditional probabilities of transition 

  per step (i.e. day)  .)1()( jkXikXP  . 

If Х(k) = j, then the number of remaining orders at the end of day Z has a binomial distribution 
with parameters j and 1 - q. Consequently, 
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The number of new orders on day Y has a Poisson distribution with parameter λ(k): 
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The sum of these values gives the total number of orders: 
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If the number of orders is greater than n + r(k), no additional orders are accepted. 
Consequently, the number of orders at the beginning of the next day has the following conditional 

distribution for k = τ – 1,…,0, i ≤ n + r(k): 
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Here Х(τ) has a specified value. 
For k = τ – 1,…, 0, the unconditional distribution can be described as: 
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Equation (4) allows us to find the distribution of the number of orders on any day before their 
fulfilment. Calculations should start from the most remote day τ, for which the number of available orders 
(iτ) is known: 

  1)(   iXP . (5) 

Next, we should do calculations for each consecutive day moving closer to the departure day. The 
end point is the day of order fulfilment, for which k = 0. The number of orders at the beginning of this day 
is Х (0). 

Now we should take orders cancelled on the final day into consideration. With j initial orders, the 
number of one remaining after cancellations has a binomial distribution with parameters j and q0: 
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The unconditional distribution of X orders at the moment of their fulfilment can be described as: 
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The final distribution of the number of orders fulfilled (W) is obtained from the following 
expressions: 
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The distribution of the number of orders cancelled on the day of their fulfilment (U) is obtained 
from the following expression: 
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3. Formulation of the Optimization Criterion 

Let us consider the following groups of orders on a particular day: 
1) All orders at the beginning of the final day. The corresponding distribution of their number 

(Х(0)) can be obtained from equations (1) – (4). 
2) Orders remaining after cancellations of orders in the final day. The distribution of this random 

variable ( )( kp i ) can be obtained from equations (6) and (7). The number of orders cancelled on the 

final day is Х(0)-Х.  
3) Orders fulfilled per day (W). The corresponding distribution can be obtained from expression (8). 
4) Orders unfulfilled. The distribution of this random variable (U) can be obtained from expression (9). 
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The average values of the random variables mentioned above can be obtained from the following 
equations: 
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The average income (C), as an optimization criterion, is calculated as follows: 

  .)()()0(()(max UdEXEXEbWaEC   (11) 

Now the task is to specify the maximum number of orders r(k) for each k days prior to their 
fulfilment, that would maximize the average income (11). 

4. Computational Aspects and a Numerical Example 

The question of overbooking arises when the number of orders received approaches, reaches or 
exceeds the number of MU at the company’s disposal. We will therefore take the point when there are τ 
days left before order fulfilment as the beginning of the process. Let us assume that τ is a viewing 
horizon. Let there be Х(τ) = iτ orders at this moment. It is from these values, the sequence of iterations 
starts (expression (1) – (4)). 

The next remark concerns the amount of data to be stored. If the number of drones is n and the 
maximum resale value is r = max{r(k): k = τ,…,0}, then the number of orders received cannot exceed  
n + r. Consequently, the number of possible values of random variables Х(k), Х, U and W does not exceed 
n + r + 1. Therefore, for example, the distribution of Х(k) for all τ + 1 days will require the storage of 
only (τ + 1)( n + r + 1) numbers. 

Let Х(k) denote the number of orders k days prior to their fulfilment, with )(kp i  denoting the 
corresponding probability: )(})({ kpikXP i . 

We will use the following initial data: 
- n = 10; Λ = 8; a = 100; b = 20; d = 30; f = 0; q = 0.02 and q0 = 0.05;  
- the probability distribution φ(t) of order time T prior its fulfilment is binomial with parameters 

p = 0.5 and τ = 10. The average of this time is Е(Т) = pτ = 0.5 × 10 = 5, and the corresponding variance is 
calculated as D(Т) = p (1 – p) τ = 0.5 × 0.5 × 10 = 2.5; 

- quotas for all extra orders coincide, i.e. r(k) = r = 2, k = τ,…,0. 
Table 1 shows the distributions of the random variables of the number of orders received (Х(k)) k 

days before their fulfilment which were calculated successively using equations (1) – (4) for the initial 
condition X (τ) = 1. 

Table 1. The distributions  )( kp i  of random variables Х(k) 

k τ = 8 τ = 7 τ = 6 τ = 5 τ = 4 τ = 3 τ = 2 τ = 1 τ = 0 
i=0 0 .016 .013 .003 .000 .000 .000 .000 .000 
i=1 1 .767 .328 .064 .009 .003 .001 .001 .001 
i=2 0 .191 .359 .169 .038 .011 .006 .006 .006 
i=3 0 .024 .200 .234 .0090 .032 .020 .019 .021 
i=4 0 .0002 .074 .219 .144 .068 .046 .044 .048 
i=5 0 .000 .021 .155 .176 .110 .082 .079 .083 
i=6 0 .000 .005 .088 .173 .142 .117 .114 .119 
i=7 0 .000 .001 .041 .142 .155 .141 .139 .142 
i=8 0 .000 .001 .017 .100 .145 .146 .145 .146 
i=9 0 .000 .000 .006 .062 .119 .133 .134 .133 
i=10 0 .000 .000 .002 .034 .087 .108 .112 .111 
i=11 0 .000 .000 .001 .017 .058 .082 .093 .097 
i=12 0 .000 .000 .000 .013 .071 .117 .115 .093 
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The distributions of the number of orders Х {P{X = i}} and the number of orders fulfilled W 
{P{W = i}} are shown in Figure 1, and the distribution of unfulfilled orders U {P{U = i}} is shown in 
Figure 2. 

The average values of indicators E(X(0)), E(X), E(W)) are presented in Figure 3, and those of E(U) 
and C are shown in Figures 4 and 5 respectively. These values have been calculated based on the previous 
conditions with the level of overbooking r = 0, 1, ... 6. The data in Figure 5 show that the maximum 
average income С = 747.826 can be obtained with r = 2. 

 

 
Figure 1. Distributions {P{X = i}} and {P{W = i}} of Х and W 

 

 

Figure 2. Distribution of unfulfilled orders U 

 

 

Figure 3. The average values of E(X(0)), E(X), E(W) as a function of r 
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Figure 4. The average values of E(U) as a function of r 

 
Figure 5. The average values of C as a function of r 

Let us develop the example further. Earlier it is supposed that number n of MU is fixed and equals 
10. Let us find the optimal number n that would yield the highest average income C under the initial 
conditions given above and with the following additional data: 

- the cost of maintaining one MU per day equals 10 units; 
- the level of overbooking is 20% of the number of MU, i.e. r = 0.2n rounded to the nearest 

whole number. 
The results of calculations for n ranging from 5 to 14 show (Fig. 6) that the optimal number of MU 

equals 12, and the optimal level of overbooking equals 2. 
 

 

Figure 6. A column chart indicating the optimal values of n and r yielding the highest value of С 

Note that for r = 2 the column representing n = 10 (Fig. 6) differs from the corresponding column 
in Figure 5 by 100, which is the daily cost of maintenance of 10 MU. 
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5. Conclusions and Future Research Directions 

The problem of analyzing overbooking of orders for the use of MU as part of UAVCo has been 
formulated and solved. The numerical example illustrates the suggested approach. It is supposed in the 
example that the order level has a constant value and does not depend on the time remaining till its 
fulfilment. 
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