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In this work we consider a specific problem of optimal planning of maritime transportation of multiproduct cargo by ships 

of one (corporate strategy) or several (partially corporate strategy) companies: the core of the problem consists of the existence of the 
network of intermediate seaports (i.e. transitional seaports), where for every ship arrived the cargo handling is done, and which are 
situated between the starting and the finishing seaports. In this work, there are mathematical models built from scratch in the form of 
multicriteria optimization problem; then the goal attainment method of Gembicki is used for reducing the built models to a one-
criterion problem of linear programming. 
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Introduction 

Maritime cargo transportation is a complicated multistage transportation-and-manufacturing 
process, in what, besides sender, carrier and recipient of cargo, other natural and legal persons do also 
participate (Nikolaeva and Tsymbal, 2005; James and Kendall, 2008): agents and forwarders; banks and 
insurance companies; seaport workers and workers of logistic complexes of intermodal and multimodal 
transportation systems; representatives of state supervisory authorities; etc. All these transportation-and-
manufacturing process participants at different stages of cargo transportation enter into specific legal 
relationships among themselves for solving particular problems, which assists with the achievement of the 
common objective – punctual (fastness), inexpensive (economic expedience) and secure (safety and 
stability) delivery of the cargo to the destination. For instance, the article (Abusdal, 2012) considers various 
optimization models solving the fleet size decision making problems involving fleet changes during several 
planning periods. In the article the choice of the best suited model structure of deterministic nature is 
described. Further, the article (Liotta et al., 2015) suggests a model integrating supply, production networks 
and sustainable freight transportation for strategic and tactical decision making. The objective function 
considers sourcing, production and transportation costs as well as carbon dioxide emissions as 
environmental impacts of transport over a multimodal network. The work (Kang et al., 2012) in detail 
expounds a metaheuristic algorithm based on a genetic algorithm. The purpose of the developed algorithm 
consists in solving the problem of car carriers’ work's efficiency as well as in creating a maritime 
transportation planning support system, thus making it possible to prepare various alternatives, evaluate 
them and, consequently, support user's decision making.  

The maritime cargo transportation process itself can be considered as a material commodity flow, 
whose necessity, direction and properties are generally determined by the needs of international trade. The 
motion of this flow is realized by the hardware of the merchant marine and seaports in the presence of 
proper technologies and scientifically substantiated strategy, which are necessary at every stage of the 
transportation for ensuring fastness, economic expedience and safety of transportation of the cargo to the 
destination (Nikolaeva and Tsymbal, 2005; Song and Panayides, 2012). In whole, the process of maritime 
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cargo transportation must be accompanied and supported by full and reliable dataware and other important 
kinds of support: technical, technological, organizational, commercial, financial and legal supports. 

Merchant marine as an economic sector not only experiences the influence of the processes 
occurring here, but also actively influences the world economy itself (Masane-Ose, 2014; Nikolaeva and 
Tsymbal, 2005; Wakeman and Bomba, 2010). Under present-day conditions of globalization and 
intensively developing internationalization of manufacturing stable, uninterrupted transport maintenance 
of the international commodity exchange is becoming an indispensable condition of normal functioning 
and development of particular national economies as well as the world economy on the whole. Currently, 
the development of international navigation and the processes of the world economic system have a close 
link, an interrelationship: abnormality in maritime cargo transportation can have a destructive effect on the 
world economy.  

For the last 20 years the portion of transportation expenses in the international price of a good has 
fallen, on average, 10%, but the cost of the transported goods has spiked up, which led to increase of 
insurance premiums: in 2014, in comparison with 2000, they increased 1.2 times (in comparison with 1980 
– 7 times), and according to predictions the growth trend will be stable at least until 2025 (Swiss Re 
Economic Research & Consulting, 2001-2015). That is why in these conditions qualitative factors of 
transportation service (speed; cost; safety and stability; service), which define the level of competitive 
ability of national transport systems, in particular, the level of maritime cargo transportation, is becoming 
priority-driven. Some EU countries like the Baltic States (Latvia, Lithuania, and Estonia), the Netherlands, 
Germany, Hungary, Czech Republic, and Poland, owning small territories, use their advantageous 
geographical locations to turn transit into significant income items for their national budgets (Masane-Ose, 
2014). For instance, the Netherlands are the most important transit crossing of EU, and the portion of 
incomes from transit of freight flows going through the Port of Rotterdam form more than 45% of total 
volume of export of services of the Netherlands (World Port Source, 2015). 

In this work we investigate a specific problem, which is largely typical exactly for the seaports. The 
problem heart consists in the following: it is required to create a plan of maximal multiproduct cargo 
transportation by every ship through the given sea route such that the transportation expenses are minimal 
if (1) the cost of transportation of one unit of cargo between any two intermediate seaports by every ship is 
minimal; (2) the volumes of cargo unloaded and/or loaded in every intermediate seaport are known; (3) is 
known the volume of intended to be transported accumulated cargo in every intermediate seaport; (4) is 
known the shipload of every ship after the intended to be transported to this seaport cargo is unloaded from 
it. It is obvious that in the formulated problem every intermediate seaport is simultaneously a departure and 
destination point. In the work (Medvedeva, 2014) reasons of this specific cargo transportation are expanded, 
and is made comparative analysis in comparison with other sea routes in transpacific, transatlantic and 
Asia→Europe directions. 

In the considered particular problem with respect to the ships performing transportations through 
the given sea route we can say the following: the ships can belong to one company, and, therefore, in this 
case we have a corporate strategy for performing a transportation; all or part of the ships can belong to 
different companies, and, therefore, in this case we can speak about a partially corporate strategy of 
performing a transportation. Obviously, in the case of partially corporate strategy it is possible to add to the 
formulation of the problem different conditions and constraints and, as result, obtain various problems 
according to their degree of complexity and purpose. 

1. Construction of quantitative model 

The problem described in the introduction, can be schematically presented in the form of the 
following directed graph: 
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Figure 1. Graphic illustration of cargo transportation among n  seaports by K  ships. All the numerical parameters shown 

above and below the edges, connecting two adjacent seaports i  and  1 ,i   characteristic also for the rest of the edges, 

except the last one: above the edge  1,n n  there is no parameter ,p  because for 1,k K   holds 1, 100.k
n np     
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Before we begin the model building for the considered problem, let's introduce the following 
denotations: ݊ ∈ ܰ denotes the amount of seaports between which the cargo transportation is performed; 

 ,start endT T  denotes a period of time during which the cargo transportation is performed; ܭ ∈ ܰ denotes 

the total amount of ships used during the period of time  ,start endT T  for cargo transportation along the route 

shown on Fig. 1;  m,1i;0y;RyR i
m

def
m   denotes a positive orthant of the space Rm , particularly, 

if 1m   we have   ,0R
def

1 ;  m,1i;0y;RyR i
m

def
m   denotes a nonnegative orthant of the 

space Rm , in particular, if 1m   we have   ,0R
def

1    1
endstart

k
ji,i RT,T:)t(c    denotes the cost of 

transportation of an unit of the cargo loaded in i -th   1, 1i n   seaport which has to be transported to 

 i j -th   1,j n i   seaports by the k -th  1,k K  ship: in this work we consider only the case, 

when for  ,start endt T T   holds  , , ;k k
i i j i i jc t c const     , 0,100k

i i jp    denotes the percent of the 

cargo which is being transported by the k -th  1,k K  ship and which, firstly, was loaded in the i -th 

  1, 1i n   seaport and, secondly, after its transportation in  i j -th   1,j n i   seaport "settles 

down"/unloads in this seaport: for each fixed  1,2,...,k K  the identity ,
1

100
n i

k
i i j

j

p





  must hold for 

each  1, 1 ;i n      ,0Ra
def

1
i  denotes the amount of accumulated in i -th   1, 1i n   seaport 

cargo which can be exported: ia  does not contain the amount of cargo which was brought to i -th seaport 

from the seaports  1, 1 ;i      1, 1
1;i i i

a n
 

   1k
i Rb   denotes the total amount of cargo which can be 

exported from i -th  1, 1 ;i   seaport to  1i  -th seaport by the k -th  1,k K  ship: as opposed to ,ia  

k
ib  contains the cargo loaded to the ship k  in seaports  1, 1 ;i   1k

1i,i Rx    denotes the amount of loaded 

in i -th   1, 1i n   seaport cargo which has to be delivered by the k -th  1,k K  ship to  1i  -th 

seaport;   K,1k

)1n(,1i
1k

1i,i

def

Rxx


   is a full matrix with the size  1 ,K n   called the plan of the 

transportation and containing all sought-for variables. 

Thus, among the listed above parameters the desired are   K,1k

)1n(,1i
1k

1i,i Rx


  , the amount of what, 

obviously, equals  1 ,K n   but the other  2 1 3K n n       parameters, included startT  and ,endT  

are supposed to be given source data. The problem is in determination of a transportation plan ,x  such that, 
firstly, the amount of transported cargo is maximal (first criterion), secondly, the total expenses of the 
transportation are minimal (second criterion) and, besides, generally speaking, these two criteria can be not 
equivalent. 

2. Construction of mathematical model 

Using introduced in the previous section denotations and assumptions we will formulate the criteria 

for our problem. Obviously, the maximality criterion of the cargo transported by the k -th  1,k K  ship 

is the following function  

 
1

1 , 1
1

, 1, .
ndef

k k
i i

i

w x x k K
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

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Therefore, the maximality criterion for all cargo transported by K  ships is determined by the 

additive function 1
1

,
K

k

k

w

  so we have 

 
1

1 , 1
1 1

max .
n Kdef

k
i i

i k

w x x



 

 
 

 
   (1) 

For construction of the minimality criterion for the expenses of the transportation of the cargo 

transported by the k -th  1,k K  ship, it is necessary to calculate these expenses for every i -th 

  1, 1i n   seaport (Fig. 1): for the Seaport #1: 
1

2
1, 1, 1, 1,2

2 2 1

10 ;
n n n

k k k k
j m j

j m j m

c p c x




   

 
    

 
    …; for the 

Seaport #(n-1): 1, 1, .k k
n n n nc x   Summing up these  1n   expressions, we get the minimality criterion for 

the expenses of the cargo transportation by the k -th  1,k K  ship: 

 
1 1

2
2 , , , , 1

1 1 1 1

min 10 , 1, .
n n n ndef

k k k k k
i j i m i j i i

i j i m i j m

w x c p c x k K
 




      

              
      (2) 

Now we proceed to constructing of essential constraints of the problem. As the sum , 1
1

K
k
i i

k

x 

  is the 

amount of cargo which initially belonged to i -th   1, 1i n   seaport (implying that this has never been 

transported to this seaport form another) and which has to be transported to  1i  -th seaport by the use of 

all K  ships, we can formulate the following  1n   inequalities: 

 , 1
1

, 1, 1 .
K

k
i i i

k

x a i n


      (3) 

Then, as the amount of cargo transported between the seaports i  and  1i     1, 1i n   by the 

k -th  1,k K  ship must not exceed the boat load k
ib  of this ship, we can write: for transport route 

"Seaport #1→Seaport #2": 1,2 1 ;k kx b  …; for transport route "Seaport #(n-1)→Seaport #(n)": 

11
2

, , 1 1, 1
1 1

1 10 .
n jn

k k k k
j j m j j n n n

j m

p x x b
 


   

 

 
     

 
   Therefore, we have the following  1K i   

inequalities: 

  
2

2
, 1 , , 1

1 1 1

10 , 1, 1 ; 1, .
i n i m

k k k k
j j j j m j j i

j m j

x p x b i n k K
 


  

  

           (4) 

Finally, as , 1
k
i ix   denotes the amount of cargo, we can write the following sign constraints: 

  , 1 0 1, 1 , 1, .k
i ix i n k K        (5) 

Thus, combining the formulas (1), (3)-(6), we get the following mathematical model of the 

considered problem: it is required to determine the values of the variables    

1,

, 1 1, 1

k Kk
i i i n

x


  
 which satisfies 

   2 1 1K n     constraints  
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maximize the criterion 

 
1

1 , 1
1 1

n Kdef
k
i i

i k
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
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    (7) 

and minimize the criteria 
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1 1

2
2 , , , , 1

1 1 1 1 1
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K n n n ndef
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As the model (7)-(9) is a multicriteria problem, speaking about the solution of the model (6)-(8), we 
will imply its Pareto optimal solution, which represents (Tuy et al., 2008; Deb, 2001; Steuer, 1986; Coello 
Coello and Lamont, 2004) generalization of concept of numerical function's optimum point for the case, 
when we have many function, notably, the solution of a multicriteria problem is a Pareto optimal solution 
if the value of every criterion can be improved only at the cost of worsening the values of other criteria. 
The ultimate objective of this work consists in finding a transportation plan x  which is a Pareto optimal 
solution of the problem. We will shortly call this plan an effective plan. 

3. Solving the proposed models (6)-(8) and (2), (6), (7) on the assumption of equivalence 
of criteria 

In this section we will investigate introduced in the section 3 bi-criteria (6)-(8) and (K+1)-criterion 
problems (2), (6), (7). First of all, we will try to introduce and explain a transformation which sets 

biunivocal correspondence between the three-index desired variables   , 1 1, ; 1, 1k
i ix k K i n     and 

new one-index variables   1, 1 ,jy j K n    using which, because of many reasons (not only with the 

objective of simplification of the variables appearance), is rational to reformulate and investigate the models 
(7)-(9) and (2), (7), (8). 

So, instead of the variables   , 1 1, ; 1, 1k
i ix k K i n     we will introduce new variables 

  1, 1 ,jy j K n    where index   1,2,..., 1j K n    of the variable jy  and indexes

    , 1,2,..., 1 ; 1,2,...,i k i n k K    of the variable , 1
k
i ix   are connected by the following relations: 

   1 1j n k i      for each fixed pair , ;i k  (9) 

  mod 1 ,

1
1

i j n

j i
k

n

  

 

 


 for each fixed .j  (10) 

The role of the transformation (9) consists in the following: for each fixed pair of indexes, ,i k  of 

the variable , 1
k
i ix   the transformation (9) puts in correspondence unique index j  of the variable .jy  In 

other words, the transformation (9) uniquely maps (uniqueness is obvious as index j  runs over the rows 
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of the matrix x ) the three-index variable , 1
k
i ix   into one-index variable :jy   

   
10

, 1 1 1 .k
i i j i k nx y y       

Therefore, instead of the desired plan x  of transportation we obtain the same plan of transportation in the 

form of a column-vector   1, 2 1,..., .
def T

K ny y y y    The transformation (140) is inverse transformation to 

the transformation (10). Notably, for each fixed index j  of the variable jy  the transformation (10) puts in 

correspondence an unique pair of indexes ,i k  of the variable , 1.
k
i ix   Let's prove that the transformation 

(10), firstly, returns us positive integers , ;i k  and, secondly, unambiguously determines the pair of indexes 

, .i k  First of all, let's prove the naturalness of the numbers , .i k  Naturalness of i  immediately follows from 

the first formula of the transformation (10), which is nothing else than the definition of congruence  1n   

between numbers i  and j  (Weil, 2013; Davenport, 2008). Now let's prove that Nk   As Nj  it is 

obvious, that there always exist numbers  },0{Nm1   ,Nm2  such that   1 21 .j n m m     Then, 

from  1,2,..., 1i n   and   mod 1i j n   follows that 2 ,i m i.e.   11 .j n m i     As from 

the uniquely forward transformation (10) follows unique determination of the index ,k  we can write that 

  1
1

1
1 1 1 .

1 1

n m i ij i
k m

n n

   
     

 
 As ,Nm1   from the last expression follows 

.N)m1(k 1   The proof of naturalness the pair of indexes , ,i k  determined by the transformation (10) 

is complete. Now we have to prove that the choice of natural indexes ,i k  by (10) is unique. The proof of 

this statement will be based on the definition of the complete residue class modulo m  concept (Weil, 2013; 

Davenport, 2008): the set A  is called a complete residue class modulo ,m  if for  0,1,2,..., 1l m    

there exists an element ,a A  such that  mod .l a m  As for out matrix x  (i.e. the transportation 

plan) the column index i  varies from 1 to  1n  included, the set  1,2,..., 1n   is a complete residue 

class modulo  1 ,n   i.e. for every two different elements of the set  1,2,..., 1n   the remainders of their 

division by  1n   are different too:     1 2 1 2 1 2, 1,2,..., 1 : mod 1 .i i n i i i i n         In other 

words, we have proved the uniqueness of the index .i  In view of the fact that with fixed values of j  and 

n  the desired index ,k  determined by the second formula of the transformation (10) is a single-valued 

function of an argument i  from the proven above fact about the uniqueness of the index i  follows the 
uniqueness of the index .k  The proof of the inverse transformation (11) is complete. Thus, in future we 

will use new variables    1, 1j j K n
y

  
 instead of the old variables    

1,

, 1 1, 1
.

k Kk
i i i n

x


  
 

3.1. Transforming the bi-criteria problem (6)-(8) into a simple linear programming problem 

Let's reformulate the model (6)-(8), using new variables    1, 1
,j j K n

y
  

 in which the index j  is 

determined in accordance with the transformation (9): 

 
 1

1
1

max ,
K ndef

j
j

w y y
 



   
  

   (11) 

 
 1

2
1

min ,
K ndef

j j
j

w y y
 



    
  

   (12) 

subject to 
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     

            
 

1 1
1

1

1 1 1 1
1

, 1, 1 ,

, 1, 1 ; 1, ,

0, 1, 1 .

K

ii j n
j

i
k k
i im k n i k n

m

j

y a i n

m y y b i n k K

y j K n



   




       



   


       

     




   (13) 

For each value of i    2, 1i n   and k   1,k K  the coefficients   ,k
i m  which appear in the 

second line of the constraints system (14) are calculated using the following formula: 

  2
,

1

1 10 ;
idef

k k
i m j

j m

m p 

 

      (14) 

Thus, instead of initial bi-criteria model (6)-(8) we have obtained an equivalent bi-criteria problem 
(11)-(14), for which finding of the Pareto optimal solution will be achieved by using Gembicki goal 
attainment method (Gembicki, 1973; Gembicki and Haimes, 1975). We introduce the denotation 

 












 






 K,1k;)1n(,1i,by)m();1n(,1i,ay:RyY k

i

1i

1m
)1n()1k(i

k
ii

K

1j
)1n()1j(i

1
def

)14( 

 
 (15) 

and suppose that 
 

 

14

1
*
1

1

arg max ;
K ndef

j
y Y j

w y
 

 

   
 

 

14

1
*
2

1

arg min ,
K ndef

j j
y Y j

w y
 

 

   i.e. *
1w  and *

2w  are optimal 

solutions of the composite one-criterion problems (11), (13), (14) and (12)-(14), respectively. Then, by 
virtue of the results of the previous sections, we can state that Pareto optimal solution of the problem (12)-
(16) (therefore, of the initial problem (6)-(8), due to one-to-one transformations (9), (10)) is the optimal 
solution of the following one-criterion problem of linear programming: 

   

   

       

1 1 2

1 2 1 1 2 3 2 1 5 3 2 1 6
1

min ,
K n

i K n i K n i K n
i

M z z z
   

                 


     
  

   (16) 

Subject to: 

           

             

      
 

           
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1
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1

2 1 1 2

1
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1 12 1 1 1 3 2 1 3 3 2 1 5 3

1

, 1, 1 ,

, 1, 1 ; 1, ,

K

ii j n i K n i K n
j

i
k
i m k n i k n i K k n

m

k
ii K k n

K n

j K n K n i K n i K
j

z z z a i n

m z z z

z b i n k K

z z z w z w z



            




           


      

 

                 


     

  

     

     





    

 

               

    

*
12 1 6

1
* * *
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1
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,
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n
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j

j

w
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z j K n



   

 

                     











 



       



       



  (17) 
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where    6)1n()2K3(,1i
1

i

def

Rzz   is an introduced for the convenience column-vector, first  1K n   

elements of what form the desired vector y  of the problem (11)-(14), i.e. i iz y  for  1, 1 ;i K n     as 

M  in (18) we can choose sufficiently great number, for example, the following number: 

 
 

 
 

 
 

  
 

 * *
1 1 2 ,

1, 1,1, 1 1, 1
2, 1 1, 11,
1, 1

max 1; ; ; max ; max ; max ; max .
def

k k
i i i k i

k K k Ki n i n
i n i nk K
m i

M K w w a b m 
    
   
 

 
 
    
 
  

  (18) 

So, let the vector 6)1n()2K3(opt Rz 
  be the solution of the problem (16)-(18), found but a 

decomposition algorithm or the parallelizing realization of the simplex method. Then, 

  . .
1 1,...,Pareto opt opt

K ny z z    is a trade-off solution of the bi-criteria problem (11)-(14). Therefore, by using 

the inverse transformation (10), we can uniquely determine Pareto optimal transportation plan 

  1 1 :Paretox K n  �  

 

         

. . .
1 2 1

. . .
1 2 1

. . .
1 1 1 1 1 2 1

...

...
.

... ... ... ...

...

opt opt opt
n

opt opt opt
n n nPareto

opt opt opt
K n K n K n

z z z

z z z
x

z z z



  

         

 
 
 

  
 
  
 

  (19) 

3.2. Transforming the (K+1)-criterion problem (2), (6), (7) into a simple linear programming 
problem 

By analogy with the subsection (3.1), we, firstly, reformulate the (K+1)-criterion problem (2), (6), 

(7) in new variables    1, 1
,j j K n

y
  

 in which the index j  is calculated in accordance with the 

transformation (9), and then reduce the obtained (K+1)-criterion problem to a simple linear programming 
problem using the Big M Method once again. 

Thus, in new variables we have the following (K+1)-criterion problem: 

 
 1

1
1

max ,
K ndef

j
j

w y y
 



   
  

   (20) 

     

1

2 , 1 1
1

min , 1, ,
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k
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i

w x y k K


   


 
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 
   (21) 

subject to 
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y a i n

m y y b i n k K

y j K n



   




       



   


       

     




   (22) 

where  k
i m  and ,k i  are calculated using, respectively, the formulas (14).  
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As it was done in the previous subsection, we use the goal attainment method of Gembicki as well 
as the Big M Method, but now instead of the (K+1)-criterion problem (20)-(22) we will have the following 
one-criterion problem: 

  

 

   

1

2 2 1 3 1 1 3 1 2
1

min ,
K n

i K n K n K K n K
i

M z z z
 

             


     
  

   (23) 

subject to 
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  (24) 

where 
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     the set  14Y  is determined 

by (15); the number M  is sufficiently great and can be considered to be, for example, 

 
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def
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k K k K k Ki n i n
i n i nk K
m i

M K w w a b m 
     

   
 

 
 
    
 
  

  (25) 

Supposing that the vector 2Kn)1K3(opt Rz 
  is the solution of the problem (25)-(27), the desired 

compromise plan of transportation for the initial model (2), (6), (7) is the matrix  )1n(KRx 1Pareto    

of the form (19). 

4. Well-posedness research and construction of the regularized solution 

As it is well known (Tikhonov and Arsenin, 1977; Courant, 1989), a mathematical problem which 
corresponds to physical or economic, etc. reality, has to satisfy the following basic requirements: the 
solution must exist; the solution should be uniquely determined; the solution should depend continuously 
on the data (requirement of stability). This requirement of "stability" is not only essential for meaningful 
problems which describe the real processes, but also for approximation methods. Any problem which 
satisfies our three requirements will be called a properly posed (or well-posed) problem in the sense of 
Hadamard. Problems that are not well-posed in the sense of Hadamard are termed ill-posed. If the problem 
is well-posed, then it stands a good chance of solution on a computer using a stable algorithm. If it is not 
well-posed, it needs to be re-formulated for numerical treatment. Typically this involves including 
additional assumptions, such as smoothness of solution, etc. (Tikhonov and Arsenin, 1977). 
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Obviously, if the investigated problem is about bilk cargo, then some of the source data, for example, 

at least    1, 1i i n
a

 
 and    

1,

1, 1
,

k Kk
i i i

b


 
 are given approximate. Generally, it makes sense to suppose that costs 

    

1,1, 1
, 1,

k Ki n k
i i j j n i

c
 

  
 are given approximately too and that we know the order of approximation of the 

source data. 
It is not difficult to see that one-criterion problems (16)-(18) and (23)-(25) can be rewritten in a more 

compact form: 

 

 




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

.N),(,Ru),(RA;uAz:RzZ

,)z(Lmin

1
def

Zz

 
 (26) 

In the case if the problem (18)-(20) is being investigated, then the objective function  L z  has the 

from (18); the matrix A  contains the variables held constants in the left side of the system (19); the column-
vector u  contains constants in the right side of the system (19);    1 1 2;K n       

   3 2 1 6.K n        in the case if the problem (25)-(27) is being investigated, then the objective 

function  L z  has the form (23); the matrix A  contains the variables held constants in the left-hand side 

of the system (24); the column-vector u  contains constants in the right side of the system (24); 

 1 ;K n      3 1 2.K n K        

Let's suppose that instead of the problem (26) with the precisely given data we have the following 
approximating problem with given approximately source data: 
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  (27) 

where in the capacity of the proximity measure between the corresponding elements (vectors, matrixes) is 
chosen the Euclidean metric: 

  2

, ,
1 1

;i j i j
i j

A A A A
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  
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.i i
i

u u u u


  


      (28) 

Obviously, because of source data precision ;A u  , the request of the system Az u  to be a 

linearly independent system is an unlawful request, so establishment of this fact is practically impossible. 
Besides, because of source data precision, the system A z u   appears to be an inconsistent system. In 

other words, the first requirement for well-posedness in the sense of Hadamard is broken. Further, as it is 
shown in (Tikhonov et al., 1969) during the process of solving a particular practical problem (in this work 
a problem of finding optimal quarterly plans on multiproduct manufacturing was investigated) using the 
simplex method, is possible a situations, when for relatively close (with error less than 1%) optimal values 

of the objective linear function  L z  the amount of items planned to be manufactured in accordance to 

these optimal plans varies within the range of some hundreds, so the investigated problem appears to be an 
unstable problem, i.e. the third requirement for well-posedness in the sense of Hadamard is broken. Finally, 
if we suppose that all source data are given precisely and ,Z   then, as the following example 
(Tikhonov, 1966) shows, the problem (26) (all the more the approximating problem (27), (28)) can have 

not only one solution: minimum of the objective function   3L z z  on the set  0zz:RzZ 21
3    

is equal to zero and is reached in any point  1 1 1, , 0 , 0,z z z z    i.e. on the half-line determined by the 

equation 2 1 3, 0.z z z   In other words, the second requirement for well-posedness in the sense of 

Hadamard is broken, and, therefore, in cases like this it is required to impose additional condition on the 
desired solution. In case of the investigated problem being a problem of optimal planning (as the problem 
investigated in this work is), the additional condition, needed for ensuring of unambiguity, can be 
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formulated in the following way: let a cargo transportation or any other work be performed according to 

the plan *z  and let it be required to change this plan, because of change of the source data. Obviously, new 
source data correspond to new optimal plans. Thus, it is absolutely natural to choose the plan which is the 

least different from the original plan * ,z  because this criterion of choice will entail the least costs of 
organizational reconstructions, if they were not considered in the formulation of the problem. As the 

measure of deviation of the new newz  and the original *z  plans can be accepted any positively definite 

quadric quantic    * *
,

1 1

,new new
i j i i j j

i j

s z z z z
 

 

     particularly (for instance, if , 0i js   with i j ), can 

be accepted any weighted second-order deviation  2 2* *

1

.new new
i i i

i

s z z z z




     In other words, it is 

natural to demand for the plans newz  and *z  implementation of the inequality   22 28* * ,newz z z z    

where vector 
Rz )28(  denotes any solution of the problem (28), i.e.    39 min .

Z
z Arg L z   For the 

problem (26) this vector newz  is called a normal solution with respect to the original vector *z  (Tikhonov, 
1966; Tikhonov et al., 1969; Tikhonov and Arsenin, 1977; Stefanov, 2001). In future we will use a shorter 

name "normal solution" and write it as .normalz  Obviously, in case of the problem (28) having an unique 

solution, it coincides with the normal solution .normalz  If the problem (28) has many solutions, then there 

obligatory exists its normal solution :normalz  it follows from the fact that intersection of a finite number of 
closed sets is a closed set (Kolmogorov and Fomin, 1999), and the set on which the objective function 

 L z  reaches its minimum is the intersection of three closed sets  : ,z Az u   : 0, 1, ,iz z i     

  *: ,z L z L  where *L  is the lower bound of the values of  L z  on the set .Z  It is not difficult to see 

that the normal solution of the problem (26) is determined unambiguously (Tikhonov, 1966). Indeed, 

assuming that the problem (26) has two different normal solutions (1)normalz  and (2) ,normalz  we can assert 

that: any point    (1) (2)1 , 0,1normal normalz z z         of the segment (1) (2),normal normalz z    

satisfies the essential constraints as well as the sign constraints 0;z   objective function  L z  reaches its 

maximum at all points of the segment (1) (2), ;normal normalz z    the equality 

* (1) * (2)normal normalz z z z    holds, so it follows that 

(1) (2)

* (1) (2), ;
2

normal normal

normal normal
z z

z z z


   in the bisecting point of the segment 

(1) (2),normal normalz z    we have 
(1) (2)

(1) * * .
2

normal normal
normal z z

z z z


    Subject to 

(1) (2)normal normalz z  the inequality contradicts the statement that for the problem (28) the vector (26) 
(1)normalz  is a normal solution with respect to the original vector *.z  Thus, for a normal solution normalz  

two first requirements for well-posedness in the sense of Hadamard are satisfied. 
Summing up the above-mentioned, we can say that the problem (27), (28) with given approximately 

source data does not let us neither to judge whether the solution of the problem (26) with given precisely 
source data is stable, nor to judge whether it is unique even, if the problem (27), (28) has these properties. 
The exact solution of the problem (27), (28) with given approximately source data, as it was shown above, 
is inefficient for the investigation of the problem (26) with given precisely source data. From the point of 

view of available data, as the source data of the problem (26) can serve any source data set  ; ,A u  

satisfying the condition (28). We should note that, even if the problem (26) primordially was steady, adding 
any amount of linearly dependent equation to the essential constraints of the problem (26) makes it an 
unstable problem, though is stays equivalent to it in the classical sense. Therefore, it is necessary to develop 
such approach for solving problems of linear programming (particularly, the problems (26)-(30)) for which 
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need no assumption about linear independence of the essential constraints. Below we shortly describe a 
stable method of finding approximate normal solution both for the problem (26)-(30). At first, this method 
was described in the fundamental article (Tikhonov, 1966). 

Let's consider the problem (26), where the source data are given precisely. The point of this stable 
method of finding approximate normal solution of this problem consists in taking for an approximate 
solution the following element  

 
   

2*

22 2 *

: 0 1, 1

min 1 ,
i

def

regularized
i i i

z z i i

z z

z arg Az u r L z s z z





   

 

   
   
               

   
   

    




  (29) 

where the parameter 1Rr   is called a regularization parameter; 1R   is a parameter; vector 

 * *

1,i i
z z


  is the fixed original vector, with respect to which the normal solution is searched. 

As the parametric functional       2 2 *; , , 1 ,
def

rM z A u L Az u r L z z z          called 

Tikhonov functional is a quadratic functional and holds  ; , , ,zrM z A u L
  unique existence of 

the element regularizedz  from (29) is obvious. 
Now we consider the problem (27), (28), where the source data are given approximately. The point 

of the stable method of finding approximate normal solution consists in taking in the capacity of an 
approximate solution the 

 
   

2*

22 2 *

: 0 1, 1

min 1 ,
i

def

regularized
i i i

z z i i

z z

z arg A z u r L z s z z


 



   

 

   
   
               

   
   

    




 

where 1R   is a parameter; vector  * *

1,i i
z z


  is the fixed original vector with respect to which the 

normal solution is sought; as the regularization parameter 1Rr   can be taken a positive root of the 

equation 

     

2
22 22 *

: 0 1,
1 1 min .

i
r r r

z z i
A z u L z z z A z u   


 

  

           
 

  (30) 

The equation (30) is called a generalized residual and the method of finding the regularization 

parameter 1Rr   as a root of the equation (30) is called generalized residual principle and, at first, was 

described in the works (Goncharsky et al., 1973). 

5. Conclusions 

In the considered work, there is the mathematical model of optimal planning of multiproduct cargo 
transportation performed by ships through the given sea route, where every intermediate seaport is 
simultaneously a departure and destination point and in every of these intermediate seaports are performed 
handling operations, built. The built in this work mathematical model, being a multicriteria problem of 
linear programming, using the goal attainment method of Gembicki, is reduced to a scalar problem. Finally 
in this work is considered and substantiated a stable algorithm (on the basis of Tikhonov regularization) for 
finding an approximate solution of the derived scalar problem: there is shown applicability of this algorithm 
in case of given precisely source data as well as in case, when the source data are given approximately. 



Transport and Telecommunication Vol. 17, no. 1, 2016 

72 

Acknowledgements 

For the last co-author the present article was executed within the framework of The State Research 
Programme "Next generation Information and Communication Technologies (NexIT)", Project No. 4. 

References 

1. Coello Coello, C.A., and Lamont, G.B. (2004) Applications of Multi-Objective Evolutionary 
Algorithms. Vol. 1: Advances in Natural Computation. New Jersey-London-Singapore-Berlin-
Shanghai-Hong Kong-Taipei-Chennai: World Scientific, xxvii+761 p. 

2. Courant, R. (1989) Partial Differential Equations. New York-London: Wiley VCH, xxii+830 p. 
3. Davenport, H. (2008) The Higher Arithmetic: An Introduction to the Theory of Numbers. Cambridge, 

UK: Cambridge University Press, ix+239. 
4. Deb, K. (2001) Multi-objective Optimization Using Evolutionary Algorithms. Chichester-New York-

Weinheim-Brisbane-Singapore-Toronto: John Wiley & Sons, xix+497 p. 
5. Gembicki, F.W. (1973) Vector Optimization for Control with Performance and Parameter Sensitivity 

Indices. Ph.D. Thesis, Department of System Engineering, Case Western Reserve University, 
Cleveland, USA, 204 p. 

6. Gembicki, F.W., and Haimes, Y.Y. (1975) Approach to Performance and Sensitivity Multiobjective 
Optimization: The Goal Attainment Method. IEEE Transactions on Automatic Control, 29(6), pp. 769-
771. 

7. Goncharsky, A.V., Leonov, A.S., and Yagola, A.G. (1973) A generalized residual principle. 
Computational Mathematics and Mathematical Physics, 13(2), pp. 294-302. 

8. Kang, M.H., Choi, H.R., Kim, H.S., and Park, B.J. (2012) Development of a maritime transportation 
planning support system for car carriers based on genetic algorithm. Applied Intelligence, 36(3), pp. 
585-604. 

9. Liotta, G., Stecca, G., and Kaihara, T. (2015) Optimisation of freight flows and sourcing in sustainable 
production and transportation networks. International Journal of Production Economics, 164, pp. 351-
365. 

10. Masane-Ose, J. (2014) Competitive position of the Baltic States Ports. Riga, Latvia: KPMG 
International Cooperative. (Transport & Logistics, pp. 1-12; https://www.kpmg.lv) 

11. Medvedeva, A.A. (2014) Opportunities to reduce aggregate expenditures by means of creating a 
strategic alliance by maritime cargo transportation. M.Sc. Thesis in Transport and Logistics. Riga, 
Latvia: Transport and Telecommunication Institute, Faculty of Transport and Logistics, 62 p. 

12. Nikolaeva, L.L., and Tsymbal, N.N. (2005) Maritime Transportation. Odessa, Ukraine: FENIX Press, 
424 p. 

13. Song, D.-W., and Panayides, Ph.M. (2012) Maritime Logistics: A Complete Guide to Effective Shipping 
and Port Management. London-Philadelphia-New Delhi: Kogan Page, 344 p. 

14. Steuer, R.E. (1986) Multiple Criteria Optimization: Theory, Computation, and Application. New York, 
USA: John Wiley & Sons, xx+546 p. 

15. Swiss Re Economic Research & Consulting. (2001-2015) World Insurance Reports No 6/2001; No 
6/2002; No 8/2003; No 3/2004; No 2/2005; No 5/2006; No 4/2007; No 3/2008; No 3/2009; No 2/2010; 
No 2/2011; No 3/2012; No 3/2013; No 3/2014; No 4/2015. Zurich, Switzerland: Swiss Re, sigma. 
http://www.swissre.com/sigma/ 

16. Tikhonov, A.N. (1966) Ill-posed optimal planning problems. Journal of Computational Mathematics 
and Mathematical Physics, 6(1), pp. 81-89. 

17. Tikhonov, A.N., Karmanov, V.G., and Rudneva, T.L. (1969) On the stability of linear programming 
problems. In: Numerical Methods and Programming, XII. Moscow: Lomonosov Moscow State 
University Press, pp. 3-9. 

18. Tikhonov, A.N., and Arsenin, V.Y. (1977) Solutions of Ill-Posed Problems. New York, USA: Halsted 
Press, xiii+258 p. 

19. Tuy, H., Chinchuluun, A., Pardalos, P.M., Migdalas, A., and Pitsoulis, L. (2008) Pareto Optimality, 
Game Theory and Equilibria. New York: Springer, 871 p. 

20. Wakeman, Th., and Bomba, M. (2010) Maritime Freight Transportation, National Economic Recovery, 
and Global Sustainability: Coordinating a Strategic Plan. Transportation Research Board of the 
National Academies of Sciences, Engineering, Medicine. TR News: Globalization and Transportation, 
269, pp. 14-20. 

21. Weil, A. (2013) Basic Number Theory. Berlin-Heidelberg: Springer-Verlag, xviii+316 p. 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


