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Introduction

Since the second half of the XX century the increasing growth of anthropogenic impact on
the environment has led to exacerbation of many ecological problems. Prospects for reducing (full solution
is not even discussed) the influence of such ecological problems on human life-sustaining activities are
connected with implementation of "sustainable development" concept (for instance, see [1-4] and respective
references given in these), the main point of which is to ensure the stable coexistence between mankind
and nature, which in its turn requires at least to save and reproduce the resource potential; improving the
structure of ecosystem exploitation on the basis of scientific approach and performing an analysis for
identifying the objective characteristic of ecological situation in order to take a reasonable (even non-
optimal) solution; improving the level of human health. All these necessary conditions for implementation
of "sustainable development" concept require:

« development of models and algorithms for unbiased and adequate evaluation of ecosystems’ stability;

« finding out the relationships for dynamics of environmental problems;

« improvement of both models and methods of ecological and economic forecasts;

« studying of the combined effect of the anthropogenic loads influencing the ecosystem at large, etc.

The main toolkit in all these studies is mathematical modelling (for instance, see [1-20] and respective
references given in these) and/or simulation (for instance, see [5, 20-25]), as well as analytical and numerical
methods for solving the constructed models. Among the mathematical models the special place is taken by
qualitative models, which are one of the most efficient tools of system analysis — the main approach to the
study of ecological systems at various levels. System analysis (for instance, see [4, 26] and respective
references given in these) still remains the only tool, in case if carrying out of large-scale field studies and
experiments is encumbered because of technical and economical reasons, or is just impossible.

In the construction of mathematical models (both qualitative and quantitative) it is necessary to
take into account existing peculiarities of ecological problems. The reason of the specific character of
ecological problems is rooted, firstly, in the utmost uncertainty of problems formulation, and, secondly, in
the complexity of problems, when it is required to take into account diverse factors starting from geology
factors up to the pollution level of atmospheric air, seas and oceans.

As far as engineering practice is concerned (for instance, see [1, 2, 5, 22, 27, 28]), it is known that
the error of quantitative assessments and calculations could be as large as hundreds percent. The results
obtained in [8] in the study of 2-boxed model for the investigation of metabolic processes in the Baltic
Sea clearly show the hypersensitivity of water unit even to insignificant discharge amount of human
activity wastes (the results of [29] show a similar hypersensitivity in the Black Sea). Eventually, the goal
of using formal methods in environmental design, mathematical modelling and forecasting is a more
accurate calculation for the scope of ecological damage, forthcoming financial costs as well as effectiveness
evaluation for the applied countermeasures.
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Latvia is one of the most successful European countries in ecological problems solving. In accordance

with Environmental Performance Index 2010 (see [30]) Latvia takes 21" place among 163 countries in
the world by the purity of the environment. Environmental Performance Index (EPI) is produced by a team
of environmental experts at Yale University and Columbia University and ranks countries on their
performance across 25 metrics aggregated into ten categories including: environmental health, air quality,
water resource management, biodiversity and habitat, forestry, fisheries, agriculture, and climate change.

However, Latvia has serious ecological problems. First of all it is the problem of the Baltic Sea
health. Latvia has more than 500 kilometres of beach along the Baltic Sea, which is ranked among the most
polluted seas in the world. According to the assessment presented in [31], none of the open basins of
the Baltic Sea had an acceptable status. Only a very few coastal areas along the Gulf of Bothnia can be
considered healthy. Implementation of special international agreements and cross-border programs as well
as various studies and research is the way towards a healthy and sustainable-use of the Baltic Sea.

The second serious problem of the environment of Latvia is air pollution, which is particularly
heavy during windless, cloudy weather. The main air pollutants are sulphur dioxide, formaldehyde, phenols,
ammonia, and nitrogen oxides (see [32]). The transport and energy sectors are the main sources of air
pollutant emissions in Latvia. On average more than 80% of atmosphere pollution in Europe cities comes
from motor transport as result of gas burn out (for instance, see [12] and respective references given in
this). The chemical content of exhaust depends on gas type and quality, processing technology, burn out
technique inside of motor, its technical condition and the following filtration of exhaust (for instance, see [4, 5]).
Improving air quality is one of the main priorities of Latvia’s environmental policy (see [33]).

In the present paper a set of continuous qualitative models having the dynamic parameters and
aimed at analysis, evaluation and forecast of aqueous systems (reservoirs, lakes and seas) and atmospheric
environment in Latvia is proposed. In constructing these mathematical models as research tools classic
apparatus of differential equations in partial derivatives as well as apparatus of mathematical physics
were used. Below there are listed some of the constructed models.

1. Models of Aquatic Ecosystem

1.1. The qualitative model for determination of pollutant concentration dynamics
in the "layered in respect to depth' Baltic Sea at a known velocity of pollutant transfer

In this subsection a mathematical model is proposed for determination of dynamics of pollutant
concentration in the Baltic Sea. For constructing of this model the Baltic Sea was divided into parallel narrow
horizontal layers, which were perpendicular to the internal normal in respect to the surface of the sea.
Moreover, it was supposed that the velocity of pollutant transfer in each layer was known before. The given
assumption, obviously, is a quite strong requirement that reduces the value of the offered model to some
extent, since determination of pollutant transfer velocity for any non-homogenous environment, including
the Baltic Sea, is considered to be independent and quite tough problem. However, despite the limiting
role of the given assumption, the offered mathematical model can be used as a primary model for deeper
monitoring of the eco-state of the Baltic Sea. Indeed, if roughly assuming that in each layer for some
small period of time the velocity of pollutant transfer is constant (this could be achieved by executing the
following procedure: significantly increasing the quantity of divisions into sea layers and at the same time
significantly reducing the time for study of the pollutant distribution process), then, by using the offered
model, after finding its analytical solution, it is possible to determine the quantity of the transferred pollutant
amount in each layer with quite high accuracy. Then there appears a question: what is the limitation of
the model if after the abovementioned procedure it becomes possible to determine the dynamics of pollutant
concentration with a fairly high degree of accuracy? The answer is simple:

« the ideal accuracy of the solution found is only possible with an infinite increase of the layers
number and with an infinite reduction of the time period at which the dynamics of pollutant
concentration is investigated;

« sufficient accuracy of the solution found is possible at a very large increase of the layers number
and at essential reduction of research time period that demands huge computing resources — on
the edge of possibilities of modern supercomputers relevant to the possible maximum volume of
RAM, CPU throughput, and maximal number of servers joined into cluster having the outmost
parallel computing performance, etc.;

« the model is unstable, i.e. rather quite small changes in initial data can lead to a rather large
discrepancy between the solution found and the ideal exact solution, which exists, is unique and
unknown and which is intended to be reached. Therefore, it is necessary not just to solve the
offered model, but to develop a stable method of its solution, having a regularization (by Tikhonov)
property. It should be noted that this issue is relatively easily solved.
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So, by denoting as D the studied three dimensional domain of the Baltic Sea, and as u (x, y,z;t)
the desirable concentration of harmful substance in this domain D at the moment of time £, the proposed
model implies the following: it is necessary to determine the function u(i,t), where
u(E_,,t), (&,t) € Dx[O,T], D c R?, which satisfies

« the equation

6ug§,t):Vg(a(i)~V&u(E},l))+<0L,Véu(§,l)>+[3-u(§,t)+f(if_,,t), geint{D},te(0,7], (11D

where

def

- Dé{gz(x,y,z)eR3: xe[0.4),ye[0.4,],2€[4.0]; ;>0 (j=12), 1 <0} =int{D}UBD is
— layered (in respect to axis OZ ) 3D parallelepiped domain;

-ze(z.7), i=1n;zy =1, z,=0;

—a(&)=a,=const >0 if ze(z_,,z,), i=1n;

— n is the number of layered media parallel to the plane XOY in respect to the vertical axis OZ;

- a=(a,a,,a,), o, =const (jzl,_3); B = const,

— (g, r) denotes a scalar product of vectors g € R* and r€R’, a symbol V, O(n,+) denotes gradient as
to the variable n of the scalar function Q(m, e );

B

- int {D} and OD correspondingly denote internal and boundary points of the restricted three-dimensional

domain D cR’;

« the initial condition

u(&t)_, =u, (&), &€ D; (1.1.2)
« the boundary conditions
i- iy ou(&,t .
’Y{j,ii}l ~u(aaf)2:21+/iz+g/ +Yi,[l} ) éz ) U, l(x ¥, ), 1,(n+l), j=12, (1.1.3)
where o

(x.y.t)e{D/[L,0]}x[0
+0 if j=1
e =
L0 =2
_Yi»k,}Z Y const <0 if (jzl)/\(izkzﬂ);
’ Y const >0 if otherwise;

+0 {i—l} ) Ou (éat)

a 0w

w=0

0] 1y u(e)),_
where
~(y.2,t)e{D/[0,1,]} x[0,T];

— (x.z,t) {D/[0,,,]}x[0,T];

_x =l

w_{yif j=2

_e{_k}:{Vconst<O if (jzl)/\(izke{o;l});

Yconst >0 if otherwise,

{ }izl,z [0+0 0+0)
O = 5
M2\ -0 -0

=9, (8/o,t); i=1,2; j=12, (1.1.4)
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« the consistency conditions

Fug (80) + -y Oy (81)

_ . Bl
7=z, 548, J Oz

jl l(x Yy, )|t 040’ i=1,(l’l+1), j=1,2, (115)

Z=Zj, o tE;

where
—(x,.t) e {D/[1,,0]}x[0,T];
— the value and meaning of constants g (i = 1,2), y{]kf (j =12; i= 0,(11 +1); k =0,_n) are the same as

in case of boundary conditions (1.1.3);

0l -u, (&,t)LD:mh +ol )t -% =9, (i/a),t)‘t:mo; i,j=12, (1.1.6)
where o

~(y.z.t)e{D/[0.4,]}x[0.T];

~ (x,z,1) {D/[0,,,]}x[0,T];
— the variable we{x,y}, and constants 9 ( =1,2; i=0,2; k=0 1) { /’}/,ie{l,Z} have the same

values and meaning as for the boundary conditions (1.1.4);

« the conjugating conditions

u(i,t) A =u(§,t)|zzzﬁo s (x,y,t) € {D/[l3,0]} x[O,T];
(1.1.7)
ou (&, ou(g&,
ai-% - M-% , (x,2,0) € {D/[1,0]}x[0,7]

for Vi=1,(n-1).
In the mathematical model (1.1.1)—(1.1.7) the initial data are represented by a piecewise-constant

function a(&); velocity vector o; constant BeR'; constants [ (i :1,_3), T >0; functions
f(E_,,t) € C{DX[O,T]}; uji(x,y,t) eC""”? {{D/[l3,0]}><[0,T]} (i =@; J =1,2);
9, (»zt) e {{DJ[0.L]}x[0.T]}, (j=1.2): 9,,(»zt) e C{{DJ[0.L]}x[0.T]}, (j=12);

constants V{,k,} (j:1,2; i:O,(n+1) k=0, n) 6{} (j=l,2; izﬁ; k=0,l).

N

1.2. Multi-component dynamic model for determination of the main characteristic for the process
of substance circulation (taking circulation of nitrogen as an example) in the near-surface
layers of the natural aquatic environments (natural reservoirs, large basins, lakes and seas)

In this subsection a mathematical model is proposed describing circulation of nitrogen in natural
aquatic environments for determination of major characteristics of this process. The constructed model is
parametric and is described by a system of partial differential equations. It allows decreasing significantly
the uncertainty of parameters of the sophisticated circulation process in the non-homogeneous media,
the example of which is the natural aquatic environment in the presence of powerful sources and sinks.
Reducing the uncertainty of parameters is carried out in the way of (a) identification of relationships
imposed on the parameters, (b) finding of non-trivial special points of the system-model and taking into
account the stability preservation conditions in respect to these special points for several structures of the
circulation process.

The proposed model is constructed under the following assumptions:

« the average temperature of the studied natural aquatic environment for the whole period of

the circulation process study is assumed to be constant;
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« the total amount of nitrogen in the studied aquatic environment can be represented in the form of
organic and inorganic nitrogen, where the organic nitrogen in its turn can be represented also in
two forms — as animated and unanimated nitrogen;

« the reserve of nitrogen in the studied aquatic environment is replenished (a) by means of
molecular nitrogen adoption of the air by some free nitrogen fixing agents and (b) by some types
of seaweed;

« processes of nitrogen fixing by phytoplankton and bacterial plankton have linear interdependence
(with a known coefficient of linearity);

« mineral nitrogen in the aquatic environment is used only by some types of seaweed and
planktons;

« protein substances of plants and animal species formed in the studied aquatic environment, after
dying off of the organisms are subjected to mineralization with the assistance of bacteria,
moreover, decomposition of such protein substances evolves nitrogen, generally in the form of
ammonia;

e in the studied process of circulation there occurs direct denitrification (denitrification is
a decomposition of nitrogenous compounds with generation of free nitrogen) as well as

circumstantial denitrification (circumstantial denitrification — this is a chemical effect of NO, ,

ammonium salts and amino acids with generation of free nitrogen);
« the studied circulation process also includes deammonification (decomposition by microorganisms
of nitrogen-containing organic compounds with generation of free nitrogen).

So, the offered parametric model anticipates determination of the vector
def
1 (E,0) = (U Ui Ui Ui o B ) (6:8) € C{DU[0, 7]} of ~ dynamic  variables/functions

uph.pl. (é’l) > ubac.pl, (a’ t) b uzoa,pl, (EJ’ t) s uinor:nit. (é’t) and uor.niL (é’ t) > Where
Dd;f{g — (xpxz:xa) : [x3 <x;<0; 0<x, < lx’_ (i = 1,2)}, from the non-linear system

1 . auph.pl. ((t:wt)
U, (&:1) ot

kg (&)t (E00) = ks (€)= e (£), (€:2) €int{D}U(0.T], int{D}diD/aD,

1 uba(r.pl. (&J’t) _ _ _ — — . -
R R () () () 1)k (€)  (5)

() () (8) e (). (&) imt{DJU(O.TY,

1 uzoo.pl. (a’l) _ . _
“, (‘%J) ) o =k, (é) Ul (é t)+k12 (&) Upppl (% t)+k13 (i) Uit (E.»t)

—kyy (g)_kls (&)—kl(, (%) “U fiowing (t)’ (&,t) € int{D} U (O’T]’

1 . uinor.nit. (g’t) — cl (&5) + CZ ((t?) k . uzoo.pl. (t) k 3 bac‘pl ( )
o (61) Ot P T I vy M Oy o

_kn (E.»)'”buc.p/, (ﬁ,t)—/@ (E-')'”ph.pz. (E-”l)_uﬂawing (l)’ (&,t) € int{D} U (O’T]’

1 Yo, (ért) ) (&)"‘ Cy (E.s) Hpnpl (?;,t) Mpacpr (i»t)
P ) B R ) B ey o M ey

oot (&1 (1.2.1)
+ks (é).z:l~—((ét))_km (é) “Upacpi. (a:t)_kz (a).uph.pl. (E.»t)_

—ky; (&) “Upopi. (&,t) —ky; (é) U ftowing (t) > (i,t) €int {D} U (0’ T] >
with initial conditions
uph.pl. (t)|t:0 = ugh.pl. (a)’ ubaapl. (t) =0 = ul?ac.pl. (é)’ uzoo.pl. (t)|[:0 = ugoapl, (g) > é € D’

uinor.nit. (t)|,=0 = ui(:mr.nit_ (é)’ uor.m‘t. (t) =0 = u(())r.nit_ (&) > Eb € Dﬂ

=k (&) 4y (&) 1ty (8:) Ky ()t (E50)—

(12.2)
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where

— functions  u,, , (&1), U (615 oy (E57) s Ui (€¢) and u, (&) denote respectfully
the desired amount of phytoplankton, bacterial plankton, zooplankton, inorganic nitrogen and organic
nitrogen at the time moment ¢ € [0, T ] at the point & € D;

— T is the given finite moment of time, during which the process of substance circulation in the near-surface
layers of natural aquatic environments is studied;

-1 (i :L_3); lx1 >0, lx2 >0, lxz <0 are the known boundaries of the considered "parallelepiped” domain
of natural aquatic environments;

—the initial functions ), (&), Uy, (&)s Uoo . () gy () Uy . (§), E€ D are a priori known

inor.nit. or.nit.

functions, which are continuous in the closed domain D

~the functions k(&) (i=1,17), &eint{D}, ¢, (¢) (1=14), Eeint{D} and u,,,, (1), 1€(0.T]
have the following meaning: £, (EJ) is a coefficient of nitrification of phytoplankton; £, (?’;) is a coefficient
of organic nitrogen absorption by phytoplankton; £, (E_,) is a coefficient of mineral nitrogen absorption
by phytoplankton; £, (&) is a coefficient of phytoplankton consumption by zooplankton; £ (g) is a coefficient
of emission of organic nitrogen by phytoplankton; k, (&) is a coefficient of nitrification of bacterial
plankton; k, (&) is a coefficient of emission of organic nitrogen by bacterial plankton; £, (g) is a coefficient
of emission of mineral nitrogen by bacterial plankton; £, (g) is a coefficient of denitrification:
denitrification — is decomposition of nitrogenous compounds with free nitrogen generation; km(é’;) is
a coefficient of organic nitrogen processing by bacteria; £, (&) is a coefficient of mineral nitrogen processing
by bacteria; &, () is a coefficient of bacterial plankton consumption by zooplankton; ,, (&) is a coefficient
of organic nitrogen consumption by zooplankton; £, (&) is a coefficient of mineral nitrogen emission
by zooplankton; k(&) is a coefficient of organic nitrogen emission by zooplankton; k, (&) is a coefficient

of zooplankton discharge by higher level predaceous organisms; kn(é) is a coefficient of organic

nitrogen supply to the lower layer of the considered domain D of natural aquatic environments — the domain
of near-surface layers of natural aquatic environments; c, (t) is the inflow of inorganic nitrogen that is
equal to the sum of (a) main feeding river sinks, (b) rain surface sinks, (c) inner drainage of mineral
fertilizers into the soil, (d) industrial and household discharges, (¢) atmospheric precipitations on
the water area: water area — is a region of water surface within the set boundaries; c, (t) is the inflow

of mineral nitrogen from lower layer silt; c, (t) is the inflow of organic nitrogen from lower layer silt;

¢, (t) is the inflow of organic nitrogen, equal to the sum of (a) main feeding river flows, (b) atmospheric

precipitations on the water area, (c¢) decaying biomass of phytoplankton and higher level of marine
vegetation, (d) emissions of living phytoplankton;  towing (t) the power of flow (water circulation;
evaporation; etc.).

Remark 1. In the model (1.2.1), (1.2.2) modelling units — are tons of nitrogen per time unit
(for instance, per year).

Remark 2. Model (1.2.1), (1.2.2) having any fixed value of spatial variable £=¢&, €D

becomes a Cauchy problem for the system of ordinary non-linear differential equations, and in this
case it is an adequate model for determination of nitrogen circulation in large basins, reservoirs, lakes,
ponds, etc.

Remark 3. In the proposed model (1.2.1), (1.2.2) to describe the functional significance of the
coefficient k, (&), which denoted coefficient of denitrification, it was discussed that the denitrification

was a decomposition of nitrogenous compounds with generation of free nitrogen. This definition requires
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a more precise specification. The transition of nitrogen into the gaseous form of nitrates
( NO; - NO; —> Nz) is called denitrification. Generally speaking, this process in the presence of

denitrifying bacteria occurs fairly rapidly only when there are nitrates present, the amount of easily
assimilable organic substance is sufficient, as well as anaerobic conditions fulfilled. If the medium

together with NO, contains ammonium salts (or amino acids), the free nitrogen can be generated due to
their chemical interaction, namely, 2KNO, +(NH, ) SO, — 2NH ,NO, + K,SO,; NH,NO, — N, +2H,0.

This process is called (for instance, see [34]) circumstantial denitrification. Nitrogen losses are
also possible in the result of deammonification ( NH, —> Nz), and also when generating fugitive nitrogen

oxides with the participation of certain amino acids and a variety of unstable nitrogen containing
compounds (for instance, see [35]).

As it was mentioned at the beginning of this subsection, in the mathematical model (1.2.1), (1.2.2)
we supposed that all the above mentioned processes occurred to a greater or lesser degree, however, in
[36], it was shown that the most frequently denitrification was observed in soil, and not in the layers of
water.

In the model (1.2.1), (1.2.2) for its simplification all the above mentioned processes are joined into

one process called denitrification with one functional coefficient kg(?’;), covering the other possible

processes associated with the loss of nitrogen in natural aquatic environments.
1.3. Model for determination of oxygen condition sensitivity for the Baltic Sea

In this subsection a mathematical model for determination sensitivity of the oxygen condition in
the Baltic Sea is proposed. As it is shown in the work [49], the models sensitivity study anticipates
identifying of special features of ecosystem dynamics within the domains bounded by the bifurcation
surfaces.

Methods of the sensitivity theory can be used to solve the two types of problems that arise when
constructing dynamic multi-component models, including simulation models: (a) at the stage of
establishment of the model structure and for binding parameters of the models, which provide
concordance during some observations time period; (b) at the stage of studying the model with already
established structure for finding irregular special points (that is, "weak places") and stationary points
(that is, anaerobic places) of the aquatic ecosystem, as well as for determination of critical values of
parameters when modelling toxic effect and anthropogenic eutrophication (eutrophication — is the process
of total productivity growth of the water reservoir ecosystem, which includes water masses, bottom
deposits and microorganisms living there, eutrophication — is the increase of the level of water primary
production owing to the increase in the concentration of biogenic elements there, that is mainly nitrogen
and phosphorus).

The model proposed below allows determination of peculiarities of oxygen state dynamics, which
cannot be determined by simple enumeration of parameters and/or when using purely statistical methods
of parameters estimation.

Moreover, the proposed model allows determining the qualitative properties of the oxygen state
dynamics, which significantly reduces the uncertainty in sophisticated interrelations between parameters
of dynamics and the environment, allows making adequate high precision forecasts in respect to
anthropogenic impact onto the ecosystem and, therefore, reveals trends in the ecosystem state of the sea.
Finally, the proposed model can be used as a primary model to determine the condition that leads to
anaerobic zones growth strengthening in the Baltic Sea.

As a major restriction of the proposed model there can be noted the impossibility of its usage for
the study of the seasonal Baltic Sea ecosystem dynamics in the conditions of aerobic and anaerobic states
being below the halocline level.

Remark 4. This model is essentially based on the results of works [7, 24] taking into account
the modifying changes from works [37-40], namely, in the Sjoberg anaerobic model non-autonomous
system of ordinary differential equations, where in the direct form there are present functions of vertical
turbulent mixing, function of lighting and function of temperature, is substituted by autonomous system
of equations (such substitution is approved by Floquet and Lyapunov’s theorem: the information on
the theory of Floquet and Lyapunov, namely, the importance and benefits of Floquet-Lyapunov theorem
can be found in books [41, 42] and fundamental monograph [43]; but the widest applications of Floquet-
Lyapunov theorem are given in the book [44]).
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It is required to determine a vector

u u u )(t)eCl[O,T]

(& t) ( morphosph s Emorphosph ’ uor.phosph. > Zor.phosph.> ™ ph.pl.> Zoxyg.

Of dynamlc VarlableS/funCtlonS umorphosph (t) > klinor.phosph. (Z) > uur.pho.sph. (t) b klar.phosph. (t) > uph.pl. (t) and kl()xyg. (Z)
from the system of ordinary non-linear differential equations

= inor. phosph. inor. phosph.

uinor.pho.vph. (t) F;xyg + th pl. —mm -phosph. (t)

_ _Lowe (Fy+ H)-c, Lo \D)

uinor.phaxph. (t) u[nor.pho.sph. (t) umor,phosph. t)

+k1_T°.u“’Lph(t) (H+F F) —ky =k, 1T uphpl(t)

— oxyg.
umorphosph (t)

—morphosph ( ) E) : qg’laﬁphvsph» + H .c 171710) -phosph. (t) + k A onyg. (t) 'yor.phosph. (t)
2" 4

Z;{[nor. phosph. ( t ) Z;{[nor. phosph. ( t ) Z{nan phosph. ( t ) Zinar. phosph. ( t )

+

et (), (),

6 Zoxyg.
Einor.phmph. (t)

uor.phasph. (t) _ (E) +H) Cl %orphmph (t) +k X uph.pl. (t) ) —(H+F +E))'Cz _

ﬁor.phusph. (t) uor .phosph. (t) ! ﬁor.phasph. (t e
—ky—ky—k, - T",
U, . phosph. (t) F qor phosph +H'62 ﬁorphosph (t) +H-cz . "_lph-pl- (t) +k9 L_’orphosph (t) _
—orphasph (t) zorphosph (t) Zor.phosph. (t) Zar.phasph. (t) Zarphosph (t)
~(Fo+ H)-6 =iy =k =kt (1),
ph[’/ ( ) umwphwph ( ) (H+F +E)Ug ) _k7’ (131)
phpl (t)
—oxyg ( ) F q(”‘}g H qUXyg k yor,pho.yph. (t)
F+H) ¢, —— .k, £)—k, - oot )
ZoxygA (t) Haxyg (t) " ZOX}'&’« (t) ( ’ " ) Cl wayg (t) " ) _orphmph ( ) ’ HOX,V& (t)
and initial conditions
LTinar.phosph. (t) =0 = L_ligonphasph.; yinor.phosph. (t)|t 0 Zmorphosph > L_lor.phosph. (t)|l:0 = L_l(?r.phosph.; (1 3 2)

—,,0 -
zor.phosph. (t)‘t=0 - Eor.phoxph. ’ uph.pl. (t)
In the model (1.3.1), (1.3.2) such designations and assumptions take place:
— the range of definition for each equation forming the system (1.3.1) is determined by the semi interval

(0.7];

B fuIlCthIlS uinor.phosph. (t) > yinor.phosph. (t) > uor.phoxph. (t) H Zor.phoxph, (t) H uph.pl. (t) and onjg (t) denOte
accordingly the desired amount of inorganic phosphorus above the layer of the Baltic Sea, where
the salinity gradient is maximal (i.e. above the layer, where sea water salinity maximally changes — such
a layer is called halocline: halocline is a vertical zone in the oceanic water column in which salinity
changes rapidly with depth, located below the well-mixed: for instance, see
http://www.britannica.com/EBchecked/topic/252980/halocline), inorganic phosphorus below the
halocline, organic phosphorus above the halocline, organic phosphorus below the halocline,

i s 0],
(=0 = Uphpt.s Uoyg. t LO = Uy

phytoplankton above the halocline and oxygen below the halocline at the moment of time ¢ [O, T ]:

T isthe given time period, during which the dynamics of oxygen condition of the Baltic Sea is studied;
0 —0
inor.phosph.> Zmor -phosph.> uanphasph. H zonphasph. H

supposed to be known before;
— values of constants (let’s call them inner model constants) /, 7°, H and parameters values (let’s call

them inner parameters of the model) £, ( =1 12) ¢ ( i=1: 2) F, [riner-phosph. - poinor-phosph.

o8- ph.pl. oxyg.>

—0
u

— constants u phpl.

and y(?xyg, from the initial conditions (1.3.2) are

q(’)"‘” -phosph. q(‘)’r"”h‘”ph', q,°%, q°% of the differential equation system (1.3.1) are given below in
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accordance with research results [24]: /=8 hours; 7° =8 °C; H =2.125 km/(twenty-four hours);
k, =0.004 1/°C per twenty-four hours; k, =0.0000693 1/(twenty-four hours); &, =0.00000004 1/t

Phosph. hour °C-(twenty-four hours); %, =0.000537 1/km3 Op-(twenty-four hours); k, =0.001558;

k, =0.00000217 1/km3 Op-(twenty-four hours); k, =0.065 1/(twenty-four hours); k, =0.00001846
1/(twenty-four hours); k, =0.00022 1/(twenty-four hours); £, =0.00022 1/(twenty-four hours);

k,, =0.0004206 1/km3  Op-(twenty-four hours); k,, =0.000199 1/km3  Oy-(twenty-four hours);
¢, =0.00002765 1/km3; ¢, =0.0001053 1/km3; F,=1.308 km3/(twenty-four  hours);
Firerphowh . privorphoswh: — 98 77t Phosph./ (twenty-four hours); F, e, = 1.308 km3/(twenty-four hours);

oxyg. ph.pl.

gy """ =0.001 km3 Phosph./km3; ¢"”"*"" =0.003 km3 Phosph./km3; g% =0.01 km3 O/
km3; g% =0.01 km3 Op/km3.

Remark 5. Due to the fact that almost 30 years have passed from the moment of publishing
the work [24] and in this period significant geopolitical changes occurred in Europe, in particular, in
the Baltic Sea countries (breakdown of the USSR; acquisition of sovereignty of the three Baltic States;
decrease of industrial power of some of the Baltic Sea countries (Latvia, Lithuania, Estonia, Poland,
Russia) and, as consequence, change of anthropogenic impact on the Baltic Sea by those countries;
increase of industrialization of the developed Baltic Sea countries — Germany, Sweden, Finland, Denmark
and other factors), it is evident that the values of model (1.3.1), (1.3.2) inner constants and parameters,
which have been calculated in the work [24] and borrowed by us without any changes, obviously have to
be specified more precisely. As it can be seen from the offered model (1.3.1)—(1.3.2), the corresponding
changes/specifications of such inner constants and parameters of the model do not change the essence of
the proposed model, except the coordinates of positive stationary points (one of the positive stationary
points, within the small vicinity of which the model is stable will be the desired condition of the Baltic
Sea!) of the system (1.3.1) will change: in [7,24] the Sjoberg model had two positive stationary points,
one of them is stable and, therefore, it describes the real condition of oxygen in the Baltic Sea in the 70’s
of the XX century.

Remark 6. In the model (1.3.1), (1.3.2) units of modelling — tons of phosphorus (t Phosph.) per
twenty-four hours and cubic kilometre of oxygen (km3), namely, measuring units of functions

(¢), u,,, () are t Phosph/(twenty-four hours), but

uinor.phosph. (t) 4 Ziinor.phosph. (t) s uor. .phosph. (t) s yar,phosph. ph.pl.

measuring units of function y°  are km3 0.
—oxyg.

2. Models of atmospheric pollution

2.1. The non-stationary model for determination of dynamics of hazardous substances
concentration in the turbulent urban atmosphere with unknown velocity of air flow

In this subsection a mathematical model is proposed for determination of dynamics and kinetics of
harmful substances concentration, in particular, vehicle exhaust fumes in the turbulent atmosphere within
the city scale. For the construction of mathematical model spatial-temporal variability of meteo-elements
fields was taken into account as well as major turbulent characteristics of an atmosphere — irregularity,
continuity, whirl-like nature, non-linearity, dissipativity, and diffusivity. Moreover, it was not supposed
that the velocity of the turbulent air flow was previously known, and an assumption was made on
piecewise constant coefficient of the turbulent and molecular diffusion and its dependence on vertical
distance from the surface of the Earth that was a significant assumption regarding the vertical layering of
the urban air. The fact that in the proposed model, alongside with the desired concentration of exhaust
fumes, the unknown and desirable is also the function of turbulent air flow velocity, for determination of
which a special separate mathematical model has been constructed (under the certain simplifying
assumptions), which is interconnected with the main model — the model of determination of exhaust
fumes concentration — allows thinking that the proposed model is in some sense a universal model
(despite the fact that in [48] it is called "naive" model).

If to compare this model with the model proposed in the next subsection, then in the present model
the following factors are not taken into account, which, depending on the class of atmospheric stability,
can influence, even significantly, the final characteristics of the pollutant distribution process, including
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the exhaust fumes: (a) the factor of dry absorption of substances, composing emissions; (b) the factor of
wet deposit and chemical transformations of the substances, composing emissions. Taking into account
these two factors while constructing an adequate mathematical model, substantially changes the concept
of model development: the essence and "appearance" of the model change radically. Exactly in this
context the model proposed in this subsection is "naive" in comparison with the model, proposed in
the next subsection.

So, considering the process of exhaust fumes distribution in a parallelepiped domain

[O,ll]x[O,lz]x[O,l3], the offered mathematical model consists of finding the concentration
cm ( xl,xz,x3,t) of the n-th (n :LTV) pollutant at any arbitrary spatial point ( X5 %,, xs) of the domain
[O, 11] X [0, lz] x[O, 13] at the arbitrary moment of time ¢ € [O, T] from

« the equation

{n}
W:div(D(g(x,t))-WC{"}(x,t)) @.1.1)
—E(x,t)-WC{"} (x,1), 120, x=(x,x,,x): 0<x, </, (i =B);
« from the initial condition
ct (x,t)‘lzo = CO{"} (x), x=(x,x,,x): 0<x, </, (i = 1,_3), (2.1.2)
« from the boundary conditions (with every fixed j = M)
B2 e | =l (s, a, <x sk, (=T 20 @13)

1

{n} GC{"} (x,t)

Vis; p™ +7,-{,Zij . (x,1) - =C[{f§,l/(x/{x[},t), a,;<x;<b,; (1’:?), t>0, (214
! x;=b; ; !
« from the conjugation conditions
()| L, =CM ()| =ML 0<x <] (i=1,2), 2.1.5)
=l xy=l+
{n} {n)
L(x,t) )L(x,t) , j=LM -1, 0<x <l (i=1,2). (2.1.6)

D(3(x,1))- . ) = D(3(x.1)):
x;=0/1-0

In the non-stationary initial-boundary problem (2.1.1)—(2.1.6) the following designations take

Ox
3 =140

place:
fD(g(x,z)) denotes the coefficient of the turbulent and molecular diffusion, which according to the
abovementioned assumption, is a piecewise-constant function of the type
D, =const if 0= 13{0} <x, < 13{1},
- def = ; 1 {2}
O<dmmSD(19(x,t))E D, =const if ) <x;<L7,

D,, =const if l;fM*l} <l = 13{M}
for Vx, e[O,ll.], (i :1,2), where M is a number of parallel layered media to the plane X,0X, in
respect to the vertical axis OX;

— for simplification the points of boundary layers are denoted as g, ; and b, IE

0 if i=12,
def i def{l,- if i=12; Vj,

o T L 2.1.7
a . =L if i=3; j#0, bl,j Z3{./+1} if i=3;, Vj; ( |

)
1 if i=3; j=0,
- g(x,t)zg(xpt) denote the unknown vector-function of the averaged velocity of turbulent

atmospheric air, which is the solution of the following non-linear problem:
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83(x3,t)_i ‘63(x3,t) ~ .83(x3,t) _ . (2.1.8)
—8t _8x3 [D(B(J@J)) —8x3 19(x3,t) —8x3 +P(x3,t,g), 0<x, <L, t>0;

19(x3,t)t:0 =9 . (x3), 0<x,<1; (2.1.9)
9(xp,t) iy =9(t), 120, i=0,M; (2.1.10)
@ni,iaz(lg{i})=19§(0), i=0,M; @2.1.11)
S(xp,t) oy =3(xnt)| _uy» i=LM =1, £20; (2.1.12)
D(9(x;.1)) 08(x;.1) =D(9(x,.1)) 08(x;.1) , i=LM—1, t>0. (2.1.13)

6x3 . :41;70 8x3 x3:[§i} +0

In the problem (2.1.1)~(2.1.13) the known initial data are the constants g=~9.8 m/c’
(gravitational acceleration), NeN, MeN, TeR', D eR, ( j=LM ) ,

Zi{j}eRL (i:ITS; j:(),W), 71.{”,’(}’jeRl+(i=1,2; k=1,4; j=O,M—1), moreover, for Vnzl,_N
holds
1 if j=0; i=1 k=13,
yio=10 i j=0; i=1 k=24, (2.1.14)
yio>0 if 0 Vik

as well as functions 9. (%), 9(¢) (i:l,M ), P(x,,1;g) (power of external sources),

Cé"} (x) (‘v’n — ﬁ)’ Cl{’;} (.,;) (1‘ =16; j=0,M —1) , moreover, for Vn =1, N holds
C (of) = {Ci{;} o) POl (2.1.15)

ij .
0 otherwise .
Finally, in the problem (2.1.1), (2.1.7), (2.1.14), (2.1.15) in respect to concentration it is supposed

that the initial function Cé"} (x) and the boundary functions Q{"]} (+,1) are satisfying the corresponding

consistency conditions (see [45]) for each n :1,_N of exhaust fumes. In the complete model (2.1.1)—

(2.1.15) the desired functions are concentration C'" (%, %,,x;,¢) of the n-th (n = 17\[) pollutant and the
averaged velocity 9(ux,,¢) of the atmospheric turbulent flow.

Remark 7. In the formulated model (2.1.1)—(2.1.15) the axis QX is directed along the considered

1
part of the city street loaded with vehicular traffic, i.e. it is supposed that along this axis the length of the
considered street part is located; the axis OX, is directed along the width of this street, but the axis OX,

is directed along the height of the considered domain of the city. In other words, the spatial domain of the
mathematical model (2.1.1)~(2.1.15) has the form of parallelepiped layered along the axis O.X, in which

at first, the length/width/height are characterized by the coordinate axis OX,/0X,/O0X,
correspondingly, and, secondly, all the layers are parallel to the surface X,0X,.

Remark 8. In the formulated model (2.1.1)—(2.1.15) the boundary conditions (2.1.3), (2.1.4) are
the conditions of mixed type, namely:

— for the first layer (the near-surface layer) 0+0= 13{0} +0<x, < 13{1} -0;
— on the wall of the parallelepiped (see Remark 3) {)q =0+0, 0<x, <[, 0<x, Slil}} , which is perpendicular
to the axis OX, at the point x, =0+0 (that is, on the wall, which reflects the beginning of the

considered area), and on the wall{ x,=1-0,0<x,<, 0<x, < 13{1?}, which is perpendicular to the
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axis OX, at the point x, =/ —0 (that is, on the wall, which reflects the end of the considered area),

the boundary conditions are given as the conditions of the third type (i.e. the so-called the Newton
conditions);

—on the other two walls, which are perpendicular to the axis OX, at points x, =0+0 and x,=/,-0
(that is, on the walls, reflecting the buildings along the roadside of the considered street), the boundary
conditions are given as the conditions of the second type (i.e. the so-called the Neumann conditions);

— for all the other layers 13{1} +0<x, <[, -0 on all the walls of the parallelepiped the boundary conditions

are given as the conditions of the first type (i.e. the so-called the Dirichlet conditions).

Depending on what type of measuring equipment and technical devices the experiment performers
have (that is, experts performing measuring of pollutant concentrations) for provision of fulfilment of
the initial condition and boundary conditions in the proposed model, it is possible to consider instead of
the boundary conditions (2.1.3), (2.1.4) the other boundary conditions, which can appear to be more beneficial
from the researcher’s point of view. For example, if instead of formulae (2.1.7), (2.1.14), (2.1.15),
respectively, to write

0 if i=12; o
0 5 Lo i=12
a . =<l if i=3; j#0; i = (e
Yo ¢ . .] . SO =3,
L7=0 if i=3; j=0,
YW, >0 if =0, Vik;
) _J0 if j=0, k=13, Vi (2.1.17)

(2.1.16)

Vikj = . . .
-1 j=0, k=2, Vi
1 if j=0, k=4, Vi,
(. . o
Cll (t) = Cl(n)=0 i j=0; (2.1.18)
0 if  j#0, Vi,

the boundary conditions (2.1.3), (2.1.4) of other nature will be determined, namely:

—for the first layer (for the near-surface layer) 0+0= 13{0} +0<x, < 13{1} —0 on all the walls of
parallelepiped the boundary conditions are given as the Dirichlet conditions;

— for all the other layers 13{1} +0<x, <[, -0 on all the walls of the parallelepiped the boundary conditions

are given as the Newton conditions.
If instead of (2.1.7), (2.1.14), (2.1.15), respectively, to write

b=, T 2.1.19)
ij Z(j+1) lf‘ i=3 .
3 —
7R >0 i il Yk
Yo =30 i =1, k=13, ; (2.1.20)
0 if i=1, k=2,4, Vj,
(. : - _ )
Cl (o) =< (50)#0 if {j=0{n{i=2,3,56}; 2.121)
0 otherwise,

then, by doing this the boundary conditions (2.1.3), (2.1.4) of another nature are defined, namely:
— for all the layers 0= I;{O} +0<x,; </, on the walls, perpendicular to the axis O.X, at the points x, =0+0
(that is, on the walls, reflecting the beginning of the considered area) and x, =/ —0 (that is, on the

walls reflecting the end of the considered area), the boundary conditions are defined as the Neumann
conditions;

— for all the layers 0= 13{0} +0<x, </, on all the other walls perpendicular to the axis OX, at the point
x,=0+0 and x, =/, -0 (that is, on the walls, reflecting buildings along the sides of the considered

street), the boundary conditions are defined as the conditions of the Newton conditions.
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If instead of (2.1.7), (2.1.14), (2.1.15), respectively, to write

0 i j=0,i=13 L i=12,
;=10 ¥ Jj#0.i=L% b, :{13““) ;i3 v (2.1.22)
1) if j#0, i=3,
71(,2),,' € Ri (i =12, k =l,_4; J =M) are given numbers, (2.1.23)
cl (x), C,{j'}(-,t) (i=1,6; j:M) are given functions, (2.1.24)

then by doing these boundary conditions (2.1.3)—(2.1.4) of another nature will be defined, namely: for all
the layers on all the walls of the parallelepiped the boundary conditions are defined only as the conditions
of the Newton conditions. It is obvious that in this case the boundary conditions are of the mixed type and
for its provision more sophisticated and precise measurements are required.

Other types of boundary conditions are also possible. In present research the boundary conditions
(2.1.3), (2.1.4) are defined by the formulae (2.1.7), (2.1.14), and (2.1.15). However, the obtained results
can be easily distributed also for the mathematical models (2.1.1)—~(2.1.6), (2.1.8)—(2.1.13), where the

boundary conditions in respect to the desirable concentration C""}(xlyxzyxpt) are defined either by

formulae (2.1.16)—(2.1.18), or by formulae (2.1.19)—(2.1.21), or by formulae (2.1.22)—(2.1.24).

Concluding this remark it would be worth to recall that when the boundary condition in respect to
the concentration is given as Dirichlet condition, then it is necessary to measure the concentration on the
corresponding boundary (on the surface, on the walls), when the boundary condition is given as Neumann
condition, there is no need in measuring concentration, but it is required to measure the "flow" of
concentration in the corresponding boundary of the considered domain; but if the boundary condition is
given as Newton condition, it is necessary to measure concentration by taking into account the molecular-
diffusive exchange with the ambient environment, what is the most important and the most sophisticated
measurement process, requiring the corresponding technical means and scientific potential.

Remark 9. It is possible to assume that the number of layers from the Earth surface till the desired
height 13 is equal to four, that is M =4, and the boundaries of each layer are empirically determined,

moreover, the upper boundary of the most distant layer from the Earth surface (that is, the boundary of
the fourth layer) is equal to 24 metres that corresponds to the average height of buildings in Riga.

2.2. Molecular-kinetic complex model of distribution of hazardous substances for multi-layered
computation domain of sophisticated configuration taking into account the wind field
and urban area development (i.e. quasi-hilly landscape)

In this subsection a mathematical model is proposed for distribution of harmful substances in
the turbulent atmosphere. The proposed model is a transport-diffusion model of distribution of harmful
substances, and it is constructed on the basis of the parabolic type equations system taking into account
the substance preservation law. In this model there are also taken into consideration the following: laws of
transfer, including intensive transfer; pollutants concentration gradient changing factor; presence of sources
and sinks due to physical-chemical processes; main properties of the wind field taking into account the quasi-hilly
landscape; general laws of the air masses turbulent motion; the fact that distribution of pollutants can be
done from several sources of qualitatively different type; laws of dry absorption of substances, composing
the pollutants; laws of wet deposit and chemical transformation of substances, composing emissions.

Finally, let us notice that in the model given below the whole three-dimensional domain, where
distribution of harmful contaminants is studied, is divided into layers of variable height in respect to the
vertical (that is, in respect to the outer normal to the Earth surface). To activate the model some initial
data are required, namely, the field of wind velocities over the area of the complex terrain; coefficients of
vertical and horizontal turbulence; characteristic height of the mixing layer, within which there is an
intensive process of pollutant transfer in the atmosphere (it is known that it could be ranged from 250 m
up to 2 km); wind velocity; height of the upper boundary of the mixing layer; the flux level of deposition;
class of atmospheric stability; temperature gradient. It is important to stress that all the required initial
data are available and can be relatively easily acquired from meteorological equipment.

So, the proposed mathematical model is rooted in determination of sulphur dioxide SO, ( 1 V)
(when j=1) and anion of the sulphuric acid SO, (when j =2) concentration CJ{.i} (x, y;t) (i =E)

in the n_-layered domain L_x Ly from the system of equations
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o(nth-c N o _ .
( ot ) + divx,y (h{‘} : Cl{l} : Vvifid ) - divx,y (K}{z;}rtz : h{l} : gradx,ycl{l} ) + (Vdryl + thm[d, ) Cél} -
_I//ran;/brm. : h{l} : Cl{l} = Dl{i} (Cl{l} ) +ao- h{l} : R{rit}ission ’ (xa Vs Z) € Lx x Lya te (OrT)a Vi= E)
o(n'.c
. i i i . i i i i 221
% + dlvx,y (h{ } ' C; } ' Vviiid ) - dlv(K}{lo}n'z. : h{ } : gradx,yci } ) + (Vdryz + Vhllm[dz ) Cl{ } - ( )
_I/v/ran;/brm..h{i} Cil} :Déi} (Cél})_i—a‘h{l} .E’{rit}ission7 (X’y’Z)EL.rXLy’ tE(O,T), VZ:E

In the (2.2.1) system the following designations take place:

o n_ is the number of layers, each of the layers is perpendicular to the outer normal 7 to the

Earth surface: in the proposed model (2.2.1) the direction of the coordinate axis OZ coincides
with the direction of the outer normal 7#;

. Lx and Ly are linear sizes of the considered domain, where the dynamics of pollutant (sulphur

dioxide and sulphuric acid) distribution is investigated;

o T’ is the time of investigation for the dynamics of harmful substances (sulphur dioxide and
sulphuric acid) distribution;

. - ; 7). i . . ,
o 1" is the thickness of the i-th layer (l =Ln, ) 5 Vina is the velocity of the wind in the i-th layer

( i= E), Vdm is the velocity of dry deposit of the sulphur dioxide SO, ( 1 V); Vd’y2 is the velocity

of dry deposit of the sulphuric acid SO,; V, is the velocity of wet deposit of the sulphur

umid,

dioxide SO, (1V'); V. 1s the velocity of the wet deposit of the sulphuric acid SO;;
-V

transform.

is the velocity of the chemical transformation of the sulphur dioxide SO, ( I V) into
the sulphuric acid SO,; o is the amount of sulphur dioxide SO, in the emitted impurities;

F{i}

emission

is the field of emission in the i-th layer (i = E),

. K,E;}”z' is the coefficient of the horizontal turbulent diffusion in the i-th layer (i = E) which

b

is calculated by the following formula (see [48]):

K Y ma (1’ j-(B{"} y o, (22.2)

hori: 2 V {l}

wind

where B{i} denotes the angle (in radians) of the horizontal fluctuation of the wind direction in the i-th

layer (i = 1,_;1), but H'" denotes the height (in metres) of the i-th layer of mixing (i = ﬁ)

. l{f} (Clif}) is the coefficient of vertical turbulent diffusion for the sulphur dioxide SO, ( 1 V) in
the 7-th layer ( i= E) which is calculated according to the following formula (see [48]):

b

) (i) Ay
2.pl '—il{"} h{gl” if Q=1
+
) N ) C{f+1} _C{i} Lo _C{f—l} - 223
() 2 1 fi-1} . (2.23)
Dl (Cl‘ ): 2-D W—ZD ﬁ l]( l—2,l’lz—1,
Y +h o +h
(i _ o=t
) D{l—l} . Cl - C]» - f i=n;
h{’J +h{"11 z

where D" denotes the coefficient of the turbulent diffusion in the i-th layer (i = E),
. i"} (Ci"}) is the coefficient of the vertical turbulent diffusion for the sulphuric acid SOj in the

i -th layer (i = E), which is calculated according to the following formula (see [48]):
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) _ Al
2-DY %"}]+h{%} ifi=l,
Dg}(cél})d;f 5. pll izi}]i;{czl:_z D{[_l}_i{}l}_+ ;214; ;- (2.2.4)
5. pi %:;;2{1;} —_—
Conclusions

In the present paper there is proposed a complex of continuous qualitative models having dynamic
parameters for analysis, evaluation and forecast of aquatic (water reservoirs, lakes and the Baltic Sea) and
atmospheric ecosystems in Latvia. All the constructed models (there are 5 models, three of which are
dealing with modelling of diverse aspects of aquatic systems, while other two are modelling the dynamics
of atmosphere pollution processes) are described in terms of differential equations and mathematical
physics and are considered to be evolutional models. Below it is given a short description of the models
proposed.

The first model is aimed at discovering the pollutant concentration dynamics in the Baltic Sea.
This model can be used as the primary model for the better monitoring of the Baltic Sea. The second
model is designed to determine the basic characteristics of nitrogen circulation in the natural aquatic
environments. This model allows reducing substantially (in comparison with the other models constructed
to this date and known to the authors of this paper) the uncertainty in the parameters of the sophisticated
process of circulation in the inhomogeneous media, which is typical for natural aquatic environment with
powerful sources and sinks. Let us note that it is possible to consider minimizing the number of uncertain
model parameters issue by (a) identifying relationships imposed on the parameters, (b) finding non-trivial
special points of the system-model, and taking into account those points found in a consequent way for
the several structures of the circulation processes following the conditions of stability maintenance.
In further studies authors plan to carry out the abovementioned minimization for the uncertain model
parameters number. The third is a mathematical model that allows determining the sensitivity of oxygen
condition in the Baltic Sea. This model provides a possibility to (a) identify those features of oxygen
condition dynamics, which are not revealed during the regular enumeration and/or using pure statistical
methods of parameters evaluation; (b) to identify qualitative properties of the oxygen condition dynamics,
which reduce significantly the uncertainty in the complex interrelations between dynamics parameters and
the environment, making it possible to forecast the anthropogenic impact on the ecosystem with a high degree
of accuracy, and, therefore, to identify existing trends in the ecosystem of the sea. However, it should be
noted that this model cannot be used for the study of the seasonal Baltic Sea ecosystem dynamics in
the conditions of aerobic and anaerobic states being below the halocline level, and this is regarded to be
a limitation of the model. For this reason, the third model can be used only as a primary model for identification
of condition that leads to anaerobic zones growth strengthening in the Baltic Sea.

The fourth proposed mathematical model is devoted to the determination of dynamics and kinetics
of the harmful substances concentration, in particular, the vehicular traffic exhaust fumes in the turbulent
atmosphere within the city-scale. The important feature of this model is the fact that it is not assumed
a priori known velocity of turbulent flow of air, and in order to find the unknown turbulent velocity it is
constructed the separate mathematical model, which is interconnected with a general model — the model
of determining the concentration of exhaust fumes. Particularly in this context the provided model in
some sense is regarded to be a universal model. However, the number of shortcomings of this model
includes the following constraints, which, depending on the class of atmospheric stability may affect,
even substantially, the resulting characteristics of pollutant distribution process, including exhaust fumes:
(a) the factor of dry absorption of substances, composing emissions; (b) the factor of wet deposit and
chemical transformations of the substances, composing emissions. Taking into account these two factors
while constructing an adequate mathematical model, substantially changes the concept of model
development: the essence and "appearance" of the model change radically. Exactly in this context this
mathematical model is "naive" in comparison with the fifth model (the last one from proposed models).
The fifth model of distribution of hazardous substances in the turbulent atmosphere is a transport-
diffusion model of harmful containments transfer. In this model there are taken into consideration as
follows: (a) laws of transfer, including intensive transfer; (b) pollutant concentration gradient changing
factor; (c) presence of sources and sinks due to physical-chemical processes; (d) main properties of
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the wind field taking into account the quasi-hilly landscape; () general laws of the air masses turbulent
motion; (f) the fact that distribution of pollutants can occur from several sources having qualitatively
versatile nature; (g) laws of dry absorption of substances, composing the pollutants; (h) laws of wet
deposit and chemical transformation of substances, composing emissions. Finally, let us notice that in this
model the whole three-dimensional domain, where distribution of harmful contaminants is studied, is
divided into layers of variable height in respect to the vertical (that is, in respect to the outer normal to
the Earth surface). To activate the model the following initial data are required, namely, the field of wind
velocities over the area of the complex terrain; coefficients of vertical and horizontal turbulence;
characteristic height of the mixing layer, within which there goes an intensive process of pollutant
transfer in the atmosphere; wind velocity; height of the upper boundary of the mixing layer; the flux level
of deposition; class of atmospheric stability; temperature gradient. Besides, it is important to emphasize
that all the required initial data are available and can be relatively easily acquired by means of using
meteorological equipment.

To conclude with, let us note that authors of this research are intended to continue the further
investigation taking the benefit of both qualitative and quantitative studies for all five models as well as to
develop the stable analytical and numerical methods for their solution ensuring the corresponding
computer-based implementation.
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