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ABSTRACT. Our objective in this paper is to define and study the Rényi
entropy and the Rényi divergence in the intuitionistic fuzzy case. We define the
Rényi entropy of order of intuitionistic fuzzy experiments (which are modeled
by IF-partitions) and its conditional version and we examine their properties.
It is shown that the suggested concepts are consistent, in the case of the limit
of ¢ going to 1, with the Shannon entropy of IF-partitions. In addition, we intro-
duce and study the concept of Rényi divergence in the intuitionistic fuzzy case.
Specifically, relationships between the Rényi divergence and Kullback-Leibler
divergence and between the Rényi divergence and the Rényi entropy in the
intuitionistic fuzzy case are studied. The results are illustrated with several
numerical examples.

1. Introduction

The Shannon entropy [31] and Kullback-Leibler divergence [22] are among
the most important quantities in information theory [I7] and its applications.
Because of their success, many attempts have been made to generalize these
concepts. As is known, the Rényi entropy and Rényi divergence [26] represent
their significant generalizations. These quantities have important applications
in ecology, in statistics, and they are also important in quantum information.

If we consider a probability space (X, S, P) and a finite measurable partition
A={E,...,E,}of (X, S, P) with probabilities p; = P(F;),i=1,2,...,n, then
the Shannon entropy of 2 is defined as the number H(2) = —>"""_| p; - log p;.
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IfA={Fy,...,E,} and B = {F},..., F,} are two finite measurable partitions
of (X, S, P), then the conditional Shannon entropy of 2 assuming a realization
of % is defined as the number

P(E; N Fj)
H(A%B) = ZZPE N F;) - log P
=1 j=1
It is assumed in the definitions above that O - log% = 0 if z > 0. The Rényi
entropy of order ¢, where ¢ > 0 and ¢ # 1, of 2 is defined as the number
Hy(A) = 12, log 377, pf. Tt can be shown that lim,1 Hy(2) = Y2i_, p;-log -,
thus the Shannon entropy is a limiting case of the Rényi entropy for ¢ — 1.
It is known that there is no generally accepted definition of conditional Rényi
entropy. In [33], three definitions of conditional Rényi entropy are described,
which can be found in the literature. In [I6], an overview of various approaches
to defining the conditional Rényi entropy can be found, and moreover, a new
definition of conditional Rényi entropy has been suggested. In [20], the authors
suggested a general type of conditional Rényi entropy that includes previously
defined conditional Rényi entropies as special cases. The suggested concepts
have been successfully used in time series analysis [21], in information theory [I]
and in cryptographic applications [25]. None of the proposed generalizations,
however, fulfills all the basic properties of Shannon conditional entropy, so the
choice of the definition depends on the purpose of use.

The present article is devoted to the study of Rényi entropy and Rényi diver-
gence in the intuitionistic fuzzy case. The intuitionistic fuzzy sets theory [213L5]
was introduced by Atanassov as an extension of the Zadeh fuzzy set theory
[34]. Recall that while a fuzzy set is a mapping fa : X — [0, 1] (where the con-
sidered fuzzy set is identified with its membership function f4), the Atanassov
intuitionistic fuzzy set (shortly TF-set) is a pair A = (fa,94) : X — [0,1] x [0, 1]
of fuzzy sets for which the condition fa(x)+ ga(z) < 1, for every x € X, is
satisfied. The functions fs and g define the degree of membership and the
degree of non-membership of the element z € X to the considered IF-set A,
respectively. It is obvious that every fuzzy set fa : X — [0, 1] can be considered
as an IF-set A = (fa,1 — fa). All results that apply to IF-sets are also valid in
the fuzzy case. Naturally, the opposite implication is not true; the intuitionis-
tic fuzzy sets theory is a nontrivial generalization of the fuzzy set theory. This
means that the IF-sets provide opportunities for modeling a larger class of real
situations. In the last three decades, many authors have dealt with the theory of
IF-sets, which has been successfully applied in various mathematical disciplines
and has also important practical applications. We refer the interested reader to
the article [19], which contains an overview of highly cited intuitionistic fuzzy
publications and provides their characteristics. Of course, many papers (see,

e.g., [1,9L[10L 14, 15,2324, 382,[35]) are devoted also to study of entropy in the

intuitionistic fuzzy case.
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In [24], we introduced the concepts of Shannon entropy and Kullback-Leibler
divergence in the intuitionistic fuzzy case. Instead of measurable partitions, we
considered so-called intuitionistic fuzzy partitions (IF-partitions, for brevity)
that can be useful for modeling experiments with inaccurate IF-information.
The aim of the present paper is to extend our study concerning the Shannon
entropy and Kullback-Leibler divergence in the intuitionistic fuzzy case to the
case of Rényi entropy and Rényi divergence.

The rest of the paper is structured as follows. In the following section we
provide basic definitions, notations and facts used in the article. Our main results
are discussed in SectionsBHIl In Section [3] we define the Rényi entropy of an IF-
partition and examine its properties. It is shown that for ¢ — 1 the Rényi entropy
of order ¢ converges to the Shannon entropy of an IF-partition. In Section 4, we
introduce the concept of Rényi conditional entropy of IF-partitions and study
its properties. It is shown that the suggested definition of the conditional Rényi
entropy is consistent, in the case of the limit of ¢ going to 1, with the conditional
Shannon entropy of IF-partitions, and it satisfies the property of monotonicity
and a weak chain rule. Section [l is devoted to the study of Rényi divergence
in the intuitionistic fuzzy case. The results are explained with several examples
to illustrate the theory developed in the article. The final section provides a brief
summary.

2. Preliminaries

In this section, we provide basic definitions, notations and facts used in the
paper.
DEFINITION 1. Let X be a non—empty set. By an intuitionistic fuzzy set (IF-set

for short) we will understand a pair A = (fa, ga) of functions fa,g4 : X — [0, 1]
such that f4 4+ ga <1 for every z € X.

Analogously as in the fuzzy set theory, there are many possibilities to de-
fine operations over intuitionistic fuzzy sets (cf. [4[6[13],29,30]). We will use
the partial binary operation @ and the binary operation - defined as follows.
If A= (fa,94), and B = (fp, gp) are two IF-sets, then we define

A@B=(fa+fp,9ga+9p—1x) and A-B=(fa-fB,94+ 98 —9a-9B).

Here, 1x denotes the constant function with the value 1; similarly, Ox denotes
the constant function with the value 0. It is evident that if A, B are two IF-sets,
then A @ B is an IF-set if and only if fa + fp < 1x and ga + g > 1x. In the
case that A @ B is an IF set, we will say that A @& B exists. Put

1=(1x,0x), 0=(0x,1x).
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It can be verified that for any IF-sets A, B, C, the following conditions are sat-
isfied:

(F1) A-1=A, A 0= A

(F2) A-B =B - A; if A® B exists, then B® A exists, and A B =B& A
(commutativity);

(F3) (A-B)-C=A-(B-C);if (A& B) & C exists, then A& (B & C) exists
and (A@ B) ¢ C = A& (B& C) (associativity);

(F4) if A® B exists then C- A& C-Bexistsand C-(A®B)=C-AaC-B
(distributivity).

In the class of all TF-sets we define the partial order relation < in the following
way: if A= (fa,94) and B = (fp, gp) are two IF-sets, then A < B if and only if
fa < fpand ga > gp. It is easy to see that 0 < A < 1 for any IF-set A. In [1§]
Gutierrez Garcia and Rodabaugh have proved that intuitionistic fuzzy
sets ordering and topology are reduced to the ordering and topology of fuzzy
sets. Another situation is in measure theory where the intuitionistic fuzzy case
cannot be reduced to the fuzzy one (cf. [§]). We note that a probability theory
for the intuitionistic fuzzy case was developed in [2§], see also [12].

EXAMPLE 1. As already mentioned in Introduction, any fuzzy set f4 : X — [0, 1]
can be regarded as an IF-set, if we put A = (fa,1x — fa). If fa = 14 where
14 is the indicator function of a set A C X, then the corresponding IF-set has
the form A = (Ia,1x — I4) = (Ia, Iac). Here, A¢ denotes the complement of a
set A C X. In this case, A @ B corresponds to the union of sets A, B C X with
empty intersection, A - B to the intersection of sets A, B C X and the relation
< to the inclusion of sets A, B C X.

In what follows we shall denote by the symbol F any family of IF-sets satis-
fying the following two conditions:
(F5) 0 e F, 1€ F;
(F6) if A,B € F, then A-B € F.
Any IF-set from the family F is interpreted as an intuitionistic fuzzy event. The
IF-set 0 = (0x, 1x) is considered as an impossible event; the IF-set 1 = (1x,0x)

as a certain event. In an analogous way as in [23], we define the state on the
family F. It plays the role of a probability measure on the family F of IF-events.

DEFINITION 2. A mapping s : F — [0, 1] is called a state if the following two
conditions are satisfied:

(i) s(1) =1;
(ii) if A, B € F such that A @ B € F then s(A @ B) = s(A) + s(B).
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Notice that the disjointness of TF-sets A = (fa,94) and B = (fp,gp) of F is
expressed in Definition [2] by the condition that f4+ fp < 1x and ga +g > 1x
(or equivalently by the condition that f4a < 1x — fp and g4 > 1x — gp).

DEeFINITION 3 ([23]). By a measurable IF-partition of (1x,0x) with respect
to a state s : F — [0,1], we will mean an n-tuple a = (A;,...,A4,) of (not
necessarily different) members of F such that @' A, € F and s (@] 4;) =1

EXAMPLE 2. Let us consider a classical probability space (X, S, P) and put
F = {(Ig,1x — Ig); E € S}. Then the mapping s : F — [0, 1] defined by
s((Ig,1x —Ig)) = P(E), e € S, is a state. A measurable partition (E1,..., E,)
of (X,S,P) can be regarded as an IF-partition, if we consider (Ig,,1x — Ig,)
instead of E;.

For two finite tuples o = (Ay,..., Ax) and 8 = (By,..., By) of elements of F
we define aV 5 as an r-tuple (where r = k- /) consisting of the elements (4, - B;),
i=1,2,...,k, j=1,2,... L. Ifa=(Ay,...,A;) and § = (By, ..., By) are two
measurable IF-partitions of (1x,0x ), then it can be shown that the r-tuple aV 3
is also a measurable IF-partition of (1x,0x). The proof can be found in [23].
Let s : F — [0,1] be a state. Two measurable IF-partitions o = (Aq, ..., Ag),
B = (Bi,...,By) of (1x,0x) are called statistically independent with respect
to s if s(A; - Bj) = s(A;) - s(Bj) fori=1,...,k, j=1,...,¢. We will say that
the IF-partition (3 is a refinement of o and write o < 3 if for each A; € « there
exists a subset I(i) C {1,...,¢} such that A; = @ ;¢ (;Bj, where I(i)NI(j) =0
whenever i # j, and ﬂle I(i) = {1,...,¢}. It can be proved that for arbitrary
measurable IF-partitions «, 8 of (1x,0x), it holds &« < aV S and < a V .

DEFINITION 4 ([24]). We define the entropy of a measurable IF-partition
a= (A1, As, ..., Ay) of (1x,0x) with respect to s by the formula

n

Hy(a) == s(A;)log s(Ay). (1)

=1

DEFINITION 5 ([24]). If o = (A1, As,...,Ax) and B = (By,by,...,By) are
two measurable IF-partitions of (1x,0x) with respect to s, then we define the
conditional Shannon entropy of o given B; € 3 by

k
Hq(a|By) Zs (Ai|B;)log s(A;|Bj),
i=1

where

5(A1B]) . ) .
sy = | 5 if s(B;) > 0;
0 if s(B;) = 0.
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The conditional entropy of « assuming a realization of experiment [ is defined
by the formula

Hy(o|B) = Zs Hy(a|B)). (2)

Evidently, formula (2)) may be written in the following equivalent form:

H(alB) = ZZ (A; - Bj)log (A(B]?) (3)

=1 j5=1

It is assumed (based on continuity arguments) that 0 - log% =0ifx > 0. The
base of the logarithm can be any positive number, but as a rule one takes loga-
rithms to the base 2. The entropy is then expressed in bits. It can be shown that
the Shannon entropy of IF-partitions satisfies the properties analogous to prop-
erties of Shannon entropy of classical measurable partitions.

EXAMPLE 3. Let (X, S, P) be a probability space. Consider the family F of all
S-measurable TF-sets, i.e., the family

F={A=(fa,94); fa,94 : X — [0,1] are S-measurable with f4 + g4 < 1x}.

Let ¢ € [0,1]. Then it can be verified that the mapping s : F — [0, 1] defined,
for any element A = (fa,ga) of F by the formula

:)ZfAdP+C<1)[(fA+9A)dP>7 (4)

Remark 1. We note that any continuous state s defined on the family F of all
S-measurable TF-events (i.e., a state s : F — [0, 1] satisfying the condition
A, A = s(A,) 7 s(A)) has the form ([H); for more details, see [111127].
The entropy theory of Shannon type for the case of the class F of all
S-measurable IF-events was constructed by Durica in [[4]. We remark that
while an IF-partition considered by Durica is a set o = {Ay,..., A,} of S-
-measurable IF-events such that &7 ;A; = 1, the model studied in [2324] as
well as the model studied in this paper is more general.

is a state.

In [24], the concept of Kullback-Leibler divergence for the intuitionistic fuzzy
case was introduced as follows.

DEFINITION 6. Let s, ¢ be two states on F and o = (4, ..., 4,,) be a measurable
IF-partition of (1x,0x) with respect to s and t. Then we define the Kullback-
Leibler divergence d, (s|/t) as the number

da(sl) = 3 s(40) - Tog 374, (5)

=1
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In the succeeding sections we will use the known Jensen inequality: for a real
convex function F' real numbers x1,xo,..., T, in its domain and nonnegative
real numbers ay,as,...,a, such that Z?:l a; = 1 it holds

f (Z (Iz‘%z‘) < Z%‘F(Sz‘)

and the inequality is reversed if F' is a real concave function. The equality applies
if and only if z; = .- =z, or F'is a linear function.
Further, we recall the following notions.

DEFINITION 7. Let D be an arbitrary non-empty set and f : D — R be a real
function defined on it. Then the support of f is defined by

supp(f) = {z € D; f(z) # 0}.

DEFINITION 8. Let f : D — R be a real function on a non-empty set D.
We define the g-norm, for a < g < 0o, or g-quasinorm, for 0 < ¢ < 1, of f as

1

1l = (Z (@) ) |

3. The Rényi entropy of 1F-partitions

In this section we define the Rényi entropy of IF-partitions and examine its
properties. In the following, we assume that s: F' — [0, 1] is a state.

DEFINITION 9. Let a= (A1, Asg, ..., A,) be a measurable IF-partition of (1, 0x)
with respect to s. Then we define the Rényi entropy of order ¢, where ¢ > 0,
q # 1, of a by the formula

1

Hy() = 1— log y  s(Ai)". (6)

Remark 2. In accordance with the classical theory the log is to the base 2 and
the Rényi entropy is expressed in bits. For simplicity, we write s(A;)? instead
of (s(4;))" and log 3", s(A;)7 instead of log (Y1, s(4;)7).

Let o = (Ay, Ay, ..., A,) be a measurable IF-partition of (1x,0x) with re-
spect to s. If we consider the function s, : @ — R, defined by s,(4;) = s(A4;)

for every A; € a then we have " L
Isallq = (Z S(Az')q> ,
i=1
and formula (B]) can be expressed in the following equivalent form
S q
Hy(a) = l_qlog(\lsa\lq)- (7)

83



BELOSLAV RIECAN T—DAGMAR MARKECHOVA

Remark 3. Let a = (Ay,...,A,) be a measurable IF-partition of (1x,0x)
with respect to a state s. Let us assume that the state s is uniform over «, i.e.,
s(A;) =L fori=1,2,...,n. Then

n

20\ _ 1—q _
Hi(a) = logn % =logn.

1—gq

EXAMPLE 4. Let us consider the IF-partition ap = {1} representing an experi-
ment resulting in a certain event. It is easy to see that H;(ag) = 0.

Remark 4. It can be verified that the Rényi entropy H;(a) is always non-
negative. Namely, for 0 < ¢ < 1 and ¢ = 1,2,...,n, it holds s(A;)? > s(4;),

hence
n

Dos(A)T =) s(Ai) = s (@7 A) = 1.
i=1 i=1

It follows that HI(«) = ﬁ log >, s(A4;)? > 0. On the other hand, for ¢ > 1
and ¢ =1,2,...,n, it holds s(A4;)?<s(A;), hence Y"1 | s(A4;)1<>"  s(A4;)=1.
In this case we have l—iq < 0, therefore, H(a) = 117(1 log > | s(A4;)1 > 0.

ExaMPLE 5. Consider a family F of IF-events and a state s defined on F.
Let oo = (A1, As) be a measurable IF-partition of (1x,0x) with s(A;) = p, where
p € (0,1). Then s(Az) = 1 — p, and the Rényi entropy H;(c) of order ¢ = 3 is
Hi(a) = 2log(\/f)—|— V1 —p). If we put p = %, then we have Hj(a) = 0.958 bit.

In the following theorem it is proved that H, g(a) is monotonically decreasing
in q.

THEOREM 1. Let o = (Aq, Ag, ..., Ay) be a measurable IF-partition of (1x,0x)

with respect to s and q1, g2 be positive real numbers, g1 = 1, g # 1. Then q1 > ¢
implies Hy (o) < H} ().

Proof. Suppose that ¢q1,¢2 € (1,00). Then the claim is evident to the inequality

(Zs(Anf“) 2 (Zs(A»%) -

i=1 i=1

This inequality follows by applying the Jensen inequality to the function F
-1
defined by F(z) = ngfl, for every x € [0,00), and putting «; = s(4;),

x; = s(A4)171 i = 1,2,...,n. The assumption ¢; > ¢o implies Zij <1,

hence, the function F' is concave.
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Therefore, we get

1

n T n @Bl
( S(Az‘)f> = ( S(Ai)S(Ai)Q1_1>
=1 =1

_1
9271\ g3 1

_ <‘4&M&W*>l

> (ZS(Ai)S(Ai)qu)qz = (ZS(Ai)q2>qz-

i=1 i=1

The case of ¢1,¢q2 € (0,1) is obtained by similar arguments. Finally, the case
q1 € (1,00) and g2 € (0,1) follows by transitivity. O

ExAMPLE 6. Consider the following family F of Borel measurable IF-events:
F={A=(fa,94); fa,94 : [0,1] — [0,1] are Borel measurable with the prop-
erty fa + ga < 1x}. Further, define a state s : F — [0, 1] by the formula

1

1
s() = [fade+ 1= [(fa+ g0
0 0
for any element A = (fa,ga) of F. We put A; = (I[O%],I(%’l]), and Ay =
(I(%],I[O%]). Since A; © Ay = (I[O%],O) (and hence Ay @ Ay € F), and
s(A1 @ Az) = 1, the pair @ = (A4, Az) is a measurable IF-partition of (1x,0x).
Simple calculation will show that s(A4;) = % and s(As) = % The Rényi entropy

H;, (a) of order g = § is Hj, () = 2log(y/} + \/2) = 09758144 bit, and the

Rényi entropy H;, (o) of order g = % is Hg, (o) = 0.971927 bit. So, it holds
H$ (o) < Hj («), which is consistent with the claim of Theorem [1
2 3

At g =1 the value of the quantity H;(«) is undefined as it generates the

form %. In the following theorem it is shown that for ¢ — 1 the Rényi en-

tropy H; (a) converges to the Shannon entropy of an TF-partition defined by for-
mula ().

THEOREM 2. Let o = (Aq, Ag, ..., Ay) be a measurable IF-partition of (1x,0x)
with respect to s. Then

n

lim Hj (o) = = s(A;)log s(A;).

-1
4 i=1

Proof. In the proof we use L’Hopital’s rule limg_,; % = limg_y %.

We put f(q) = logd> 1, s(4;)9, and g(q) = 1 — g, for every ¢ € (0,00).
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Then, for every ¢ € (0,1)U(1,00), we have H; (o) = f(_; and the functions f, g
are differentiable. Evidently, lim,_,1 g(¢) = 0, and we have also

lim f(q) = logz s(A;) =logs (B, A;) =logl =0.

q—1 Pl
It holds d%g( ) 1, and
d 1 " d 1 n
9 pg) = 3 L7 = S s(A) o s(4)),
4 S s(A;)4-n2 i=1 4 S s(A)1 =
i=1 =1

Using L’Hopital’s rule, this yields lim1 Hi(a) = lim1 %, under the assumption
a— a—
that the right-hand side exists. Therefore, we have

n

(?_}H%Hq(a)—(}l_% long
_1 n n
S T q
_(}L}H{ — ZS(A) log s(A Zs ) log s(A;),
> s(Ap)e i=1 i=1
i=1
which is the Shannon entropy of « defined by formula (). (]

THEOREM 3. Let o and 3 be measurable IF-partitions of (1x,0x) with respect
to s such that o < . Then Hj(a) < HZ ().

Proof. Assume that a = (44,...,4,), 8= (B1,...,Bm), ag < . Then there
exists a partition {I(1),...,1(n)} of the set {1,2,...,m} such that it holds
A = @jer)By, for i = 1,2,...,n. Hence,

s(Ai) =5 (®jeryB;) = Y, s(B;), for i=1,2,....n
JEI(4)

Consider the case of ¢ > 1. Then s(A;)? = (Z ,
fori=1,2,...,n, and consequently,

D s(A) =0 Y s(B)T =D s(B))".

i=1 i=1jel(4) j=1
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Therefore, we get

logz )4 > logz

In this case 1% < 0, hence, we obtain

Hi(a) = logz Ai)T < logz )4 = H:(B).

Consider the case when 0 < g < 1. Then

q
s(A4;)1 = Z s(Bj) | < Z s(Bj)!, for i=1,2,...,n,

JEI(3) JEI(3)
and consequently,

n

ZS(Ai)q <D 8Byt = ZS(BJ')Q-

i=1jeI(i)

Therefore, we get
log Z s(A;)? <log Z s(Bj)1.
i=1 Jj=1

In this case 1% > 0, hence, we obtain

Hi(a) = logz (A:)7 <

long(Bj)q = H:(B).
i=1 0
COROLLARY 1. Let o and [3 be measurable IF-partitions of (1x,0x) with respect

to s. Then
H(aV B) > max (H;(a), H;(B)).

THEOREM 4. If measurable IF-partitions o and 3 are statistically independent
with the respect to s, then

Hi(aV p) = Hy(a) + H(B).

Proof. Assume that « = (41,...,A,) and 5 = (By,..., By). Let us calculate

Hi(aVpB) = logzz (A; - B;) log D 547> s(B;)
i=1j=1 i=1 j=1
1 1 - ,
_qlong(A a _qlogzsuaj)q:H;(a)+H;(ﬁ). O
i=1 j=1
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THEOREM 5. Let o = (Ay,...,A,) be a measurable IF-partition of (1x,0x)
with respect to s. If we denote

1
a:max{m;a,—€Supp(s),i:1,...,n}, then Hj(a) <loga.

Proof. Put 6 = {i;s(4;) > 0}.
Let 0 < g < 1. Then

S (A =Y ((%)) ()

=1 i€9

and consequently,

Therefore, we have

n

1 1
Hy(a) = -~ logz s(A)7 < Tq(l —q)loga = loga.
i=1

Suppose that ¢ > 1. Then

i=1 i€0

> Z a'" 1. 5(A;) =a' "9,

€9

and consequently
logz 5(A;)? > loga'™? = (1 — q) loga.
i=1

Hence, we get

1 g 1
H,(a) = - logz s(A;)? < 1——q<1 —q)loga = loga.
i=1
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4. The conditional Rényi entropy of 1F-partitions

In this section, we introduce the concept of conditional Rényi entropy of IF-
-partitions and examine its properties. Let

a=(Ay,...,4,), and B=(Bi,...,Bn)

be IF-partitions of F'. If we consider the function sup, : @ — R, defined by
sa|B,(Ai) = 5(A;i|Bj), for every A; € o, then we have

[Sa1B,lla = (Z S(Ai|Bj)q> :

=1

DEeFINITION 10. Let o« = (A4,...,A,) and 8 = (By,..., B,) be measurable
IF-partitions of (1x,0x) with respect to s. We define the conditional Rényi
entropy of order ¢, where ¢ > 0, ¢ # 1, of « given 8 by the formula

. q -
H;(al8) = - tog | 3 (B lsain
j=1

Remark 5. In the same way as in the unconditional case of Rényi entropy
Hj(a), it can be verified that the conditional Rényi entropy Hj(a|B) is always
nonnegative. Let o = (A1, ..., 4;,) be any IF-partition with respect to s and let
ap = {1} be the IF-partition representing the experiment resulting in a certain
event. Since s(4;[1) = s(4;), for i = 1,2,...,n, it holds ||s41]lq = [|sall¢, and
consequently,

q
1—

Hy(alag) = zq log (5(1)|15a)1llq) = . log (lsallg) = Hg(a).

1

PROPOSITION 1. Let o = (A, ..., Ay) be a measurable IF-partition of (1x,0x)
with respect to s. Then

(i): Yi, s(A; - B) = s(B), for any B € F;
(ii): Yo, s(A;|B) =1, for any B € F such that s(B) > 0.

Proof. The claim (i) is proved in [23]. If B € F such that s(B) > 0, then using
the previous equality, we get

- B " s(A;-B)  s(B)
> s(AiB) =) 5B _S(B)_l. .

i=1 i=1
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THEOREM 6. Let o« = (Ay,...,A,) and 8 = (By,..., By) be measurable IF-
-partitions of (1x,0x) with respect to s. Then

hm Hi(alp) = iis(Ai-Bj)logM.

i=1 j=1 s(B;)
Proof. We can write
Hi(alp) = 10g > s(By)lsais, e
Jj=1
=— log $(Bj)||salB: = ——=,
= Z A A

where f a g are continuous functions defined, for every ¢ € (0, 00), in the follow-
ing way: f(q) = log(z s(Bj)sai,llq),9(q) = 1 — %. The functions f and g
are differentiable and hmq_ﬂ g(q) = 0. If we put 6 = {j;s(B;) > 0} then, using
Proposition [I we get

hm f(q) =log

We have d%q(q) = q% and d%f(q) = %, where h is the continuous function

defined, for every ¢ € (0,0), by the formula

m
Z saiB, lla,

with continuous derivative h’ for which we have

n

m n Y s(A)|Bj)?  In )’ s(A;i[B;)?Ins(A|By)
> s(B)llsas,llq- | ——= Z + —=

Jj=1

q Y s(Ai|Bj)1
=1
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From this we see that

lim f'(q Z )Y s(Ail Bj)log s(Ai| B;).
j=1 =1

qg—1

Using L’Hopital’s rule, we get that lim, 1 H;(a|f) = —limg_; L) under the

g'(a)’
assumption that the right-hand side exists. It follows

lim H(al8) = lim f'(q)

qg—1

*i zn:s A;|Bj)log s(A;i|Bj)
Jj=1 =1

NN (4, B ) log 2B
= ;Z (A; - Bj)log B

which is the conditional Shannon entropy of « given § defined by Equation ().
O

THEOREM 7 (monotonicity). Let « and 3 be measurable IF-partitions of (1x,0x)
with respect to s. Then Hj(a|B) < Hy(a).

Proof. Let a = (A1,...,A,), 8 = (B1,...,Bn). Then by Proposition [I]
we have s(4;) = Z}n:l s(4; - Bj), for i = 1,2,...,n. Suppose that ¢ > 1.
Then using the triangle inequality of g-norm, we get

q
m

D s(A)T =3 | D s(4i- By

=1 =1 =1
7\’ q
n m q m
( Z(ZS(Ai'Bj)> = |[D_ savis)
i=1 Vj=1 =1 .
< (ZHSav{BJ}Hq = (ZS(BH [sav i1,
j=1 j=1
It follows that
q
log Y s(4;)? < log s(Bj)llsaiB, |
i=1 Jj=1
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For the case where 0 < ¢ < 1, we put r =

BELOSLAV

Hi(a)

| V

RIECAN T—DAGMAR MARKECHOVA

1 n
log > s(Ai)°
q =1

log Zs

Jj=1

MIsays;llq

Hi(alp).

%. By writing the Rényi entropy

in terms of the %—norm and using the triangle inequality for the %—norm, we get

Hy(a)

1 n
lo s(A;)? =
- g;( )

-

N

r n
1 10gl;8(141)

i=1 \j=1
LTI LAY
" 1logi:Z1 5{a;1vp Z—r 1log i:ZIS{TAi}Vﬁ
r—llOg Z(ZS(A’ Bj)%>
j=1 \i=1
1
—log [ Y s(B)) (Zs<A B»>i>
j=1 i=1
m n . r
— log > s(B)) (ZS(A B»)r)
j=1 i=1
q m
T tog | S 5(B7) 013,
j=1
H; (0]9). 0

THEOREM 8. If IF-partitions o and 3 are statistically independent with respect

to s, then

92
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Proof. Let o = (44,...
Since

JAy), B = (B1,...,By). Put 6 = {j;s(B;) > 0}.

we have

H;(al8) = 7 log stj)(_ s(Az-Bm)

= H;(a). O

THEOREM 9. Let o and [ be measurable IF-partitions of (1x,0x) with respect
to s and q1, g2 be two positive real numbers, qu # 1, g2 # 1. Then q1 > qo implies
H; (a|B) < Hy,(alB).

Proof. Assume that o = (A1,...,A,), 8= (B1,...,Bn). Let q1,q2 € (1, 00).
Then the claim is equivalent to the inequality

a1 a2
m q1—1 m a2—1

Z Msaslla | = Z saiB, lle.

We prove this inequality by applying twice the Jensen inequality for concave
functions. First, we apply the Jensen inequality for the function F} defined by

a1(92—-1)
Fl(x) = gaz2(a1—1) ,

for every = € [0,00), where a; = s(B;), vj = [|sqB, /g J = 1,2,...,m. The

assumption g; > ¢o implies that % < 1, hence, the function F is concave.
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m

q1
q1—1

> s(Bj)lIsars, lla

j=1

[

<
Il
_

J

J

-

1

> s(B;)5a15, o

Py

q2(92—1)q;
(g1 —1)q2(q2—1)

s(Bj)llsa s, llax

q2
q1(92—1) \ gp—1
a2(q1—1)

gqo—1
1(a2—1)

92— )
S(85) (1ot o) B0

8 (
i=1 '

n az(q1—1)
> s(Ail B;)s(Ai| B )q1—1>
1

7=

a2
q2

Now, we apply the Jensen inequality for the function Fy defined by

g2—1

Fy(z) =xa-T,

—1

for z € [0,00), where a; = s(4;|B;), @i = s(A;|By)®~t i = 1,2,...

Note that Z?:l a; = 1 according to Proposition [Il The assumption ¢;

g2—1

impli
plies 2=

<1, hence, the function Fj is concave. We get

> s(B))lsais,lla

Jj=

92

m n q2(q1—1) 2
> s(By) (Z S(Ai|Bj)8(Ai|Bj)QI_1>

=1

1

1\ =2
n Py q2—1

> s(AilB))®

i=1

a2
a2—1

Y

s

By combining the previous results, we obtain the required inequality. Analo-
gously, we can prove the case where and ¢1, g2 € (0, 1). Finally, the case where
q1 € (1,00) and g2 € (0,1) follows by transitivity.
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RENYI ENTROPY AND RENYI DIVERGENCE IN THE INTUITIONISTIC FUZZY CASE
In the following theorem, a weak chain rule for Rényi entropy of IF-partitions
is given.

THEOREM 10. Let @ = (44,...,A,), B = (B1,...,Bn) be measurable IF-
-partitions of (1x,0x) with respect to s. If we denote

1
b:max{—;34 € supp(s), j = 1,...,m},
s(Bj)

then
Hi(aV B) < Hi(alB) + logb.

Proof. The assertion follows by applying the Jensen inequality to the function
F defined by F(x) = 29, x € [0,00), and putting a; = s(B;), ; = [|sq5,llq;
forj=1,2,...,m.

Let 0 < ¢ < 1. Then the function F' is concave, and therefore, we get

q
(Z s(Bj)llaa s, lq
>

It follows

H;(018) = 17— og | 3 s(By)sol,

1—gq o
1 n
>——log [ b1 > s(Ai- By)f
4 jes i=1
1 m n
= —logb+ 1 quOgZZS(Ai - B;)?

j=1i=1
= —logb+ H;j(aV B).
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Consider now the case where ¢ > 1. The function F' is in this case convex,
and therefore, we have

3

Y sB)llaas,lla | < s(B)) (Isais, lla)*

Jj=1

<.
Il
—

3

n

s(Bj) Y s(Ai|B;)"

=1

<s<;j>>q_1 is%"Bﬂq
i (4i]By)1.

<.
Il
—

(=%}

€

<.

%M

Thus m o
qlog | > s(Bj)lsap, llq | < (q—1)logb+1log» > s(A; - B;)
=1 j=1i=1

Since 1 — ¢ < 0, we get

m

H;(Oé\ﬁ)z 108; Z i) llsalB;,
21 logb+ logzz (A;|B;)*
j=11i=1
:—logb—l—H;(a\/ﬁ). O

Remark 6. Let o = (Ay,...,4,), 8 = (B1,...,B,) be measurable IF-par-
titions of (1x,0x) with respect to s. Since 'V § = 8V «, it holds also the
inequality

H:(a v §) < H(Blo) + loga,

where

a:max{ <A>A€Supp(s)1—12 }

THEOREM 11. Let a = (44,...,A,), B = (B1,...,Bn) be measurable IF-
-partitions of (1x,0x) with respect to s. If we denote

1
b:max{—;34 € supp(s), j = 1,...,m},
s(Bj)

then
Hi(aV B) < Hy(a) + logb.
Proof. The claim is a direct consequence of Theorems [6] and O
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5. The Rényi divergence in the intuitionistic fuzzy case

In this section, we define the concept of the Rényi divergence in the intu-
itionistic fuzzy case. We will prove basic properties of this quantity, and for
illustration, we provide some numerical examples.

DEFINITION 11. Let s,t be two states on F and let o« = (44,...,4,) be a
measurable IF-partition of (1x,0x) with respect to s and ¢ such that t(A;) > 0,
for i = 1,...,n. Then we define the Rényi divergence of order ¢ where g > 0,
q # 1, of the state s from the state ¢ with respect to « as the number

L jog 3 s(AaA)t . (8)

Dy (sll) = -

Remark 7. Tt is easy to see that, for any measurable IF partition a of (1x,0x),
we have D (s]|s) = 0.

The following theorem states that the Rényi entropy H,(a) can be expressed
in terms of the Rényi divergence Dy (s|t) of a state s from a state t that is
uniform over o = (Ay, ..., 4,).

THEOREM 12. Let s,t be two states on F and o = (A1, ..., A,) be a measurable
IF-partition of (1x,0x) with respect to s and t. If the state t is uniform over «,
i.e., t(A;) = %, fori=1,2,...,n, then

Hi(a) = H;(a) — Dy (sl[t).
Proof. Let us calculate:

« 1 . 1—
Dy (sllt) = - logizzlsmi)%mi) !
1 n 1 1—q
— 1 A7 =
Foploe s (3)
1 1\ ¢ 1 "
= I — I A
e (3) o8 s(4)
1 n
= H} (o) — 1 log;s(Ai)q =logn — Hj(a).
From this follows the claim. O

ExaMPLE 7. Consider a family F of IF-events and a state s defined on F.
In Example [l we dealt with the IF-partition a = (A;, As) of (1x,0x) with
s(Ay) = 3, s(A2) = 2, and we calculated that the Rényi entropy

1
Hj(a) oforder ¢q= 3 is H,(a)=0.9581 bit.
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Let t be a state defined on F that is uniform over o, i.e., t(A;) = t(A43) = 5- Then

the Rényi divergence of order ¢ = % is Da( [t) = —21log( \/>\/7 \/>\/7

0.04186 bit, and we get bit
H! (a) — D% (s||t) = log2 — DY (s||t) =1 — 0.04186 = 0.9581.
2 2 2
It can be verified that the equality Hf (o) = log2 — D (s]|t) holds.
2 2
THEOREM 13. Let s,t be two states on F and o = (Aq,..., Ay,) be a measurable

IF-partition of (1x,0x ) with respect to s and t such that s(A;) > 0 and t(A;) > 0,
fori=1,2,...,n. Then Dg(s|[t) > 0 with the equality if and only if

s(A;) =t(A;) for i=1,2,....n

Proof. The inequality follows by applying the Jensen inequality for the func-
tions F defined by F(z) = 2179, x € [0,00), and putting

AN\ 1-a
a; = s(4;), x1:<z((iz))> , 1=1,2,...,n.

Let us consider the case ¢ > 1. Then 1 — ¢ < 0, therefore, the function F' is
convex. By the Jensen inequality we obtain

1= (Zt(fm) - (Zs(fh)%)

s(A;) <Z((1;t>)> ) = ;s(Ai)qt(Ai)l—q’ (9)

™

and consequently,
logz s(A;)%(A;)7 > log1 = 0.
i=1
Since q%l > 0 for g > 1, it follows that

D3 (allt) = ——log Dy s(A;)t(4:)' " > 0.
=1

Let 0 < g < 1. Then the function I is concave, therefore, we get

n

D s(Ai) (A T <,
i=1
and consequently,

logz A)U(A;) 1 <log1 =0.
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Since q%l < 0 for 0 < g < 1, it follows that

1

Dy (al) =

logz s(A;)1(A) 1 > 0.
i=1

The equality in (@) holds if and only if z((‘j‘i% is constant, for i = 1,2,...,n,
ie., if and only if t(A;) = ¢ s(4;), for i = 1,2,...,n. By summing over
i=1,2,...,n, we get Y i t(A;) = c- > s(A;), which implies that ¢ = 1.
Hence s(A;) = t(4;), fori =1,2,...,n. Therefore, we conclude that D (al[t) =0
if and only if s(A;) = t(4;), fori=1,2,... n. O

COROLLARY 2. Let a = (Ay,...,Ay) be a measurable IF-partition of (1x,0x)
with respect to a state s defined on F such that s(A;) > 0, fori=1,2,...,n.

Then s
Hj(a) <logn

with the equality if and only if the state s is uniform over c.

Proof. Let ¢t : F — [0,1] be a state uniform over «, i.e., t(4;) = L for i =
1,2,...,n. Then according to Theorems [[2] and [I3] it holds

0 < Dy(s[[t) = logn — Hj(a),
which implies that H;(a) < logn. Since the equality D (s||t) = 0 applies if and

|
only if s(A;) =t(4;), for i = 1,2,...,n, the equality H;(«) = logn holds if and
only if s is a state uniform over a. O

ExaMPLE 8. Consider an arbitrary family F of IF-events and states si, $a, S3
defined on it. Let a@ = (A1, A2) be a measurable IF-partition of (1x,0x) with
respect to states si,sq,s3 with s1(A1) = p1, s2(A1) = p2, s3(41) = p3, where
P1,P2,P3 € (0, 1) Then 81(A2) =1 — P1, SQ(AQ) =1 — P2, 83(A2) =1 — P3-
Putting p; = %, P2 = %, p3 = i and ¢ = 2, we obtain:

2
D5 (s1[s2) =log »  s1(A;)*sa(A;) ™" = 0.169925 bit;
=1

2
DS (s1]|s3) =log > s1(A;)s3(A;) " = 0.415037 bit;

i=1
2
DS (sa]|s3) =log D sa(A;)s3(A;) ™" = 0.052467 bit.
i=1
Evidently, Dg (s1||s3) > DS (s1[|s2) + D% (s2] s3). If we put ¢ = %, then by simple
calculations we get: D (s1]|s2) = 0.04186 bit, D (s1][s3) = 0.1 bit, D¢ (s]s3) =
0.0122 bit. In this case also applies that D‘g(slHSg,) > D‘g(slﬂsz) + Dg(SQHSg).
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This means that the triangle inequality for the Rényi divergence Dg (s||t) gen-
erally does not apply. In the same way it can be shown that the equality
D¢ (s][t) = Dg(t[|s) is not necessarily true, thus the Rényi divergence Dg (s||t)
is not symmetric. The result means that it is not a metric in a true sense.

The following theorem states that for ¢ — 1 the Rényi divergence Dg (s||t)
converges to the Kullback-Leibler divergence d, (s||t) defined by formula (&l).
THEOREM 14. Let s,t be two states on F and o = (A1,...,A,) be a mea-

surable IF-partition of (1x,0x) with respect to s and t such that t(A;) > 0,
fori=1,....,n. Then

lim D (s]1) = 3 s(40) - log téj))

Proof. For every ¢ € (0,1)U (1 00), we can write:

q 1qf
D2 (s]t) = logz Jrear = 24

where f, g are continuous functions deﬁned, for every ¢ € (0, 00), in the following
way

= long(A,-)qt(A,-)l—q, g(q) =q— 1.

By continuity of the functions f, g, we have lin% g9(q) = g(1) =0, and
q—

lim f(q) = f(1) = long(Ai)t(Ai)o =log1=0.

q—1 -
Using L'Hospital’s rule, we get that lim, 1 Dg (s||t) = limg, %, under the
assumption that the right-hand side exists. Since
h'(q)
! =1 d { =
9'(q) and  f'(q) h(g)Ina’
where
h(g)=>_ s(Ai)"(A;)' 79, and h'(q)=)_ s(A;)(A;)'"(Ins(A;) ~Int(A;))
i=1 i=1
we obtain .
1
. a T / - )
(}l_% Dy (s|[t) = $1_>mlf (q) = 2 2 s(A;)(Ins(A;) — Int(A4;))
- s(4;)
= A -1 .
s(A;) - log A

100



RENY! ENTROPY AND RENY!I DIVERGENCE IN THE INTUITIONISTIC FUZZY CASE
THEOREM 15. Let s, t be two states on F and o = (Aq, ..., Ay) be a measurable
IF-partition of (1x,0x) with respect to s and t such that

s(4;) >0, and t(A;) >0, for i=1,2,...,n.
Then
(i): 0 < g < 1 dmplies Dg (al|t) < da(s|t);
(ii): g > 1 implies Dg(s|[t) > da(s||t),
where
s(Ai)
d t) = A;) -1 )
Q(SH ) ZS( 74) og t(AZ)

i=1

Proof. By using the Jensen inequality for the concave function F' defined

q—1
by F(z) = logz, for x € (0,00), and putting a; = s(4;), ©; = (i((ﬁj))) ,

fori=1,2,...,n, we get

Let 0 < ¢ < 1. Then qul < 0, and therefore, we have

D?(SHt) Iql 1 IOgZS(Ai)qt(Ai)l—q
< 4 s(A;)log i((j:)) = do(s|[t).

=1

Let us consider the case of ¢ > 1. Since 1—iq > 0 for ¢ > 1, we get

Dy (s]t) :q i 1 logZS<Ai)qt<Ai)l_q
> s(4q) log ;(j)) — da(sllt):

=1
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ExAMPLE 9. Consider the states s1, s2, s3 and the IF-partition o = (A, As)
from Example[8l It can be calculated that the Kullback-Leibler divergences

do(s1|s2) = 0.084963 bit,

d(s1]/s3) = 0.207518 bit,
and
do(s2]/s3) = 0.025062 bit.

Based on the previous results, we have:
DS (s1]|s2) = 0.169925 bit,
DS (s1]|s3) = 0.415037 bit,
DS (s]|s3) = 0.052467 bit.
Evidently, the obtained results correspond to the claim (ii) of Theorem For
q = % we have: . .
2 Dy (s1]|s2) = 0.04186 bit,
D (s1]s3) = 0.1 bit,
D (s5]|s3) = 0.0122 bit.
which corresponds to the claim (i) of Theorem

6. Conclusion

The aim of this paper was to extend the study concerning the Shannon entropy
and Kullback-Leibler divergence in the intuitionistic fuzzy case to the case of
Rényi entropy and Rényi divergence. The results are contained in Sections BHE
In Section Bl we have introduced the concept of Rényi entropy of IF-partitions
and we examined properties of this entropy measure. Specifically, it was shown
that the Rényi entropy H; («) is monotonically decreasing in q. In Section [, we
have defined the Rényi conditional entropy of IF-partitions. It was shown that
the suggested concepts are consistent with the Shannon entropy of IF-partitions
defined and studied by the authors in [24]. Section [ was devoted to the study
of Rényi divergence in the intuitionistic fuzzy case. We have proved that the
Kullback-Leibler divergence of states on a family of IF-events can be derived
from their Rényi divergence as the limiting case for ¢ going to 1. Theorem
enables the interpretation of Rényi divergence as a measure of the distance
between two states over the same IF-partition. In addition, we have investigated
the relationship between the Rényi divergence and the Rényi entropy of IF-
partitions (Theorem[I2)) as well as the relationship between the Rényi divergence
and Kullback-Leibler divergence in the intuitionistic fuzzy case (Theorem [15]).
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In the proofs we used L’Hopital’s rule, the triangle inequality of g-norm and
the Jensen inequality. To illustrate the results, we have provided several numer-
ical examples.

Acknowledgement. The second author thanks the editor and the referees for
their valuable comments and suggestions. It is my sad duty to announce that
the first author Professor Beloslav Riec¢an, passed away, unexpectedly,
on August 13, 2018, before this article was published. Rest in peace, our beloved
friend, co-worker, and teacher.

REFERENCES

[1] ARIMOTO, S.: Information Measures and Capacity of Order « for Discrete Memoryless
Channels. In: Topics in Information Theory; Colloquia Mathematica Societatis Vol. 16
(Jénos Bolyai, Csiszér, 1., Elias, P—Eds.). Jdnos Bolyai Mathematical Society and North-
Holland, Budapest, Hungary, 1977, pp. 493-519.

[2] ATANASSOV, K.: Intuitionistic fuzzy sets, Fuzzy Sets Syst. 20 (1986), 87-96.

(3] More on intuitionistic fuzzy sets, Fuzzy Sets Syst. 33 (1989), 37-45.

[4] New operations defined over the intuitionistic fuzzy sets, Fuzzy Set. Syst. 61
(1994), 137-142.

(5] Intuitionistic Fuzzy Sets: Theory and Applications, Physica Verlag, New York,

NY, USA, 1999.

[6] ATANASSOV, K.—RIECAN, B.: On two operations over intuitionistic fuzzy sets,
J. Appl. Math. Stat. Inform. 2 (2006), 145-148.

[7] BAN, A.: Measurable entropy of intuitionistic fuzzy dynamical system, Notes Intuit. Fuzzy
Sets 6 (2000), 35-47.

[8] BAN, A.IL: Intuitionistic Fuzzy Measures: Theory and Applications. Nova Science Pub-
lishers: New York, NY, USA, 2006.

[9] BURILLO, P—BUSTINCE, H.: Entropy on intuitionistic fuzzy sets and on interval-
valued fuzzy sets, Fuzzy Sets Syst. 78 (1996), 305-316.

[10] CHEN, T.Y.—LI, C. H.: Determining objective weights with intuitionistic fuzzy entropy
measures: a comparative analysis, Inf. Sci. 180 (2010), 4207-4222.

[11] CIUNGU, L.—RIECAN, B.: Representation theorem of probabilities on IFS-events,
Inf. Sci. 180 (2010), 793-798.

[12] CUNDERLfKOVA, K.: The individual ergodic theorem on the IF-events with product,
Soft Comput, 14 (2010), 229-234. Doi: 10.1007/s00500-008-0396-7.

[13] DE, S. K.—BISWAS, R.—ROY, A.R.: Some operations on intuitionistic fuzzy sets, Fuzzy
Sets Syst. 114 (2000), 477-484.

[14] DURICA, M.: Entropy on IF-events, Notes Intuit. Fuzzy Set 13 2007, 30-40.

[15] FARNOOSH, R.—RAHIMI, M.—KUMAR, P.: Removing noise in a digital image using
a new entropy method based on intuitionistic fuzzy sets. In: Proc. of the International Con-
ference on Fuzzy Systems, Vancouver, BC, Canada, 24-29 July 2016; Institute of Electrical
and Electronics Engineers Inc., New York, NY, USA, 2016, pp. 1328-1332.

103



BELOSLAV RIECAN T—DAGMAR MARKECHOVA

[16] FEHR, S.—BERENS, S.: On the conditional Rényi entropy, IEEE Trans. on Information
Theory 60 (2014), no. 11, 6801-6810.

[17] GRAY, R.M.: Entropy and Information Theory. Springer-Verlag, Berlin, Heidelberg, Ger-
many, 2009.

[18] GUTIERREZ GARCIA, J.—RODABAUGH, S. E.: Order-theoretic, topological, categori-
cal redundancies of interval-valued sets, grey sets, vague sets, interval-valued “intuitionis-
tic” sets, “intuitionistic” fuzzy sets and topologies, Fuzzy Sets Syst. 156 (2005), 445-484.

[19] HE, X.—WU, Y.: Global Research Trends of Intuitionistic Fuzzy Set: A Bibliometric
Analysis, J. Intelligent Systems (Published Online: 2017-09-11), Doi: org/10.1515/jisys-
2017-0240.
https://www.degruyter.com/downloadpdf/j/jisys.ahead-of-print/jisys-2017-0240/
jisys-2017-0240.pdf

[20] ILIC, V.M.—DJORDJEVIC, 1. B.—STANKOVIC, M.: On a General Definition of Con-
ditional Rényi Entropies, he 4th International Electronic Conference on Entropy and Its
Applications (ECEA 2017), 21 November—1st December 2017; Sciforum Electronic Con-
ference Series, Vol. 4, 2017.
https://sciforum.net/paper/view/conference/5030

[21] JIZBA, P—ARIMITSU, T.: The world according to Rényi: thermodynamics of multi-
fractal systems, Ann. Phys. 312 (2004), 17-59.

[22] KULLBACK, S.—LEIBLER, R.A.: On information and sufficiency, Ann. Math. Stat.
22 (1951), 79-86.

[23] MARKECHOVA, D.—RIECAN, B.: Logical Entropy of Ezperiments in the Intuitionistic
Fuzzy Case, Entropy 19 (2017), no. 8,

[24] K-L Divergence, Entropy and Mutual Information of Experiments in the Intu-

itionistic Fuzzy Case, J. Intelligent Fuzzy Syst. (2018) (to appear).

[25] RENNER, R.—WOLF, S.: Simple and tight bounds for information reconciliation and
privacy amplification. In: Advances in Cryptology—ASIACRYPT 2005, Proc. of the 11th
International Conference on the Theory and Application of Cryptology and Information
Security, Chennai, India, December 4-8, 2005; Lecture Notes in Comput. Sci. Vol. 3788,
Springer-Verlag, Berlin, Germany, 2005, pp. 199-216.

[26] RENYI, A.: On measures of entropy and information. In: Proc. of the fourth Berkeley
Symposium on Mathematics, Statistics and Probability Vol. I Univ. California Press,
Berkeley, Calif, 1961, pp. 547-561.

[27] RIECAN, B.: On a problem of Radko Mesiar: general form of IF-probabilities, Fuzzy Sets
Syst. 152 (2006), 1485-1490.

(28]

Probability theory on IF events. (Aguzzoli, Stefano et al., eds.) In: Algebraic and
Proof-Theoretic Aspects of Non-Classical Logics, (Papers in Honor of Daniele Mundici on
the Occasion of his 60th Birthday), Lecture Notes in Computer Science Vol. 4460, Lecture
Notes in Artificial Intelligence, Springer-Verlag, Berlin. 2007, pp. 290-308.

[29] RIECAN, B.—ATANASSOV, K.: Some properties of operations conjunction and disjunc-
tion from Lukasiewicz type over intuitionistic fuzzy sets (Part 1), Notes Intuit. Fuzzy Sets
20 (2014), no. 3, 1-5.

Some properties of operations conjunction and disjunction from Lukasiewicz type
over intuitionistic fuzzy sets. (Part 2), Notes Intuit. Fuzzy Sets 20 (2014), no. 4, 1-6.

(30]

104


https://www.degruyter.com/downloadpdf/j/jisys.ahead-of-print/jisys-2017-0240/
jisys-2017-0240.pdf
https://sciforum.net/paper/view/conference/5030

RENY! ENTROPY AND RENYI DIVERGENCE IN THE INTUITIONISTIC FUZZY CASE

[31] SHANNON, C.E.: A Mathematical Theory of Communication, Bell Syst. Tech. J. 27

(1948), 379-423.

[32] SZMIDT, E—KACPRZYK, J.: Entropy for intuitionistic fuzzy sets, Fuzzy Sets Syst.

118 (2001), 467-477.

[33] TEIXEIRA, A.—MATOS, A.—ANTUNES, L.: Conditional Rényi entropies, IEEE Trans.
on Information Theory 58 (2012), no. 7, 4273-4277. Doi: 10.1109/TIT.2012.2192713.

[34] ZADEH, L. A.: Fuzzy sets, Inf. Control 8 (1965), 338-358.

[35] ZENG, W.—LI, H.: Relationship between similarity measure and entropy of interval val-
ued fuzzy sets, Fuzzy Set. Syst. 157, 2006, 1477-1484.

Received October 9, 2018

Beloslav Riecan T

Institute of Mathematics
Slovak Academy of Sciences
Stefdnikova 49

SK-814—73 Bratislava
Department of Mathematics
Faculty of Natural Sciences
Matej Bel University
Tajovského 40

SK-974-01 Banskd Bystrica
SLOVAKIA

Dagmar Markechovd

Department of Mathematics

Faculty of Natural Sciences
Constantine the Philosopher University
A. Hlinku 1

SK-949-01 Nitra

SLOVAKIA

E-mail: dmarkechova@ukf.sk

105



	1. Introduction
	2. Preliminaries
	3. The Rényi entropy of IF-partitions
	4. The conditional Rényi entropy of IF-partitions
	5. The Rényi divergence in the intuitionistic fuzzy case
	6. Conclusion
	REFERENCES

