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CONVERGENCE OF THE NUMERICAL SCHEME
FOR REGULARISED RIEMANNIAN MEAN
CURVATURE FLOW EQUATION

MATUS TIBENSKY — ANGELA HANDLOVICOVA

Slovak University of Technology in Bratislava, Bratislava, SLOVAKIA

ABSTRACT. The aim of the paper is to study problem of image segmenta-
tion and missing boundaries completion introduced in [Mikula, K.—Sarti, A.—
—Sgallarri, A.: Co-volume method for Riemannian mean curvature flow in sub-
jective surfaces multiscale segmentation, Comput. Vis. Sci. 9 (2006), 23-31],
[Mikula, K.—Sarti, A.—Sgallari, F.: Co-volume level set method in subjective
surface based medical image segmentation, in: Handbook of Medical Image
Analysis: Segmentation and Registration Models (J. Suri et al., eds.), Springer,
New York, 583-626, 2005], [Mikula, K.—Ramarosy, N.: Semi-implicit finite
volume scheme for solving nonlinear diffusion equations in image processing,
Numer. Math. 89 (2001), 561-590] and [Tibensky, M.: Vyuzitie Metéd Zalozenych
na Level Set Rovnici v Spracovani Obrazu, Faculty of mathematics, physics
and informatics, Comenius University, Bratislava, 2016]. We generalize approach
presented in [Eymard, R.—Handlovicovd, A.—Mikula, K.: Study of a finite vol-
ume scheme for regqularised mean curvature flow level set equation, IMA J. Nu-
mer. Anal. 31 (2011), 813-846] and apply it in the field of image segmentation.
The so called regularised Riemannian mean curvature flow equation is presented
and the construction of the numerical scheme based on the finite volume method
approach is explained. The principle of the level set, for the first time given
in [Osher, S.—Sethian, J. A.: Fronts propagating with curvature-dependent speed:
Algorithms based on Hamilton-Jacobi formulations, J. Comput. Phys. 79 (1988),
12-49] is used. Based on the ideas from [Eymard, R.—Handlovicovd, A.—
—Mikula, K.: Study of a finite volume scheme for reqularised mean curvature flow
level set equation, IMA J. Numer. Anal. 31 (2011), 813-846] we prove the stability
estimates on the numerical solution and the uniqueness of the numerical solution.
In the last section, there is a proof of the convergence of the numerical scheme
to the weak solution of the regularised Riemannian mean curvature flow equation
and the proof of the convergence of the approximation of the numerical gradient
is mentioned as well.
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1. Studied equation and assumptions on the data

We consider the following problem arising in image segmentation as a gen-
eralisation of the approach given in [I], find an approximate solution to the
equation

(VY- ( (VGs )

f(IVu \)) r, ae. (x,t) € Qx[0,T], (1)

where u(z,t) is an unknown (segmentation) function defined in Qr = [0,7] x €,
where () is a finite connected open subset of R% d € N, [0, 7] is a time interval
and 1Y is a given image, typically on this image is an object we want to segment.

We consider zero Dirichlet boundary condition

u=0, a.e. (z,t) € 02 x [0,T] (2)
and initial condition

u(x,0) = ug(x), a.e. x € ). (3)

The assumptions on the data in ({II)-(B]) are similar as in [I] and [3]. We can
summarize them into the following hypothesis:

Hypothesis H

(H1): Q is a finite connected open subset of R% d € N, with boundary 99
defined by a finite union of subsets of hyperplanes of R?

(H2): up € L>=(9Q),

(H3): r € L?(Q x [0,T)) for all T > 0,

(H4): f € C°(R4;]a,b]) is a Lipschitz continuous (non-strictly) increasing
function, such that the function = +— z/f(z) is strictly increasing on R .
For practical application we are using f(s) = min(v/s? + a?,b), where a
and b are given positive parameters,

(H5): f1 € C°(Ry;]a1,b1]), in general a; # a, by # b, but for now in our
model we consider the case a; = a and b; = b,

(H6): g € C°(R4;[0,1]) is decreasing function, g(0) = 1, g( ) — 0 for s —
oo. For practical numerical computation we use g(s) = ———, where K is
constant of sensitivity of function g and we choose it,

(H7): Gs € C(R?) is a smoothing kernel (Gauss function), with width of
the convolution mask S and such that [, Gs(z)dr =1, [p.|Gs|dz <
Cs,Cs € R, Gg(x) — 0, for S — 0, where §, is Dirac measure at point z

and
(VG * 10)( / VGs(z — 6)10() de, (4)

1+K5
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where 10 is extension of image I° to R? given by periodic reflection through
boundary of €2 and for which

1> g%(x) = g(|VGs * I°|)(x) > vs > 0 (5)
for Va € € due to properties of the convolution.

Definition of the numerical scheme and the space discretisation of the equa-
tion we are generalising in this paper could be found in [I]. We apply method
presented in [I] in the field of image segmentation, but in addition, we have
function ¢ and convolution of the initial image with smoothing kernel in our
approach (see [3] or [4]).

For now just remark that discretisation of {2, denoted by D, is defined as the
triplet D = (M, &, P), where M is a finite family of non-empty connected open
disjoint subsets of € (the “control volumes”) with measure marked by |p|, h,
denote the diameter of p and hp denote the maximum value of (hy)mem, € is
a finite family of disjoint subsets of Q (the “edges” of the mesh) with measure
marked by |o| and P is a family of points of  indexed by M, denoted by
P = (zp)pem, such that for all p € M, x, € p and p is assumed to be x,-star-
-shaped so for all z € p the inclusion [z,,z] C p holds.

We say that (D, 7) is a space-time discretisation of Q x [0,T] if D is a space
discretisation of €2 in the sense we mentioned above and if there exists Ny € N
with T'= (Np + 1)7, where 7 is a symbol for the time step.

Another important assumption on the discretisation we make is that

ApoNp,oc = To — Tp, Vpe M, Vo ek, (6)

where &, denotes the set of the edges of the control volume p, z, € o, dps is
a symbol for the Euclidean distance between x, and hyperplane including o
(it is assumed that d,, > 0) and n,, denotes the unit vector normal to o
outward to p.

We define the set Hp < RIMI x RI€l such that u, = 0 for all ¢ € Eoxt
(the set of boundary interfaces). We define the following functions on Hp:

N, (u)? = L Z M(ua—up)z, Vpe M, VYu€ Hp, (7)
bl fZ dvo
where u, is defined as u, = u(x,) and u, is defined as u, = u(z,).
Let us recall that
lullfp = IpINy(u) (8)
peEM
defines a norm on Hp (see [9]).
Under the above mentioned assumptions and notations the semi-implicit
scheme is defined by
ug = up(xp), Vp € M, (9)
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ug = up(zo), Vo € &, (10)
(nt+1)r
r;}‘H = / /r(x,t) dz dt, VYpeM, VneN, (11)
nr p
ug‘H =0, Vo € Eexty, YN €N, (12)
and
P n n 1 o]/ n n
WL(U"))(UP—H — up) — W U;p QEZ(UU-H - up+1)
potl

_ P
RS ACATIE Vpe M, VneN, (13)

where the following relation is given for the interior edges

n+1l _ un—i—l n+1l _ u;z—i—l
o ) o
=+ =0, (14)
f(Np(u™)) dpo — f(Ng(u™)) dgo
Vn €N, Vo € &t (the set of interior interfaces) where o is the edge between
p and q.

u u

For the explanation of the selection of ug and v2, which impacts the assump-
tions given on function ug in (H2) see [7].
The g, is in ([I3]) Vp € M defined by

55 = 5w =g || [Vt - 0P ag] | (15)
d
Now we define some symbols we will be using in the next sections:

un-l—l —un ,rn-l-l

wp - (z,t) = ——2L P4 P (16)
TAi(Np(u))  plTfi(Np(u™))
n+1l _ um
dup - (,t) = L——L, Np.(z,1) = N,(u"*), gp(2)=g,,  (17)
T
for a.e. x € p, for a.e. t € [n7,(n+ 1)7], Vp € M, Vn € N,
un—i—l _ un—i—l un—i—l o un—i—l

Gp,(z,t)=d—2—2L n . Hp.(z,t)=dg¢g> 22— n,,, (18
) 5w Moot =dey gty (19)

for a.e. x € Dy, for ae. t € [n7,(n+ 1)7], ¥p € M, Vo € &,, Vn € N, where
D, is the cone with vertex x, and basis o.
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Finally, we define function F' (see [I]), which we need to use in the following
sections. Let F' be function defined by

/— dz, Vs € R,. (19)
Definition of function f implies that

F(s) € [;—Zb ;—2] : (20)

where constants a and b are the same as in the definition of the function f
n (H4).

2. Stability estimates

LEMMA 2.1 (L stability of the scheme). Under Hypothesis (H), let (D, 1) be
a space-time discretisation of Q x [0,T]. Now we denote by

_ 0
ol e = max]up]. (21)
and by
| n+1
|T|D,T,OO = max Tp|p| 7p e M n = '7NT (22)

(note that, if ug € L>(Q) and r € L= (Q xRy, then |ug|p,oo < [|uollz=(q) and

I7D,700 < HTHLOQ(QX(O,T))). Let (ug)peM,nEN be a solution of (IB)—-(I4). Then
following holds:
lup| < luolp,o0 + [7[D,r00nT
<|uo|p,00 + |7|D,7,00 T, Vpe M, VYn=0,...,Np.
Proof. Now follow the ideas from [I] and suppose that for fixed time step

(n+1) the maximum of all u;“rl is achieved at the finite volume p. We can write
([@3) in the following way

1
n+1 T f1 n+1 n+l\ _ . n T;H_ 23
Up T Ny bl F(N un)) Z — Ug ) =u, + ol (23)

On the other hand, from ([4)) we know that the value u*! satisfies the equality
gt f (Np(u")dpo ) + f (Ng(u")dgo ) =y ™ f (N (u")dgo) + g™ f (N (u")dpo ).

Let us write this equation in the following way

i1 _ UpF(Ng(u"))dgo + ug ™ F(Np(u ))dpa
7 F(Np(u™))dpo + f(Ng(u™))dy ’

u
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which is a convex linear combination of points u"+1 and un‘Irl
We obtain

untl gt gt U;L—Hf( o(u"))dgo + Un+1f< Np(u ))dpo
8 7 8 f(Np(u))dpo + f(Ng(u™))dy
f(Np(un))dpa<Ug+l - UZ-H)

T TNy () + f(Ng(un))dgo

Because u ™! is the maximum of u,, for the fixed time step (n+1) is uptt —uf*!

non-negative, thanks to definition of function f are f(N,(u")) and f(Ng(u™))
positive and dp, and dy, are positive. So u"+1 u?™ must be non-negative, too.

(24)

This implies the following 1nequahty
n-l—l n+1
— Uy > 0. 25
|p| Z 9p dpo ) ( )

If we look back to the equality (23), we can see that it leads to

nt1 p
Up = Up 7] (26)
Applying this method recursively for n we get
u;“rl < ug + 7D, 00nT < Uo|D0o + |T]D,7 00T (27)
So we get our estimate. Proof for the minimum values is similar. O

Remark 2.1 (Uniqueness of the discrete solution). The consequence is that
there exists one and only one solution to the semi-implicit scheme (I3]), (I4).

LEMMA 2.2 (L?(Q x [0,T]) estimate on u; and L>(0,T; Hp) estimate). Let
Hypothesis (H) be fulfilled. Let (D, T) be a space-time discretisation of Q x [0,T]
and let 0 € (0,0p], where 0p = minyec mingeg, d’;" and let vs be defined

in (H7). Let (uy ) pe m,nen be the solution of ([I3)), (I4). Then there exists Cy > 0,
only dependmg on 0, such that it holds:

s 8 5 (55)

n=0 peM

£ Il PO )+ 3 S (N ) — Nyfur)?

peEM n=0 pe M

< CGHUOH m@) T g H HL2(Q><(0 T))
— 2 a k)

vYm=1,...,Nr. (28)
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Proof. Based on idea from [I] we multiply the scheme [I3) by u ™" — u} and
sum over p. We obtain
‘p‘ n+1 n\ 2
— (U —u
Z - fl(N (un))( P p)
O- n n
Ly W) 5 gl g
peEM ey
rpt +1
= — P (uT =), Ype M, VneN. 29
Z T (I, (un)>( p) (29)
We can write it in the form
T+ Ty =Ts, (30)
where
|p| +1 2
T, — n )
1 Z Tfl(N (un))(“p up)”s
gp lo| n+1 n+1\(, n n+1
Zf (un)) Zd]TU(UU U )(Up_up )
peEM
_Z f ) Z ggd—(ua+1 - up+1) (ua+1 - up+1 - (ua - up))’
peEM pa
Tgﬂ +1
T; = — (Ul —ul).
2 TRty s )

In term T we have used the property (I4)) of the finite volume scheme.

At first we remark that, thanks to Young’s inequality and to the Cauchy-
-Schwarz inequality,

1 Ip| bl omy2 (rp ™)
To < = —_ - ol f (N (7))
o | 2 R T ) L A, )
(Tn—i-l) 1 1 (r;}“ 2
- T i+ 5.
1+Z 2l T AN 2 1+2%§4 Il 7

(n+1

§2a // (z,t)*dz dt + Tl, (31)

where we have in last step used (IIJ).
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In the study of the Ty we apply approach presented in [I]. Using (I9)—the
definition of function F, we have

Np(u7l+1)
F(Ny(u"th)) — F(N,(u™)) = / %.
Np(u”)

Now, we set for ¢,d € R,

d
@C(d):i(dfc)f(d_c) / zdz

2f(c) fz)

We have ®.(c) =0, and ®.(d) = 2fd(;)c - 22df—_(c2)’3 - % = % - %.

Thanks to Hypothesis (H4) is f (non-strictly) increasing so we get

d
zdz  (d—c)? d .
Ve,d € Ry, C/ ) + 2700 < 70 (d—c). (32)

Thanks to (7) we know we can set d = N,(u"™1) and ¢ = N,(u") to (32),
realize (@) - vg < g;f for all p € M and definition of the function F stated

in ([I9) to get
g5 (F(N, () = F(Ny(u) ) + 22 (N (™) = Ny () <

2b
ntl 9p (Np(u"*1) = Np(u™))
9§<F(NP<U * )) - F(Np< ))) + D) f(Np(u")) <

S Np(un+1) T — u”
9p f(Np(Un)) (Np< ) Np( )) (33)

Now we multiply ([B3) by |p| and sum it over all p € M

Z |p|g§(F(Np(u”+1))—F(Np(u"))>+% Z Ip (Np(“n-H)*Np(un))Z <

pEM pEM

> Inla T X R CC)

pEM p(

2

Note that the Cauchy-Schwarz inequality implies

g n n n n n n
S TH -t s - ) < bl NN, g
oeg, P9
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which in turn gives us

> bl TA - Y bl e (ﬂi)() ) o

pEM pEM

Z f pun Z d?r(U"H +1>( +1 p+1 _ (Ua . Up)) —T. (36)

peEM

Putting the above together we obtain

T + Z |p|g§ (F(Np(u"+1)) - F(Np(un)))+

pEM
Vs 2
53 Il (N = Ny () <
peEM
(n+1)7
1 1
T1 + TQ = T3 S §T1 + 2— / /T(.’L’,t)2d$dt. (37)
a
nt Q
After rewriting, summing this inequality over n = 0,...,m — 1 for all m =

., Ny and using (Bl) and (H5), we get that

n+1 —un 2
YA Z > Inl ( p) +us Y |pl F(Ny(u™)+

n=0 peM peEM
m—1
Vs 2
ST Ipl (Nt = Ny(u))® <
n=0 peM

1
3 Iplgf F(Ny () + 5 / [ o tdad <
> Iplgy F(N,(u®

peEM

Q
) + H7'HL2(Qx(0 ))s

where we define u% by (I0).

As the last step we use the following inequality, proven in [8]: there exists
Cy > 0, only depending on 6, such that

Pl Np(u®)? < Colluollzp ), V€M (38)
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and we get N, (u°)
> vl F(N, =Y Il / s
peM pPEM
- Z ) Lol —Ce Z ol ) = aCeHUOII%II(Q)a (39)
pEM
which concludes the estimate (28]). O

3. Convergence of the scheme

This section is based on the approach presented in [I], so we list few lemmas
without proofs as there are no changes from [I]. The others are given with proofs
as the generalisation and new point of view were needed.

LEMMA 3.1. Let Q be an open bounded connected subset of R% with d € N
and let T > 0. Let (D, T )men denote a sequence of space-time discretisations
such that hp,, and 1, tends to 0 as m — co. Let (U )men be such that u, €
Dy T, such that ||um|,p,, 7, < C for all m € N and such that there exists
€ L2(Q x [0,T]) such that sequence of functions up defined for u = U,
D=7D,, and T =1, by

up (x,t) = ult forae x€p, te [n7,(n+1)7], Vp € M, Vn
=0,...,Np,

msTm

satisfies up,, -, — u in L*(Q x [0,T]) as m — oo.
Then uw € L*(0,T; Hg (). Moreover, defining G, € L>(0,T; L*(Q)) by

n+1l un—i—l
Gm(x,t) = d¥nw
dpo
for a.e. x € Dy, and t € [n1,(n + 1)7], then G, — Va in L*(Q x [0,T])¢
as m — 0o.

Proof. See proof of the Lemma 4.1 in [I]. O

LEMMA 3.2 (Strong convergence of the approximate gradient norm). Let 2 be an
open bounded connected subset of R% with d € N and let T > 0. Let (Diny T ) men
denote a sequence of space-time discretisations such that hp,, and 7, tends to 0
as m — oo. For any ¢ € CF (2 x [0,T]) we define the discrete interpolation
of ¢, denoted v € H(p 7y, by vy = ¢(xp,nT) and vy = ¢(x,,n7) and we define
N’D T by

NDnLaT7n( ) = Np(vn+l>7 fOT a.e. x ep? t 6 |:n7-7 <n+ 1)7—]7 vp 6 M7 Vn
=0,...,Np.
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Then Np — [V@| in L=(Q2 x [0,T]) as m tends to oo.

msTm

Proof. See proof of the Lemma 4.2 in [I]. O

LEMMA 3.3 (Strong approximate of the gradient of ¢). For all ¢ € CZ (2 x

[0,T]) we denote by vy = ¢(xp,nT) and v} = ¢(xs,nT). We introduce the
approximation

U;H—l o

Vil = T‘an

+ V¢(xp, (n+ 1)7) - (Vqﬁ(xp, (n+ 1)7) . npg)npg, (40)

and Vp,, r, ¢(x,t) = Ve for v € Dy, and t € [n7, (n+ 1)7].
Then Vp ¢ — Vo in L>®(Q x [0,T]) as m tends to oc.

Proof. See proof of the Lemma 4.3 in [I]. O

As the next we prove short lemma, which will be needed later in the proof
of the convergence of the scheme.
LEMMA 3.4. For all u,v € Hp:

s 1| — U Yo 9 ) (uy — uy — vy + v
2. 2 d< N, (w)) f(Np(v))>< 7t ) 20

pEMoEE,

Proof. Applying the Cauchy-Schwartz inequality, we get

Z lol ( i (Up Yo — Up >(uo_up_vo+vp)

22 W) F(Ny(0))
_ ﬂ (uo — up)2 M (vo — vp)2
) (o Ty i ooy

_ ﬂ (uo — up)(vo — vp) - ﬂ (uo — up)(ve — Up))

dpo f<Np<U)) dpo f(Np(U))

o N BN, PN, @N(@) PN, ()N, (0)
o f(NZJ(u)) f(Np(U)) f(Np(u)) f(Np(U))
o Nw N v
= (o ~ Ty () = Motw) 20 (41)
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The last expression is non-negative thanks to the (H4). On the other hand, from
(H7), it is clear that

PO (ua_u» ) fv&v;(?;)) (o =t et )

peEM o,

20532 3 i (s fima ) o e o)

pEMOEE,

(42)

where vg is independent on the discretisation. Which concludes proof of the
lemma. ([l

LEMMA 3.5 (Convergence properties). Let Hypothesis (H) be fulfilled and for
all m € N the function up,, ,, is defined by up,, 5, (z,t) =upt! for a.e. x € p,
vVt € (nT,(n+ 1)7], Vp € M, ¥n € N. Let (Dy,, Tim)men denotes a sequence
of space-time discretisations such that hp,, and 1, tend to 0 as m — oo, Op,,
remains bounded away from 0. Then there exists a subsequence of (D, Trm)meN,
again denoted (Dp,, T )men, there exists a function

€ L(0,T; H () () C°(0,T: L*(9)),

such that uy € L*(2x[0,T1]), u(.,0)=ug and up,, -, tend to w in L*(0,T; Hg(52))
and there exists functions H € L*(Q x [0, T])d w € L*(Q x [0,T]) such that
Hp, .. — H weakly in L*(Q x [0,T])? (see (I8)) and such that wp,, ,,, — W
and dup,, ,, — iy weakly in L*(Q2x[0,T]) asm — oo. Moreover, Gp — Va
weakly in L?(Q x [0,T])? and the following relations holds:

msTm

T
I // NDp o (0,0 g / H(z,t) - Va(z,t)dedt.  (43)
1m X = xr . u\xr X .
meoe ) P f (N, (2, 1) S |

Proof. From the definition of F' and @0) up,, -, (-,¢) is uniformly bounded
in Hp for all ¢t € [0,7T]. Hence we can apply a generalisation of Arzela-Ascoli’s
theorem (see [I, Theorem 6.1]), which implies that the convergence property
up,, . (- t) = @€ C°(0,T; L*()) holds in L>(0,T; L*(2)). Moreover, thanks
to ([@), we have (-, t) = ug and, thanks to LemmaB1] that o € L (0, T; H} (Q))
and that Gp,, ,,, — Va in L*(Q x [0,7])<.

From definition of wp , in ([I6) and from Lemma we get that wp,, 7.,
remains bounded in L?(Qx [0, T]) for all m € N. Therefore there exists a function
w € L*(Q2 % [0,T]) such that wp,, ,,, — @ up to a subsequence in L?(Q x [0, T7).

Similarly, we have dup,, ,,, — 4 in L?(2 x [0,7]), which shows that u; €
L?(Q x [0,T]) and Hp — H in L*(Q x [0, T])? up to a subsequence.

msTm
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Let rewrite (I3]) to the form

1 s lo| +1 +1 +1

_— gy —(up ™ —ul ) = |plwy T, VYpeM, ¥YneN (44)
PO, ) 2z %y, (5T ) =

and turn to study {3). Let ¢ € C& (2 x [0,T]) be given. We denote by vy} =

¢(xp,n7) and v} = ¢(xy, nT). Multiplying @) by 7v) ™' and summing over n

and p we get T1,, = To,, with

o€&y

N 1 1
Ty = ZTT Z g% Miug‘* _ U;HF (v”+1 — U"+1) (45)
m m a p
n=0 peM o€E, dpg f(Np(un))

and Nr
Tom =37 3 ol g+, (46)
n=0 peM

Using the approximation Vp ¢ of V¢ introduced in Lemma B3] we obtain

msTm

T
Tlm ://HD’ITL’T’ITL ' vD7na7—7n¢d‘r dt' (47)
00
As we mentioned above Hp, , — H in L?>(Q x [0,7])? and thanks to the
LemmaB3 we know that Vp , ,, ¢ — V¢ in L= (22x[0,T]). From (H6) we know
that function g is bounded and continuous, together with properties of convolu-
tion mentioned in (HT7) it gives us that g%m% g° in L>=(Q). So we get

T
lim Ty, ://ﬁ Vo dz dt. (48)

e 00

On the other hand, we have T
n}i_r)noo Tom ://wgb dx dt. (49)

00

Hence

/T/H-V¢dxdt:/T/w¢dxdt. (50)
0Q 0Q

Since this equality holds for all ¢ € C (2 x [0,7T) it also holds, thanks to the
density, for all v € L2(0,T; H}(2)) and especially for @

T T
//H - Vaudzdt ://wudx dt. (51)
0Q 0Q
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We now multiply (@) by Tu;H_l, summing over n and p and we get T3, = Tym
with

Nr nt+l _ , nt1y2
T = S ﬂ (ucr - up )
3 ;Tp; 9p U;p dpo (N, (um))
N
_ : s Np(un+1)2
=27 2, %Wl Ft o)
[ No, o, (2.1)?
_ S Do, T \ L
_O/Q/gDm (x)f(N’Dm,Tm ) dx dt (52)

and

n=0 peM

Nr z
Thm = Z T Z \p|w$+1uz+1 ://wpm,r,nqu,Tm dx dt. (53)
0Q

As we mentioned above

wp,, ,, — W € L*(Q x [0,T])
and
up,, 7, —u € L>(0,T; L*(Q))
so we get
T
lim Ty, :// wu dz dt. (54)
e 00
EI) and ([B4) lead to
T T
lim T3, ://wudxdt://H-Vudxdt, (55)
e 00 00
which completes the proof of ([43). O

LEMMA 3.6. Let Hypothesis (H) be fulfilled and for all m € N the function
up,, ., s defined by

up,, v, (@,t) =ult fora.e. x €p, Vte(nT,(n+1)7], YpeM, VneN.

Let (D, Trn)men denotes an extracted subsequence (the existence is provided by
Lemmal33). Let ¢ € CF(Q x [0,T]) be given. We denote by

vy = d(zp,nT) and v} = ¢(zs,nT)

and by
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n=0

Nt |U| n+1 g+1
=22 2 o F )

47Ug+l‘_Ug+l(un+147un+147Un+14ivn+1). (56)
JNp(uth)) =7 ! 7 !
Then the following holds
. V¢
lim T, //( S > Vi — Vo) dz dt, 57
and
T -
_ U
H-Vvdxdt://gs — - Voudzdt Yo € L?(0,T; HY(Q)). (58)
/ /)9 5w (0,73 5a(®)

Proof. Remark that T}, we can rewrite in the form T}, =13, — T5m — L6m +T7m,
where T3, is the same as in (52)) in Lemma 3.5 and

s lo| ug ™t UZ-H +1 +1
Tsm = Z Zzpdpg W( +u7))

n=0 peMoecg,

U v +147Ug+1 n+1 n+1
Z Z Z 9p d_ (7})(“”_’_1)) <UU+ —l—up-i— )))

n=0 peMoes,

n+1 n+1

m- 300 ¥ ot (e ).

n=0 peMoecg,

From (H6) we know that function g is bounded and continuous, together with
properties of convolution mentioned in (HT7) it gives us that g%m — ¢ i
L>(€). On the other hand, thanks to the strong convergence of the Np - to [V¢|
in L (2% [0, T']) provided in Lemmal[32] strong convergence of the Vp ¢ to V¢
in L*>(Q x [0,7T]) and weak convergence of the Hp to H in L2(2 x [0,T])¢
we have (BI) and

msTm
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lim T, :/ H - -Vo¢dadt,

m—o0

T
. Vo
lim Tm://gs -Vadezdt,
mose O ) F(IV D

lim 77, = // -Vodxdt.
e 71 v v

Gathering these results together we get (57)).
Thanks to Lemma 3.4 we know that T}, > 0, which provides

//( e \WI)) (Va—Ve)dedt >0, YéeCS(Qx[0,T]). (59)
Density of the functions from Cg° (€2 x [0,7]) in L?(0,T; H}(£2)) implies that
the above inequality holds for all v € L? (0, T; H} (Q))

Now we apply the so called Minty trick taking v = @ — A\, with A > 0

and ¢ € CF(Q x [0,T]) and use Lebesgue’s dominated convergence theorem
to obtain

//( o D)Vq/)dxdtzO, Yo eoE@x0,7]).  (60)
The same trick we can apply for —1, so actually
//( Fva |)>V1/dedt Vi e CF (2 x[0,T7]). (61)

As this equality could be extended for all v € L2(0,T; H}(2)) we achieve proof

of ([B]). O

LEMMA 3.7. Under the same assumptions as in Lemma 38 Np,, ., — |Vi|
in L*(Q x [0,T]) as m — .
Proof. See proof of the Lemma 4.7 in [I]. O

THEOREM 3.1. Let Hypothesis (H) be fulfilled and for all m € N the function
up,, 7, is defined by up,, 5, (z,t) = ultt for a.e. x € p, Yt € (n7,(n+ 1)7],
Vp € M, ¥n € N. Let (Dy,, Tm)men denotes a sequence of space-time discretisa-
tions such that hp, and T, tends to 0 as m — oo, Op,_ remains bounded away
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from 0. We assume that sequence (D, T )men denotes an extracted subsequence
(the existence is provided by Lemma[37).
Then the function

ue L*(0,T;Hy(), suchthat up,,,, —u in L*(0,T;H()),
is a weak solution of [A)-@l). Moreover, if we define:

A 1
Gpr(z,t) = — Z (uZ‘H - u;f“'l)npa, (62)
|p| o€Ey
for a.e.x €p, t € (nt,(n+1)7], Vp € M, Vn € N, it holds that CAT‘DWTW — Vu

in L2(Q x [0,T))¢ and Np . (x,t) — |Va| in L*>(Q x [0,T)).
G’D,T define strongly convergent approzimation for the gradient of the u (recall
that Gp - (z,t) defined in ([I8) is only weak convergent).

Proof. Following arguments presented in [I] from Lemma we know that

T T

Vi _
//gSWl;D-Vvdxdt://H~Vvdxdt, Vo € L2(0,T; HY(Q)). (63)
0Q 0Q

On the other hand, from Lemma we know that

T T
//H~Vv://ﬂwdxdt, VUEL2(0,T;H3(Q)). (64)
0Q 0Q

Combination of these two equations with the definition of w in ([IG]), which give
T—Ut

us that w = g,y completes the proof that @ is a weak solution of ()—(@3).

Proof of the strong convergence of Gp » to Vi in L2( x [0, T])% and of the
strong convergence of Np . to |Vi| in L*(Q x [0,7]) is, compared to proof
of the [Il Theorem 4.1], without changes, so we do not repeat it here. O
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