BE EGNRUYTER TAT RA
MOUNTaiNS

Mathematical Publications

DOI: 10.1515/tmmp-2017-0013
Tatra Mt. Math. Publ. 69 (2017), 45-59

DIFFERENTIAL REPRESENTATION OF A
SAMUELSON MODEL WITH A TELEGRAPH DRIFT

SERGEI A. MELNYK — ANNA A. KHARKHOTA*

ABSTRACT. In this paper we construct a system of three stochastic differential
equations, which has a solution composed of a generalized telegraph signal process
and a basic process. This system enabled us to find the escape probability of the
basic process from an interval through its endpoint.

1. Introduction

P. Samuelson in [4] proposed the geometric Brownian motion as a model
for dynamics of a financial asset price. The Samuelson model is widely known
and studied and it became one of the most important models of financial mathe-
matics. However, due to its serious drawback, i.e., the constant drift and diffusion
coefficients, various modified models have been introduced [5]. In this paper we
will consider the modified model proposed by Kharkhota [2]:

S(t) = Soegl N (s) ds—0.50% t+ow(t)
This model differs from the classic one by the increase coefficient 7, ;), which
is a telegraph signal process, not a constant. Thus, it is much more difficult
to study. The properties of the modified model and parameter estimation have
been studied in [3]. The classic Samuelson model is a stochastic process, which
solves the linear Ito stochastic differential equation with constant coefficients.
The dynamics of solutions of stochastic differential equations is studied us-
ing the powerful instrument based on the partial differential equations theory.
Our objective is construction of a system of stochastic differential equations de-
scribing the dynamics of the process S(t) and satisfying the conditions of the
classic theory of stochastic differential equations (see, for example, [I]). Then we
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will be able to apply the results given in [I] for processes, which are solutions of
stochastic differential equations, and study the dynamics of the process S(t).

2. Model

We consider some probability space (€2,§,P). On this space we define the
following variables:

e 1 is a N (0, 1)-distributed random variable;
° {nk}:if) is a sequence of independent random variables generated by n;

e v(t) is a Poisson process with parameter A > 0, independent from the
defined sequence;

e w(t) is a Wiener process, independent from the processes above.
We denote by N (0, 1) a standard normal distribution, by U (a, b) a uniform
distribution on the interval (a;b).

We will also use these notations:

® C § is the o-algebra, such that ny < &, k=0

{0, CF, Vt >0} is the filtration generated by the process v(t);

{20, C §, Vt > 0} is the filtration generated by the process w(t);

T =& x U, x W, vVt > 0.

On the probability space (2, §, P, {§:, t > 0}) we consider the stochastic process

2(t) = zo + p(t) — 0.50% + ow(t), t > 0. (1)

Here, pu(t fo s)ds, n(s) = nu), 0 € RY, z € RY. The process n(t) is
known as the generahzed telegraph signal. Let us call the process z(¢) by the
basic process.

The process S(t) is the generalized Samuelson model (the geometric Brow-
nian motion). In the Samuelson model p(t) = pt, that is, the coefficient p is
supposed to be nonrandom and constant. In the model () the drift coefficient
is represented by the generalized telegraph signal process. Thanks to this, the
model [ allows changes of a trend of financial asset price at random times.

One of important problems which appear when studying the dynamics of the
stochastic process is defining or estimating escape probability, i.e., the proba-
bility that it will leave some domain through a specific part of its boundary.
The escape probability is widely used to quantify dynamical behavior of the
stochastic process. In our case, the expression () is inconvenient for solving
this problem. But if we manage to represent the basic process in a form al-
lowing to include it to the closed system of stochastic differential equations,
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the problem will be solved by common methods. Let us describe how we will re-
alize it. According to [6], the two-component process (z(t), n(t)) is a homogeneous
Markov process with a discrete component 7(t). Then, for this pair of stochastic
processes one can construct a system of stochastic differential equations with
Poisson and Wiener processes as noises. This will allow us to construct distribu-
tions of functionals of these processes, applying the results of [I]. In particular,
we will be able to find the escape probability of the basic process from a given
interval through its endpoint.
Thus, we have to solve the following problems:

ProBLEM 1. Constructing a closed system of stochastic differential equations
solved by the processes z(t) and n(t).

PROBLEM 2. Defining the escape probability of the basic process from a given
interval through its endpoint.

3. Auxiliary results

The results of this section are based on Lemmas 3.1, 3.2 of [7]. According to
them, random variables

n=+vV—-2lnasin(278), kK = v —-2Inacos(27p) (2)

are independent A(0,1)-distributed, if o and 8 are independent U(0,1)-dis-
tributed random variables. Obviously, n < &, k < &, if « < &, < &. We will
prove that the inverse construction is also possible: by the given independent
Gaussian random variables 17 and x one can construct the appropriate indepen-
dent uniformly distributed random variables o and S, which provide that (2))
holds.

Let us define arctgy, x>0,y >0,

21 +arctgy, x>0,y <0,

T+ arctgy, x <0,

T,y) = x 3
e(z,y) 2 a—0,y>0, (3)
37“‘7 x:07y<07

2
0, z=0,y=0.

Formulas r = /22 + y? and ¢(x,y) express polar coordinates r, ¢ through
Cartesian coordinates x, y.

LEMMA 1. If  and k are independent N (0,1)-distributed random wvariables,
then the variable p(n, k) is U(0, 2m)-distributed.
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Proof. First, we notice that
0<op(x,y) <2m,  forall (x,y) € R (4)

Let us construct a density function of the variable ¢(n), k). We have

P{o(n, k) <z} = Pi(2) + Pa(2) + P3(2), ()
where

Pi(z) =P{(e(n, k) <2z)N0(n>0)N(k>0)},

Py(z) =P{(p(n,r) <2)N(n>0)N(x<0)},

P3(z) =P{(e(n,r) <2)N(n <0)}.
From (@) we deduce that P{p(n,x) < 2z} =0,if 2 <0 and P{p(n, k) < z} =1,

if z > 2m.

Let us consider the case of 0 < z < 27. From (Bl we get an expression for the
density function of the variable ¢(n, K):

p(z)= B _ 1) | AP | AP o)k o)+ pole). (6)

We have to compute every summand. If z < 0, then P1(z) =0, and P1(2) =1,
if z > 0.57. Let z € (0,0.57). Then we have

Pi(z) = P{(r <ntgz) N (n > 0) N (x> 0)}

+oo rtgz

_ 2i o057 /6—0‘5742 dy da.
T
0
Hence
o 1
_ —0.5(14+tg%z)x> de = —
P1(2) 2 cos? z /we YT o
0
So, we get
0, =z¢(0,0.57),
= 7
P1() { L. 2€(0,05m). 0

Now let us find ps(z). We have

Py(2) = P{(arctg% <z-— 27r> N(n>0N(k< 0)}

If n > 0 and k < 0, then arctgr/n € (—0.57,0). Hence, Pao(2) = 0 if z < 1.5,
and Py(2) =1if z > 27.
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Let z € (1.5m,27). Then

xtgz

1
P2<Z) /dx /6—0.5(z2+y2) dy

“+oo
~or
0
and
0,
p2<z) = { 1
o2

Finally, we find p3(z). We have

—0o0

z ¢ (1.5, 2m),

z € (1.5m,2m). ®

Ps(z) = P{(ﬂ'—l—arctg% <z-— 27r> Nn(n< 0)} :

If z € [0,0.57], then P3(2) = 0 and if z € [1.57, 27|, then Pa(z) = 1.

Let z € (0.5m,1.57). Then

0 +o0

1
P3(z) =P{(k >ntgz)N(n <0)} = 5 /6_0'5””2 /6_0'53’2 dy dz.

27

Applying (@), @), @) to (@) gives:

Hence
0,
p3(z> = { 1

Lemma [ is proved.

—00 xtgz

z ¢ (0.5, 1.57),

z € (0.5, 1.57). ©)
z ¢ (0,2m),
z € (0,2m).

(]

LEMMA 2. Let n <&, k<& be independent N (0,1)-distributed random vari-
ables. There exist independent U(0, 1)-distributed random variables o < & and

B < & such that equalities ([2)) hold.

Proof. Let us change to polar coordinates: n = rcosv, kK = rsiny, r > 0,
Y € [0,27). Then, a variable > = n? + k2 is exponentially distributed with
parameter 0.5 and its distribution function is as follows

0, <0,

F'r2(x): { 1 — 05z x> 0.

According to Smirnov theorem (see, for instance, [7]), a random variable

a=1-Fa(?) =e

—0.57% _ 6—0.5(n2+m2)

is U(0, 1)-distributed. So, we have r = v/—2Ina.
From Lemmalll ¢ = ¢(n, k) is U(0, 27)-distributed. Hence, 5 = %is U(0,1)-

-distributed. So, we get equalities ([2)).
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Now, we will prove that o and 8 are independent. For this purpose it is enough
to show that 72 + 2 and % are independent. Let x > 0, y € R'. We have

1
P {772 +r2 <, s y} = — / e=0-5w ) gy, do
i 27
u?tvi<z,u/v<y

(1 —0.5x\ [ arctgy })
_(1 € )< T Jr2

:P{n2+m2<x}]}”{%<y}.

So, the variables n? + k2 and % are independent. This implies that « and S are
independent too. Lemma [2] is proved. d

LEMMA 3. Let o < & and < & be independent U(0, 1)-distributed random
variables. Then

n; =+v—2Inacos(2n(j +1)8), J=0,1,...,
v (10)
kj =+v—2Ihasin(2r(j + 1)), J=0,1,...

are independent sequences of independent N (0, 1)-distributed random variables,
such that g =n, ko =k, n; <&, k; <6, 7=0,1,...

Proof. Let us begin with proving that terms of the sequence are Gaussian
random variables. We will do this by applying a method given in [7]. Below we
give some necessary results.

DEFINITION 3.1. A random vector J = (V1,...,9,) is called isotropic, if a point

%\ is uniformly distributed on a sphere |J] = 1 and is independent from |J].

LEMMA 3.1. Ifﬁ 1$ an isotropic vector, such that |1§| has xn-distribution, then the
components of this vector are independent N (0, 1)-distributed random variables.

Proof. Let us first prove that the vector J = (n;, k;) is normally distributed
for all 7 = 0,1,... First we will prove that \5\ has yo-distribution. We have
[9] = vV—2Ina. Let 2 > 0. Then

P {|5| < x} =P {oz > 6_0‘53”2} =1-—e 05
which is the yo-distribution function.
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g
9]
Clearly, the values of this vector lie on the unit circle. Let [ be some arc of this

circle, limited by angles 0 < 11 < 15 < 27. Since
J J 1 /i 1 /1o
{@ S l} —muo{‘m(g +m) < B < ‘H—1<E+m>},

we deduce that .
9 _
pl Ll P2 1!}1’
|| 21
3

so, the vector il is uniformly distributed on the unit circle.
Independence of % and |J] easily follows from the expressions |J]| = v—2Ina

and % = (cos(2m(j + 1)B),sin(27(j + 1)B3)), since a and J are independent.

Let us now show that the vector is uniformly distributed on a unit circle.

Thus, LemmaBdlis proved, i.e., the vector J = (n;, k;) is normally distributed
forall j =0,1,... ([l

To complete the proof of Lemma [, we need to prove the independence of
variables from ([I0). It is enough to show their uncorrelatedness. We have
En;nm = —2EInaE cos(2n(j + 1)) cos(2m(m + 1)85).
Since
Elna=-1 and 2cosAcosB = cos(A+ B)+ cos(A — B),
then 2 cos(27(j+1)3) cos(2m(m~+1)3) = cos(2m(j —m)B) +cos(2m(j +m+2)3).
If we notice that j —m # 0, j +m + 2 # 0, then for all s € N we have

E cos(2msfB) = 0. Hence, E cos(27(j + 1)) cos(2m(m +1)3) = 0 and En;n,,, = 0,
so, 1; and 7, are independent.

From
Ekjkm = —2EInaEsin(27(j + 1)8) sin(27(m + 1)3)
=Ecos(2n(j —m)B3) — Ecos(2m(j + m+2)8) =0
we deduce that x; and x,, are independent. Finally, let us show the independence
of n; and K,,. We have
Enjkim = —2EInaE cos(2n(j 4 1)8) sin(27(m + 1)3)
= Esin(2n(j — m)B) + Esin(27(j + m + 2)5).
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Let us compute Esin(27s8),s = 0,1,... If s = 0, then Esin(27s8) = 0.
Let s # 0. Then

1
Esin(27s/3) :/Sin(27r3x)dx =0.
0

Thus, Enjk, = 0 for all integer non-negative j and m. This implies that the
random variables 7; and k,, are independent. Lemma [3] is proved. O

4. Constructing the system of stochastic differential
equations

From now on we will consider Problem 1. A major attention is focused on the
basic process z(t), whose values we can observe experimentally. The dynamics
of this process is described by the equation (Il). The main disadvantage of this
equation is its drift coefficient composing the stochastic process 7n(t). It makes
the study of the basic process much more complicated. However, this difficulty
can be overcome by constructing a stochastic equation solved by the process
n(t). Let us define processes 7(t) and x(t) by equalities:

n(t) = \/mcos@w(u(t) + l)ﬁ),
k(t) = \/msin(%r(u(t) + 1)5), t>0.

Here, &« < &, § < & are independent U(0,1)-distributed random variables.
By Lemma3] n(t) and k(t) represent two independent generalized telegraph sig-
nal processes. Besides, n(t) < §: and k(t) < &, Vt > 0. Functions cosz and
sinx are infinitely differentiable and their derivatives are bounded. Therefore,
Theorem 1 from §6 of [I] applies and

dn(t) =M—2ha [cos(27rﬂ(u(t) + 2)) — cos (27rﬂ(u(t) + 1))} dt
+vV—2Ina [COS(27TB(V(t—) + 2)) - COS(QWB(V(t—) + 1))} v(dt).

Here we have used the equality dv(t) = Adt + v(dt), where v(t) = v(t) — Mt is
a centered Poisson process. We remembered that the average number of jumps
of the Poisson process for the period (0,t) is Ev(A,t) = II(A)t, where II(A)
is a measure on some space (X,9) and A € M. As we consider the standard
Poisson process with unit jumps, we have II({1}) = A. Thus, integrals over a set
of possible jump sizes of the process v(t) equal to integrand values at y = 1.

(11)
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By using the equalities cos(A + B) = cos Acos B — sin Asin B and (II),

we get:
cos(27r5(y(t) + 2)) = cos2rf cos(27rﬁ(y(t) + 1))
~ sin 2rsin (278 (v (1) + 1))
and
dn(t) = X[(cos(2mB) — 1)n(t) — sin(27B)xk(t)] dt
+[(cos(278) — 1)n(t-) — sin(2rB)x(t-)] #(de),

From (I0) we deduce
"o
2

—— = %0,
My + Ko

cos(2mf3) =

R0

sin(2n83) = = 5o.

Hence
t
o Ko
n(t) =no + A/ l(i - 1) n(s) — 7%3(8)1 ds
L\ + k3 Vg + KG
t

K

Similarly, we find the equation for the process x(t):

k(t) =K A L—l k(s __fo s)| ds
o=t )

t
-/
0

So, we get the result:

V1§ + K V1§ + K

Lfl sfansf rv(ds).
(ﬁngg )77( ) ﬁngg( )] (ds)

<7770 - 1) R(s—) + ——e 77(8—)1 v(ds).

(12)

(13)
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THEOREM 1. Three processes: z(t), defined by (1), n(t) and r(t), both defined

by (), represent a solution for a closed system of stochastic differential equa-
tions:

¢
z2(t) = z0 + /n(s) ds — 0.50%t + ow(t),
0

n(t) = mno + >\/ (ﬁ - 1) n(s) — ﬁ“(s)l ds

s 1) n(s—) - ﬁw—)} 7(ds),

(14)

where zy € RY andny < Fo, ko < So are independent N'(0, 1)- distributed random
variables.

Remark 1. If we notice that 7o < §o, ko < Fo, 7(s) < s, £(s) < Fs, v(5) < Fs,
it is clear that the stochastic integrals in (14) are well-defined.

Remark 2. The condition Enjz =1 is not crucial. If Enjz = 02 > 0, then it is
sufficient just to change the first equation of the system (I4) as follows:

t
2(t) = zp + Jo/ﬁ(s) ds — 0.50%t + ow(t),
0

where 7(s) = n(s)/oo, and replace n by 7 everywhere.

The condition En; = 0 is not crucial, too. If En; = a, then the first equation
of (I4) transforms to

2(t) = zo + [ 7i(s) ds — 0.5(c% — 2a)t + ow(t),
/

where 7(s) = n(s) — a.
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5. Escape probability of the basic process
from a given interval through its right (left) endpoint

In this section we will consider the Problem 2. Suppose the basic process is
defined by the equation (Il) and we need to find the escape probability from
the interval (z1, z3) through its right endpoint. The escape probability through
the left endpoint can be found in a similar way, with the appropriate change
of boundary conditions. Let P(z,x,y) denote the probability that the vector
process (z(t), n(t), x(t)), starting at (z,,y), exits the region G, determined
by z1 < 2z < 23, —00 < © < 400, —0 < y < 400 through the plain z = z,.
The system (I4)) of linear stochastic differential equations satisfies the conditions
of Corollary 2 from §11 of [I]. Hence, P(z,x,y) is a solution of the problem

022 0z

2 2y 2 2
+_2P Z, * Y ) Y __QP(Zaxay>:0>
Vat+y? atay?) oo

0?P(z,x,y) N <2x > OP(z,x,y)

P(z1,2,y) =0, P(zo,1,y)=1, z€(21,22), (x,9)€R%L (15)
This problem does not seem possible to be solved explicitly because of the third
summand. However, to solve the Problem 2, we do not need P(z,z,y), but

+o00 +00

1 _ .732 2
P{2(1) = 22]2(0)=2 } = / /P(z,x,y)%e 0-5("+y%) 4z dy,

—0o0 —O0

where 7 is an escape moment of the process z(t) from the interval (z1, z2). Since
n(0) and £(0) are independent standard Gaussian random variables, (I3]) yields

“+0o0 400
0?P(z,2,y) 2z OP(z,z,y)] 1 2, 2
o) I =05 +Y0) 44 g
/ / [ 022 +<a2 ) 0z :|27T€ S

“+o00 400

2\ 1 .
:p/ /P(z,x,y)%e‘”(““ﬁdxdy
2\ +o00 +oo 5 5 5 1
—2/ /P z, i , Y —6_0‘5(”2+y2)dxdy. (16)
o Va2 +y? o +y? ) 2w
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Let us transform the last summand in the right part of (16). By a change of
variable

a? — ¢ 2xy
—F— = U, _— =
V2 +y? Va2 +y?
we obtain
400 +o0
2 _ .2
/ /P i 2ry 1 —0-5(x2+y2)dxdy
\/.’I,'2+y \/.’I,'2+y 2+oo+oo
—00 —00 1
/ / Z,U, V) _0‘5(“2+”2) du dv.
Substituting this in ([I]), we get —00 —00
/ / 2P (z,x,y) N 2 ) OP(z,z,y)
92 o? 0z
A [ z24y?
ﬁp(z,x,y)] %e ( Y )d.’Ide:O (17)
Hence e 1
_ (E2 2
P{x(r) = 22lu0)=-} = / / Ple2,3) e 05 dady

0?P(z,x y) 2z OP(z, 2, y) | 1 g 5(a24y?)
/ / { 9.2 (; - 1) 5 ] 5 € dz dy.

Therefore, if we solve the problem

0?P(z,x,y) 2z OP(z,z,y) A
0z + <02 1) 5, ;P(z,x,y) =0,

P(Zl,.’IJ,y)EO, P(Zz,.’I},y)E 17 z € (21722)7 (x,y) €R27 (18)
we will obtain the desired probability by integrating the solution with a corre-
sponding weighting function.

The problem (I8)) can be solved in explicit form. Let us denote & = = -1,
D = &%+ %3 The solution of (IX) is
VD(z—=
P(z,2,y) = 2PEVD)(z2— z)%
T eVD(z2—21) _
Note that 0 < P(z,2,y) < 1, Vz € (21,22), (z,y) € R2. Indeed, 0 < P(z,z,y)
because z; < z < z9. Since Z < v/D, then (19) implies that

e\/ﬁ(z2_zl) _ e\/ﬁ(zz—z)

P(z,2,y) < eVD(z2—21) _ 1 <

(19)
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Thus, the expression (I9) is correct.

Besides,
1— e—fﬂ(z—zl)

lim P(z,2,9) = T— 50y

~ 1 — e~ VD(—=1)
li P _ ,0.5%(22—2) li —0.5(20—2)vVD _
i Plazy)=e e e
lim P =0.
im Pz, 2,y)
So, we get the solution of the Problem 2:
+0o0 400 1
P {z(7) = 20|2(0)=2 } = / / P(z,2,y)5 e **0 ) dr dy
T

+oo
L / 05G VD) en) € DT 1 a2 (20)
V2T eVD(z2—21) _ 1

Let Q(z, z,y) denote the escape probability that the vector process
(2(t), n(t), K(t)), starting at (z,z,y),

exits the region G through the plane z = z;. Then similar computations give

\/5(22—2) —1

_ ,—0.5(@+VD)(z—=1) £

Q(Z,l',y) € e\/ﬁ(zz—zl) 1 (2]‘)
and

P{Z(T) = 21|Z(0):Z}

“+o0
1 0.5(F4+vD)(2—21) VP2 1o
= e —¢ dz. (22)

\/27[‘ e\/B(ZQ—Zl) _ 1

Since & < /D, then P(z, z,y)+Q(z,2,y) < 1. It means, there is a positive proba-
bility that the process (z(t), n(t), k(t)) will never escape from the region G and so,
the process z(t) will not leave the interval (21, z2). In addition, we notice that

1— e—fﬂ(z—zl)
li S S (A 2
lim Qz,z,y) lim (z,2,9),

1 _ 6—5(2’2—2’1) -
- 1— e—\/ﬁ(zz—z)
li _ ,—0.5%(z1—2) li —0.5(z—21)V'D —
m Q=) =e Aee 1 — e VD(z2—2)

0,

lim Q(z’ x, y) — 6—0-5(5?-‘:-\/5)(2—21).

zZo9—+00
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Thus, we conclude that when the trend changes frequently (A is large), the
escape probability of the process z(t) from the arbitrary interval (21, z2) becomes
negligibly small, that is, the process stabilizes. On the other hand, if changes of
the trend are rare, i.e., A is small, then the escape probability is close to 1.

In addition to the obtained results, we will find mean residence time of the
process in a given interval. Let m(z, x,y) denote the mean residence time of the
vector process (z(t),n(t), x(t)) in the region G. By Corollary 1 from §11 of [I],
m(z,z,y) is the solution of the problem

Pm(z,x,y)  Om(z,zy) A
922 +x 9z _Fm(zaxay)__]-a

m(zlvxvy) = 07 m(227xvy) = 07 z € (21722)7 (x,y) € R2'

Computing this solution, we get

m(z x y) = 0_2 6—\/5(22—zl)+0.5(i+\/ﬁ)(z2_z) 1— 6—0.5(58—\/5)(22—,21)
el )\ 1 — e_\/ﬁ(z2_21)
(23)
0.5(—v/D) (rp—z) L — €O EHVDIE2—20) .
—e
1- 6_‘/5(22—21)
Correspondingly, e

1

m<Z) =E {T|Z(O):Z} = 2_ / / m(z, x, y)e_0'5(m2+’y2) dx dy (24>
T

—00 —00
is the mean residence time of the process z(t) in the interval (z1, 22). Besides,
}\Eﬁ) m(z,x,y) = +OO,
li =0
Jm m(z, 2, y) =0,

o? .
I _ 9 [1 _ —O.5(z+\/D)(z—z1)] .
i m(z,z,y) 3 e

The obtained results allow us to determine the dynamics of the process S(t).
For example, if 21 =0, 2o = +00, z = 2(0) = In Sy > 0, then we have
P{S(t) > So, Vt >0} =1—-P{z(7) =0|.21m s, }

“+oo
1 _ - 052
_ e 0.51nSg(x+\/B)e 0.5 dz,

2 e
. 80—0‘5(53%/5) 0527 4
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ExXAMPLE 1. As an illustration let us consider a numerical example. Let
A=1, 02=2, 2 =0, z=1, 2z =+00.

Then P {z(7) =0|,(0)=1} =~ 0.88, P{z(7) = +o0|,(0)=1} = 0, m(1) =~ 0.69.
Thus, the probability that the process z(¢) will never leave the upper half plane
(starting at z(0) = 1) approximately equals to 0.12. If S(t) represents a financial
asset price at time t, then the obtained values mean that the probability of price
fall below the initial value is rather high (0.88), whereas mean time of the fall is
rather small (0.69). Therefore, buying an asset at ¢t = 0 is risky and inefficient.

Remark 3. To solve the problems discussed, we have used the non-observable
component 7(t) and auxiliary component x(t), which was not initially defined
at all. However, thanks to the known distributions of the random variables 7(0)
and k(0), we were able to average the solutions (I9)), ([2I]), [23). As a result, the
obtained expressions ([20), (22)) and (24]) depend only on the parameters of the
initial problem: z, z1, 29, A, 0q, 0.
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