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COMPARISON OF SOME FAMILIES
OF REAL FUNCTIONS IN ALGEBRAIC TERMS

MALGORZATA FILIPCZAK — GERTRUDA IVANOVA

ABSTRACT. We compare families of functions related to the Darboux property
(functions having the A-Darboux property) with family of strong Swiatkowski
functions using the notions of strong c-algebrability. We also compare families
of functions associated with density topologies.

1. Introduction

We will work with real functions defined on the real line, so if we write
“function”, then we mean f: R — R. Throught the whole paper, when open
or closed sets are mentioned, we mean the Euclidean topology in R. We denote
by A (Int (A)) the closure (interior) of the set A.

Recall that a function f is quasi-continuous at a point x if for every neigh-
bourhood U of z and for every neighbourhood V' of f () there exists a nonempty
open set G C U such that f(G) C V. A function f is quasi-continuous (briefly
f € Q) if it is quasi-continuous at each point. The notion of quasi-continuity
was introduced by S. Kempisty in 1932 [12].

A function f: R — R is called a strong Swigtkowski function if for each
interval (a,b) C R and for each X between f (a) and f (b) there exists a point
x € (a,b) such that f(x) = X and f is continuous at x [I7]. Hence, the family
D, of strong Swiatkowski functions is situated somewhere in the road between
the family € of all continuous functions and the family DQ of all Darboux quasi-
-continuous functions.

The notion of strong Swiatkowski property was introduced by A.Mali-
szewski in [I7]. He showed that D, is dense in DQ, so D, is “not so far”
from DQ (for more information about this class, see [16]-[19]).
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On the other hand, J. Wodka [27] proved that the set (DQ\ Ds) U {O}
contains a c-generated algebra, i.e., DQ is much larger than Dy if we compare
these families in algebraic terms.

In this paper, we will generalize the result obtained by J. Wédka. We will
compare, in algebraic terms, D, and DQ with the family D,, of approximately
Darboux functions and the family Dy_,, of J-approximately Darboux functions.
We will use the exponential-like method introduced in [2].

Let Br denotes a family of all sets having the Baire property, and n- A stands
for a set {n-a: a € A}. We will write < a,b > instead of (min{a,b}, max{a,b}).

2. A-continuity and A-Darboux property

We start with the definition which helps us describe approximate continuity
and J-approximate continuity as well as quasi-continuity in the same way.
Let A C P (R), where P (R) is a power set of R.

DEeFINITION 1 ([I0]). We say that f is A-continuous at the point z € R if
for each open set V' C R with f (z) € V there exists a set A € A such that z € A
and f(A) C V. We say that f is A-continuous (f € C4) if f is A-continuous
at each point x € R.

Remind that x is a density point of a measurable set A C R when
lim m(AN[x—h,z+h])
h—0+ 2h
and the family of all measurable sets which any point is its density point is
a topology called the density topology.

Now, let J be a o-ideal of sets of the first category. We will say that a property
holds J-almost everywhere (briefly J-a.e.) if the set of all points which do not
have this property belongs to J.

We will say that a sequence {f,}nen of functions with the Baire property
converges with respect to J to some real function f with the Baire property

=1

(fn LN f) if every subsequence {f,, }nen of {fn}nen contains a subsubse-
n—oo

quence {fm, }nen which converges to f J-a.e. (see [21]).
The point 0 is an J-density point of A if

J
X(n-A)N(—1,1) :_—gj X(-1,1)-
We say that x is an J-density point of A if 0 is an J-density point of A — z =
{a —z:a € A}. Put @5 (A) = {z € R: = is an J-density point of A}.
The family 759 = {A C R: A € Br AN A C ®5(A)}, called the IJ-density
topology, was studied in [21], [22] and [25].
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A set A C R is said to be semi-open if there is an open set U such that
U C ACU (see [15]). It is not difficult to see that A is semi-open if and only if
A C Int (A). The family of all semi-open sets will be denoted by 8. A function f
is semi-continuous if for each open set V the set f~! (V) is semi-open [15].

In [20], A. Neubrunnova proved that f is semi-continuous if and only if
it is quasi-continuous.

Now, we are in the position to describe all the mentioned classes of functions
using the notion of A-continuity.

Remark 2. A-continuity coincides with:
(1) classical continuity whenever A = 7;
(2) approximate continuity whenever A = 74;
(3) J-approximate continuity whenever A = 74, ;

(4) quasi-continuity whenever A = 8.

DEeFINITION 3 ([I0]). We will say that f has the A-Darboux property (f €D 4)
if for each interval (a,b) C R and each A\ €< f (a), f (b) > there exists a point
x € (a,b) such that f(z) = A and f is A-continuous at z.

If A = P(R) then Dy is a family D of all Darboux functions. If A is
the Euclidean topology 7., then Dy is a family D, of functions having strong
Swiatkowski property. If A is the density topology 74, then Dy is a family D,,,
of functions with the so called ap-Darboux property introduced by Z. Grande
in [6]. If A is the J-density topology, then Dy is a family of J-ap Darboux func-
tions investigated by G. Ivanova and E. Wagner-Bojakowska in [7]
and [9]. In [10], it is shown that if A = §, then Dy = DQ.

Tt is easy to see that

Ds C Dap N Dg_gp C Dap UDg_gp, CD.

In [7], it is proved that all these inclusions are proper.

In [10], it is proved that for some families A we also have Dy C DQ. Let us
briefly describe these results. We say that the set A is of the first category at the
point x if there exists an open neighbourhood G of x such that AN G is of the
first category (see [I3]). D (A) will denote the set of all points = such that A
is not of the first category at x.

DEFINITION 4 ([10]). We will say that a family A C P (R) has the (*)-pro-
perty, if

(1) 7. C A C Br;

(2) AcC D(A) for each A € A.

It is not difficult to see that a wide class of topologies has the (*)-property.
For example, the Euclidean topology, J-density topology, topologies constructed
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in [I4] by E. Lazarow, R. A. Johnson and W. Wilczynski or the
topology constructed by R. Wiertelak in [23]. Certain families of sets, which
are not topologies, have the (*)-property: the family of semi-open sets is a good
example. On the other hand, the density topology does not have this property.

3. Algebrability

To compare families Dy, DQ, D,,, and Dy_,), in algebraic terms, we need some
definitions.

DEFINITION 5 ([3]). Let £ be a linear commutative algebra. We say that
A C L is strongly c-algebrable if A U {©} contains a c-generated algebra B
that is isomorphic with a free algebra. We denote by X = {z,: a < ¢} the set
of generators of this free algebra.

Let us remark that the set X = {z,: a < ¢} is the set of generators of some
free algebra contained in AU{®©} if and only if the set X of elements of the form
akiak2 | gkn s linearly independent and all linear combinations of elements

from X are in AU {©}.

In [2] there was presented a useful method of proving that a fixed family is
strongly c-algebrable. We say that a function f is exponential-like (briefly f € €)
whenever f is given by the formula

f(x) :Z a;eP®,
i=1

for some distinct nonzero real numbers Sy, ..., 8, and some nonzero real num-
bers ai,...,a., (see [1).
It is not difficult to check that:

LemMA 6 ([1]). For every positive integer m, any exponential-like function f,
and each c € R, the preimage f~1[{c}] is finite. Consequently, f is not constant
in any subinterval of R. In particular, there erists a decomposition of R to a
finite number of intervals such that the function f is strictly monotone on each
of them.

Exponential-like functions may be used to prove c-algebrability of a fixed
family of functions in the following way:

THEOREM 7 ([1]). Let F C R® and assume that there exists a function F € F
such that f o F' € F\ {O} for every exponential-like function f [1]. Then, JF is
strongly c-algebrable.
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4. Comparison of classes related to Darboux property

In [8], it is shown that the family DQ is strongly porous (so, it is very small
from the topological point of view) in the family DBa of Darboux functions
having the Baire property. Therefore, DBa \ DQ is “topologically large”. Let us
show that it is large also in algebraic terms. For this purpose, we need the fol-
lowing lemma:

onto

LemMA 8 ([I1]). There exists a Darbour Baire 1 function F: R —— [0, 1]
such that

(1) F vanishes J-a.e. on (0,1);
(2) F wvanishes on R\ (0,1);
(3) [0,1]\ F~1({0}) is a first category set dense in [0,1].

Indeed, let {C},} be a sequence of pairwise disjoint closed and nowhere dense
subsets of [0, 1] of cardinality continuum such that for each interval (a,b) C [0, 1]
there exists n € N with C,, C (a,b). Obviously, the set C' = J,,cj Cy is of type
F, and is bilaterally c¢-dense-in-itself. Therefore, (see [4]) there exists a function
F € DBy such that F'(z) =0if x ¢ C' and 0 < F'(z) < 1 for x € C (for details,
see [11]).

Using this function, we can prove strong c-algebrability of the family

DBa \ DQ:

THEOREM 9. The family DBa \ DQ is strongly c-algebrable.

Proof. Let F be the function defined above. Fix an exponential-like function f.
By Theorem [7] to prove that DBa \ DQ is strongly c-algebrable, it is suffices
to show that f o F' € DBa \ DQ.

As fis continuous and F' € DBq, foF € DBa. To show that foF is not quasi-
-continuous, fix an open set V such that 0 ¢ f~1 (V) and VN (f o F) (R) # 0.
The set F~! (f~!(V)) is a nonempty set of the first category, so it is not semi-
-open, and due to A. Neubrunnovéa’s result [20], the function f o F' is not
quasi-continuous. O

Put P := {D,DBa}, and Py := {Dy : A has the (*)-property}. As for each
A with the (*)-property, the family D4 is contained in DQ (see [10]), it is easy
to see that for any F;, € P and Fy € P4 we have DBa C F; and Fy C DQ.
Consequently, by the latter theorem, we obtain

COROLLARY 10. If F; € P and Fy € Py then the family F, \ Fo is strongly
c-algebrable.
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Remind that any family from P4 is strongly porous in any family from P [g].
Therefore, if F; € P and Fy € Pq, then F; \ Fy is residual (so, “topologically
large”) in J.

Let us now consider some subfamilies of the family B of all Baire 1 functions.
In [I1], it is shown that a strong Swiatkowski function need not be Baire 1, so no
family from P4 is contained in B;. Put P} := {D4NB;: A has the (*)-property}
and DB;—the family of all Darboux Baire 1 functions. In [I1], it is proved that
each family from P; is strongly porous, so “topologically small”, in DB;. Using
the function from Lemma B, we can show, in the same way as in Theorem [3]
that:

THEOREM 11. If F € P, then the family DB, \ F is strongly c-algebrable.

J. Wodka proved in [27] that the family DQ \ Dy is strongly c-algebrable.
We will show that both (€., NC.,) \ Ds and D, \ (C,, UC,,) are strongly c-al-
gebrable, too.

Recall that a set A is called a right-interval set if A is a union of intervals
(an, by) with lim,, o a, = 0 and 0 < b,41 < a, < b, for each n € N. Suppose
that A =J,2, (an,by,) is a right-hand interval set and b; = 1.

Put

1 for x <0,
1—% for z € [an,by], n €N,
tA(x) = an+bn+1
0 for x = =252+ 'n € N and for = € [b1, 00),

linear on the intervals [by41, a"+2b"“], [a"+§"+1 ,ap], n €N

and
Fy(z) = {

Note that Fj is not continuous at any even m, and Fj is continuous at any
other point. Moreover, Fy ¢ D;.

ta(x —m)—m if mis even and z € [m,m + 1],
11—z if mis odd and z €(m,m+1).

LEMMA 12. Let f be an exponential-like function. If A is a right-hand interval
set, then fo Fy ¢ Ds.

Proof. Fix an exponential-like function f and a right-hand interval set A.
We will show that f o Fj is not continuous and does not belong to D;. By Lem-
ma [0l there exists an even number m € Z such that f is strictly monotone
on (—m, —m + 2). Without loss of generality, we can assume that f is strictly
increasing on this interval.

Observe that f o Fy is not continuous at m. Indeed, let (a,b) be an arbitrary
interval such that m —1 <a <m < b <m + 1. Then

foFas((a,b) D f([-m,—m+1]).
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Since f is strictly monotone and continuous on [—m,—m + 1], f([—m,
—m+1]) is a nondegenerate interval. Let ¢ < diam(f ([—m, —m + 1]))/3. Then,

(£(Ex(m)) = e, £(Ex (m) +¢) 2 £(Fa(a,b)),

for each (a,b) such that m —1<a<m<b<m+ 1.

Let us show that f o F4 ¢ D,. For this purpose, fix numbers ay and by such
that m — 1 <ag < m < by <m + 1. Then, we have Fj4 (ag) > Fa (m) > Fx (bo)
and Fy (m) = —m+1. As f is strictly increasing on (—m, —m+2), we obtain
f(Fa(ao)) > f(Fa () > f(Fa(m)) > f(Fa(y)) > f(Fa (bo)) for all € (ag,m)
and y € (m, by), so on the interval (ag, by) the function foFy has value f (—m + 1)
only at the point m. Note that f o Fj4 is not continuous at m. Therefore, f o Fy
is not a strong Swiatkowski function. O

Fix f € C,,. It is well-known [26] that f has the Darboux property. Since f
is approximately continuous at any point, f € D,,. Analogously, from the fact
that €, C D [2I], we obtain that C,, C Dg_gp.

As 79 has the (*)-property, Dy_,, C DQ. Thus,

Cr,NCry C DyepN Dy_gp C DAQ.
Observe that families C;,N €, and D, are incomparable.

ExAMPLE 13. If 0 is a right-hand density point and a right-hand J-density point
of a right-hand interval set A, then t4 € (C-,NCr,) \ Ds.

Proof. Indeed, t4 is continuous at any point x # 0. Moreover, t4 is approxi-
mately continuous and J-approximately continuous at zero. On the other hand,
1 € t4((—1/2,1/2)) and the only point o such that t4 (zg) = 1 is equal to 0,
and ¢4 is not continuous at zero. O

ExAMPLE 14. There exists a function belonging to D; \ (C,, U Cr,).

Proof. Suppose that A is a right-hand interval set at 0 such that 0 is a right-
-hand density point and J-density point of A. Put

1 for:c:a"gﬁ,nEN,andfor:cSO,
fa(x)=¢0 for x € [an,b,], n €N, and for z € (b1, 0),
linear on intervals |:bn+1, a"+2b"+1], [a"+2b"+1 , an}, neN
and
Fa(z) = ta (x —m)—m if mis even and x € [m,m + 1],
AV T 1 - if m is odd and z € (m,m + 1).

Then, Fy is neither approximately nor J-approximately continuous at each
m € Z and has the strong Swiatkowski property, so F4 € D, \ (C,,UC,). O
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Using functions Fy and F4 considered in Example [3 and Example [[d we ob-
tain that families (€,,N C;,) \ Ds and D; \ (€,,U C,,) are strongly c-algebrable.
Indeed, using the exponential method, we obtain the following facts:

THEOREM 15. The family (C,,NC.,) \ Ds is strongly c-algebrable.

Proof. Suppose that A is a right-hand interval set such that by = 1 and 0
is right-hand density and J-density point of A. Let f be an exponential-like
function. It is easy to check that f o Fy is approximately and J-approximately
continuous. By Lemma [I2] we obtain f o 4 € (C,,NC,) \ Ds. O

COROLLARY 16. Let
P = {ng DJ—ap; Dap7 Dap N DJ—ap; er; er U 357 eTg; erg U ®s; er N eTJ?
(€, NCry) UD}.

Each §F € P contains C,,NC,. Therefore, by the latter theorem, the family F\ Ds
1s strongly c-algebrable for any F belonging to P.

THEOREM 17. The family Ds \ (C,,U C.,) is strongly c-algebrable.

Proof. Fix an exponential-like function f, and let 4 be the function from Ex-
ample M4 Let us show that f o Fy € D,. Indeed, fix (a,b) C R such that
f(FA (a)) # f(FA (b)), and X €< f(FA (a)), f(F‘A (b)) >. Then, as fo F4 has
the Darboux property, there exists a point ' € (a, b) such that f o Fy (') =\

If 2/ ¢ Z or z' is odd, then put 2 = /. It is easy to see that foF} is continuous
at x.

Assume that there exists even m such that =’ = m. Let us show that there
exists a point z € (2/,b) such that f o Fy () = A. Indeed, we can find a point
€ (2,b) with Fj (x) =1 —m, so f(Fx (z)) = f(Fa(m)) = \.

It is easy to see that foF} is continuous at z, so it has the strong Swiatkowski
property.

We will show that f o Fy is neither approximately nor J-approximately con-
tinuous. By Lemma [6] there exists an even number m € Z such that f is
strictly monotone on [—m, —m + 1]. Without loss of generality, we can assume
that f is strictly increasing function on this interval, so f(—m) < f (1 —m).
Let e € (0, f (1 —m) — f (—m)). Then,

it (7 ({#m) - st ) ) |

so m is a right-hand dispersion and a right-hand J-dispersion point of A 4+ m,
and f o Fy is neither approximately nor J-approximately continuous at m. [

A+m CR\

THEOREM 18. The family DQ\ (Dyp U Dg_ap) is strongly c-algebrable.
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Proof. Let B =J,2, (an,b,) be aright-hand interval set such that 0 is a den-
sity and an J-density point of the set (—1,0] U B.
We will use a function fp which is a modification of ¢pg.
Let
1 for z <0,

0 for x € [an,by], n €N, and for x € (b1, 00),
1-1 forx:%b"“,neN,

linear on intervals [by41, a"+§"“], [a"+2b"“ ,an], neN.

fe(z) =

Now, we use the function
Fp(z) = {

It is not difficult to see that F'g € DQ.

Fix an exponential-like function f. Then, as f is continuous, foFpg € DQ. There
exists an even number m € Z such that f is strictly monotone on (—m, —m + 2).
Again, we can assume that f is strictly increasing on this interval.

Let yo=f (—m) and y1 = foFp (m)=f (—m + 1). Observe that F (B) = {0},
so f(Fp (B+m)) = {yo} and yo < y1.

Fix e€ (0,y1 — yo) and put W = (y1 — €, 41 + €). The complement of the set
Fgt (f7'(W)) contains the set B+m. As f(Fg(m)) =y and m is a right-
-hand density and a right-hand J-density point of B + m, f o Fp is neither
approximately nor J-approximately continuous at m. Therefore, as f o Fg as-

sumes value —m on the interval (m — 1, m + 1) only at the point m, we obtain
fOFB S @Q\ (®ap U@g_ap). O

fe(®—m)—m, ifmiseven and x € [m,m + 1],
11—z if mis odd and z € (m,m +1).

COROLLARY 19. Put P = {Dy_4p, Dap, Dap U Dy_gp, Cr,, Cry, Cry U Cry b
If F € P, then the family DA\ F is strongly c-algebrable.
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