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AVERAGE OPERATORS
ON RECTANGULAR HERZ SPACES

CAROLINA ESPINOZA-VILLALVA — MARTHA GUZMAN-PARTIDA

ABSTRACT. We introduce a family of Herz type spaces considering rectangles
instead of balls and we study continuity properties of some average operators
acting on them.

1. Introduction

Herz spaces have been studied for many years. The roots of this subject lie on
the pioneering work of N. Wiener [II], A. Beurling [2] and C. Herz [9].
Later, these spaces were generalized by other mathematicians in order to study
continuity properties of classical operators in harmonic analysis, as well as to de-
velop local versions of Hardy spaces and bounded mean oscillation spaces.

There are several definitions of Herz space. The following is classical and cor-
responds to the inhomogeneous setting: a measurable function f belongs to the
Herz space K¢, (R"), 1 <p, ¢ < oo, a € R if

foe} 1/q
ke, = (ZW’WI Ichk|;§> < o0, (1)
k=0

and for ¢ = oo,
1y . = sup (27 [l fxell, ) < oo @)
phee k>0

Here, Cj is the open unit ball By (0) and Cy = By (0) \ Bar—1 (0), k € N.
Setting o = —1/p in (@), we obtain the space BP (R™) that also can be char-
acterized by mean of the condition [5], [7]
1/p
sup | e [1f @) de| <o (3)
r>1 | |Br(0)]
Br(0)
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and the quantity on the left hand side of ([B]) defines an equivalent norm to
| f]l x—1/» that is usually denoted by || f[|z,. With any of these norms, B? (R")
p,00

turns out to be a Banach space. Moreover, for 1 < p; < ps < oo we have the
inclusions BP2 (R™) C BP* (R™) and L*> (R™) C BP (R™) for every p.

In this work we will restrict to the context of the space BP (R™) for 1 < p < oo.
Our aim is to explore what happens when we consider rectangles with sides par-
allel to the coordinate axes instead of balls in [B]). As we will see below, although
we obtain a smaller space than B? (R™), it is still appropriate to study continu-
ity properties of some classical operators. In the context of the present paper,
we study continuity properties of some discrete and continuous versions of the
classical Hardy average operator. This operator has been extensively studied
by many authors on different function spaces. We restrict ourself to consider the
most simple versions of this operator in order to make the reading of the present
paper easy.

The manuscript is organized as follows: the second section is devoted to in-
troduce the rectangular Herz spaces and to give some examples. In the third
section we introduce average operators to be considered and we prove the con-
tinuity of these averages on our spaces.

We will employ standard notation along this work and we will also adopt
the convention to denote a constant that could be changing line by line by C.

2. Rectangular Herz spaces

For 1 < p < oo, we define the following space
B?(R") = {f € L}, R") : || fllg» < 00},

loc

where
1/p

L, 1= su —_ z)|Pdx| . 4
Il = g0 | g Jir@ (4)
j=1i,...n [—R1,R1]X--X[—Ry, Ry

If the context does not cause confusion, we will simply write BP. Notice that for
n = 1, the spaces BP (R) and BP? (R) coincide.

Standard arguments (see [I], for example) allow us to see that (B, ||-||g,) is
a Banach space. Moreover, it is clear that B? C B? and |||z, < |||, since
Lebesgue measure of balls and cubes are comparable.

PROPOSITION 1. The space BP (R™) is properly contained in BP (R™) when n> 2.
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Proof. For the sake of clarity, we will consider the case n = 2.
Let f:R? — R be the function defined as follows:

0 if ¢ (-1,1]xR)U(Rx[-1,1]),

1 if ze([-1,1] x [-1,1]),
2P if  we ([-1,1) x (1,2])
U ([_17 1] x [_2a _1))
U ((17 } X [_1? 1])
Fla) = U ([-2,-1) x [-1,1]),

U ([-n, —n+1) x [-1,1]), n>2.

Take R > 1. We can find k£ € N such that £k < R < k + 1 and thus

1 1
e JUEras g [rere
‘[* B g [ (k+1),k+1]2
1
:@[1-22+2~23+3-23+~-~+(k+1)~23]
2
Sﬁ[1+2+---+(k+1)]

(k+1)(k+2)
which shows that f € BP (R2). However, if we now consider rectangles of the
form [—1,1] x [-L, L] for L. > 2, we can pick m € N such that m < L <m +1
and therefore

: /If(x)l‘”dw: L /If(x)|pdx

[-1,1] x [-L, L]| AL
[_171]><[_L7L] [_171]X[_L7L]
1 P
> m /|f($)| dx
[—1,1]x[—m,m]

_ v 2 2 2
_4(m+1)[1 224222+ +m - 27
=m/2 — oo if m — oo,

that is, f ¢ BP (R2). O
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Using the idea of the previous example, we can get a characterization of the
space BP (R™). To this end, consider the following subsets of R™:

Cirgarnin = Cin X Oy x--- x G,
where
Co=[-1,1] and Cj={zeR:2 "< |z| <2/} for jeN.
For 1 <p<ooand f €Ll (R") define

_(J1+12+ +in)
HfHBP = sup 2 HfXCn J25--sin
Jl
1= 1,27

pe

Now, we can state the following characterization.

PROPOSITION 2. f € B? (R™) if and only if || f| 5, < co. Moreover, | f|z» and
| fllg» are equivalent norms.

Proof. Assume that || f||, < oo. For i =1,...,n,let R; > 1 and choose j; € N
such that

27 < Ry <270
We have that

J1
Juwpa <y ¥ [irwra
T, [~ Ri.Ri] k1=0 ky=0 ’“ =0 Oy e,
J1 J2 In

< Z Z o Z ok1tkattkn (HfHZsp)p
k1:O k2:O kn:O
271tz t+in (HfH;sp)p
< CRiRy Ry (I fll5e)”
Hence, f € B? (R") and || f|l 5 < C[| fll 5 -
Conversely, if f € B (R™),i=1,...,n and j; >0,

1£xCor M||§= /|f P da

—27i 271

IN

A\

<C Hf“zz)sp 9J1+j2++in

which implies that

(G1+do+-+in)

£l = sup 27 » [xCs s ll, < C Ul
= {12, Ln
This concludes the proof. O
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3. Continuity of average operators

Average integral operators were considered by Hardy, Littlewood and
Pélya in [8]. They proved the following classical inequality:

(s 5] o

where 1 < p < oo, F () = [; f(t)dt, f > 0 and the constant (#)p is the best
possible.

The operator H, introduced by Carton-Lebrun and Fosset in [3] and
by Xiao in [I0] is closely related to this operator, which is pointwisely defined
as follows:

Hof (x) = / £ () o (1) dt. (5)
0

Xiao in [I0] proved continuity of H, under appropriate conditions on ¢
on LP (R™) and BMO (R") for 1 < p < oo. It is our goal to prove continuity
of this and other related operators in our rectangular Herz spaces.

We will start by considering the following discrete version of (Bl).

Let {rk}zozl be a sequence in(0,1]which is strictly decreasing and limy_, o7 =0.
If f: R™— R is a Lebesgue measurable function and ¢: {ry: k € N} — (0, 00)
is any function, consider the operator H, g formally defined as

Hf (x) :Z<P(Tk)f(7“k$)~
k=1

Now, notice that a necessary and sufficient condition for the existence of Hg as
a bounded operator on LP (R™) is that

oo

Z r,:n/pcp (ry) < oo. (6)

k=1
Indeed, assuming the convergence of the series in (@), given f € LP (R"),

1 < p < 00, and using Minkowski inequality, we obtain
1/p

s, < Yoot | [1f (o ds
k=1 R
= 1£1, > P (i),
which implies that =

o0
[HE| e <D (i)
k=1
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Conversely, if Hg is bounded on L? (R™), as Xiao in [I0], we can consider
the function .
fe(@)=lz[" 7" X{a>13>
where 0 < e < 1. It turns out that [|f:||, = (]’;5 , Cp, an n-dimensional constant
and

des (Zrk >|x| £ X{\z|>1}~

Thus, the same procedure as done in [T0] shows that

p
IHEN, o IfelE > e Zrk ] IRIFAL

and therefore,

o0
||quwzez : m]z St

for any 0 < € < 1. Now, letting ¢ — 0, we obtain

[ee]

HH$||LP—>LP Z ZT;EQP (Tk?) .
k=1

We have proved the following result.

THEOREM 3. The operator Hg is a bounded operator on LP (R™), 1 < p < oo,
if and only if > g 7, "¢ (r) < 0o. In such a case,

00
N o = D i " ().
k=1

We can also consider the following generalization of the operator H, g.
Let @: {r,(;) k1 € Npx.--x {r,(;:) ik, € N} — (0, 00) be any function where,
for every j = 1,...,n, the sequence {T(J ) } hy— (0, 1] is strictly decreasing and

: (4)
limy; 00 T

HE f (z) = Z Z (rkl . (2)) f (r,(ﬂll)xl, .. r,gn)xn> (7)

ki=1 kn=1

= 0. For a Lebesgue measurable function f: R"™ — R, define
formally

With the same proof as in Theorem [B we can show:

THEOREM 4. The operator Hflb is a bounded operator on LP (R™), 1 < p < oo,

if and only if
> Z (h0 ) () () e

k1=1 kn=1

66



AVERAGE OPERATORS ON RECTANGULAR HERZ SPACES

In such a case,

N - n 1/p )\~ L/P
I e =D 2o @ () (P0)) o ()

ki=1 kn=1

Now, we will study the action of the operator Hfl{) on our rectangular Herz
spaces defined in the previous section.

For these spaces, the proof of the continuity of the operator ]HI<I> is even easier.
We provide it for the sake of completeness.

THEOREM 5. The operator H‘é is a bounded operator on BP (R™), 1 < p < oo,
if and only if

i...i@(ré}),.. r,in)><oo. (8)

ki=1  kn,=1
In such a case,

[y P—— Z Z (rkl,...,r,gg)'

ki=1 k,=1

Proof. Assuming condition (), taking R;>1, j=1,...,n, and using Minkow-
ski inequality, we can see that

1/p
/|H%f (z) ’pdx

[=R1,R1]X X[ Rn,Rn]

- - &) (n) 1 (1) (n)
<o) g e )]

[ Ry, Rl]>< X[ Ry, Rn

1/p

dx

SZZ @(r,i?)_. (”)) ||f||Bp7
and hence,
H%HBP SZ Z i) (r,(c ) 7“,8”)
ki=1 kn=1

Now, if the operator H4 is bounded on BP (R"), it is susfficient to consider
the function fy = 1 because, in such a case, we easily obtain the required reverse
inequality. g

Our next goal is to generalize the operator given by (7). Before doing this,
we will define another class of rectangular spaces closely related to BP.
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DEFINITION 6. For 1 < p < oo, we define

CMOp Rn) {f € Lloc ) : HfHCMOP < OO}’

where

YRR Ju@-tnonpal . ©

ji=1,...n [=R1,R1]x-X[—Ry,,Ry]

1/p
HfHCMOP ‘= Sup
R;>1

and fr,. g, is the average of f on [—Ry, Ri] X -+ X [ Ry, Ry].

It is not difficult to show that (CMOP, ||| \40») is a Banach space if we iden-
tify functions that differ by a constant almost everywhere on R™ Also, we obtain
an equivalent norm to ||-||, v p» if we consider the quantity

1/p
1fllemor = SHE ;IEI]% R R, /|f(95) —a|’dz

Jj=1,...,n [_Rth]X"'X[_RTmRn]

This space is the rectangular version of the space CMO? [4], [7] whose elements

satisfy the condition
1/p

sup Pdz| < oo.
S Q0B R /\f — foo.R)
Q(OR

Here, @ (0, R) denotes the cube centered at 0 with side length equal to R. Clearly,
BP C CMOPC CMOP.

Now, we consider the following operator:

For Lebesgue measurable functions f: R® — R, and ¢: [0,1]" — (0, c0),
we define

H¢f /f tll‘l,.. t xn)qﬁ(tl,...,tn)dtl-~'dtn. (10)

[0,1"

Observe that the same proof as given by Xiao in [I0] shows that Hy is
a bounded operator on LP (R™), 1 < p < oo, if and only if

/t;”p- VPG (b, ) dEy - dEy, < 00
[0,1]"

We will give equivalent conditions for the boundedness of the operator H on the
spaces BP and CMOP.
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THEOREM 7. The operatorHy is a bounded operator on BP(R™) and CMOP (R™),
1 <p < oo, if and only if
/¢(t1,...,tn)dt1“-dtn< 00 .
0,1)"

Moreowver,

HH¢HBP_>BP = |‘H¢‘|CMOP—>CMOP :/¢ (tlv oo 7tn)dt1 cedty, (11)
[0,1]™

Proof. Just for illustration, we prove the equivalence for the space CMO? (R™).

Suppose that the integral in (1)) is finite. Then, for R; > 1, j=1,...,n and
f € CMOP (R™), we can easily see that

(oD, = [Tty (b1, ta) Aty
[0,1]™

Now, by Minkowski inequality and an appropriate change of variable, we have
that

1/p
1 P
R R |Hef (z) — Hof)g, .5, I"dz
[—Rl,Rl]X"'X[—Rn,Rn]
1/p
1 P
< R, R, ‘f<t1‘r1""7t”‘r”) _ft1R1"'tan dz
[0,1]™ [-R1,R1]X - X[—Rn,Ry]
X ¢<t1,...,tn)dt1“'dtn
< N flleamor /¢(t1,...,tn)dt1~-~dtn,
[0,1"
which implies that
Il nsor e nor §/¢(t1,...,tn)dt1-~-dtn.
(0"
For the converse, it suffices to consider the function fj (z) = 1. 0

Finally, it should be remarked that Theorems [0l and [7] remain true if we con-
sider homogeneous versions of the spaces B and CMOP, that is, those defined
by taking R; > 0 for every j =1,...,n in () and ({@).
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