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THE ASYMPTOTIC DISTRIBUTION FUNCTION
OF THE 4-DIMENSIONAL SHIFTED
VAN DER CORPUT SEQUENCE

VLADIMIR BALAZ! — JANA FiaLovA2 — MARKUS HOFER? —
— MARIA R. IacO* — OTO STRAUCH?

ABSTRACT. Let ~4(n) be the van der Corput sequence in the base g and
g(z,y, z,u) be an asymptotic distribution function of the 4-dimensional sequence

(), vg(n+ 1), 7 (n +2),%(n +3)),  n=12,...
Weyl’s limit relation is the equality

N—1

. 1
ngnoo N ZO F(Vq(n)a'Yq(n + 1):7(1(”"" 2),7(1(77, + 3))
"= 1111
:////F(I,y,zyu) ds dy d. dug(w,y,zyu)-
0000

In this paper we find an explicit formula for g(z,z,z,z) and then as an example
we find the limit
N-1

lim — >~ max(4(n),7a(n + 1,7 (0 + 2),7(n + 3)) = 0

q2

+

[

N —o0

SRS

n=0
for the base g = 4,5,6,... Also we find an explicit form of sth iteration 7() (z)
of the von Neumann-Kakutani transformation defined by T'(v4(n)) = v¢(n + 1).

1. Introduction

Let ¢ € N. Then every n € N has a unique representation of the form

n=nrq"+nr_1¢" "+ -+ n1q+ng, where n;€{0,1,...q—1} and n,>0. (1)
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This representation is called ¢g-adic expansion of n. The van der Corput sequence
Yq(n), n=0,1,2,..., is defined as

no niy Nk—1 Nk
’Vq(n):?+q_2+"'+ ¢ +qk+1' (2)
In this paper we apply Weyl’s limit relation (cf. [5 p. 48, Th. 6.1], [7, p. 1-61])
| XN
Jim, D Flxa) = Fx) dgt), 3)
"= [0,1]¢

to the sequence X, = (v4(n),74(n +1),...,74(n 4+ s — 1)), where g(x) is the as-
ymptotic distribution function (abbreviated a.d.f.) of x,, and for s=4. The case
s = 3 is discussed in [2]. In this paper we shall extend the method in [2][]
The paper consists of the following parts: In Section 2] we derive 2-dimensional
intervals containing the sequence (fyq(n),fyq(n—i—?))), n=1,2,... on diagonals.
In Section B we find 4-dimensional maximal intervals containing (vq(n),wq(nJr
1),v4(n +2),7v4(n + 3)), n=0,1,2,... on diagonals. Using this it can be com-
puted g(z,y, z,u) but after discusion of 4* different cases. In this paper we ex-
plicitly found only g(z, x, z, x). Using this in Section d] we compute Weyl’s limit
relation @) for F(z,y, z,u) = max(x,y, z,u). We also discuss iterations of von
Neumann-Kakutani transformation in Section Bl The final Section [ contains
another method of computing (B]).

2. A.d.f. of the sequence (7,(n),v,(n+3)), n=1,2,...

In order to compute the a.d.f. of the sequence (wq(n), Ye(n+ 3)), n=12,...
we investigate the following four cases:

1)n0<q73, 2)”0:(]737
3)no=q—2, 4)ng=q—1
We will start with

1) Let ng < ¢ — 3. Then
n:nqu+-~-+n0,

n+3=npg" 4+ +np+3,

no Nk g—4 qg—-1 q-1 q—3
Yg(n) = — + -+ < + + o=
() q gkt q > ¢ q
no + 3 g
Yoln+3) == — 4+ g

1See also 1.12 Unsolved Problem in [4] for an exhaustive description of the problem.
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Thus

Yo(n+3) — 7q(n) = 3

and thus the points (v4(n),v4(n + 3)) for which n satisfies 1, lie on the
line segment

3 3 3 3
Z=X+-, Xe [0, 1-— —] being the diagonal of [0, 1—] X {—, 1]. (4)
q q q q
2) Let ng = ¢ — 3. Then

n=npq" -+ nid ™ (- 1g'+ (¢=1)g" 4 -+ (a—1)g+q-3,
where n;41 < q¢q—1andi=0,1,2,...,

n+3=nkg" + -+ g1 + )¢ +0¢" +0¢" " + -+ 0g +0,

) =2 S L L e e
'Vq(n+3):g+q%+'"+§+q£_1+ni;:_—2'_1+"'+q2f_17
Yo+ 3) = %(n) = =z + =~ 1+ o
—§+1—qi1+1:qq3+qq21+~-~+qqi1+zz+3qu(n),
'Yq(n)<$ qq_21+~-- qq_il 2;3}2;3+~:12q1%

and the points of the sequence (7y4(n),v4(n + 3)) for which n satisfies 2)
lie on the line segment

1 2 1
Z:X+qi+2+a*1+qiﬁ’

2 1 1 2
X e {1 ===l = - —] being the diagonal of
a q*F t? q

[1—3—#, —q}w—g]x[q;,qil], i=0,1,2,... (5)
3) Let ng = ¢ — 2. Then
n=ngq"+ -+ nip1g "+ (g-1)g + (¢-1)¢" -+ (g 1g+g—2,
where n;41 < q¢q—1and i=0,1,2,...,
n+3=npg" + -+ (niy1 + 1) +0g" + 0¢" " 4+ 4+ 0g + 1,
q—2 q-—1 g—1 q¢—1

_ Ni41 ng
’yq(n)—T—F q2 + -+ qi +qi+1+qi+2+"'+qkT,
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1 0 0 0 Njy1 +1 N
7‘1(n+3):a+q_2+"'+g+qi+1 gi+2 "'Jquﬂ7
1 2 1
’Yq(”+3)_7q<n):qiw+5_1+ﬁa
1 1 q—2 q—1 q—1 qg—1
75+1iqi+1: p + e + -t P +qiT§’Yq(n),
-2 q-—1 q—1 qg—1 qg—2 1 1
’yq<n)§T+ q2 +"'+ qi +qi+1+qi+2 +---= —a—w
and points (v4(n),v4(n + 3)), for n satisfying 3), lie on
2 1
Z=X+qi+2+a—1+qiﬁ,
1 1 1 1
X e [1— - — ——,1— —— — —| being the diagonal of
q  qt! g2 q]
1 1 1 1 1 1 1 1 )
{15F’1W5]X[W+E’F+E]’ i=0,1,2,... (6)

4) Let ng = g — 1. Then
n=npq" +--+ni1¢" (g = Dg'+(¢ = g’ 4+ (g - Vagt+q - 1,
where n;41 < q¢q—1andi=0,1,2,...,
n+3=npq" +- -+ (nig1 + )¢ +0¢" + 0¢" "+ 4+0g + 2,

g—1 qg—1 qg—1 qg—1  nip Nk
q e oot q +qz‘+1 +qi+2 +"'+qkT’

1

2 0 0 0 ni+1+ 1 ng
1 2 1
Ya(n+3) —74(n) = W+5*1+F7

1 qg—1 qg—1 q—1 qg—1 0 0

gL gite
-1 -1 -1 -1 -2 1
a i L -2, —1-
qt qz—i-l qz+2 qz+2
and points (v4(n),v4(n + 3)) (index n satisfies 4)) lie in

2 1 1
+a* +qiT’

Z:X+qz‘+2

1 1
X e {1 — F’ 1-— W] forming the diagonal of

1 1 2 1 2 1 .
[lqi+1’1qi+2]x[5+W’5+F’ 1=20,1,2,... (7)
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In the following in (@), (@) and (7)) we shall reduce (i +1) i andi=1,2,...
Summary:

LEMMA 1. All points (’yq(n),’yq(n—l— 3)), n=1,2,... lie on the diagonals of in-
tervals

1:04§]XP4} (8)

L q q

thl—g—ig—g—,a]x{lpl} i=12... (9
| q q’l, q ql-‘f- q'L“l‘ q"'

L PR SN 1Jx{l+1pl+i+ j=1,2,...(10)
. q ¢ q ¢t q ¢ttqg ¢

1 1 2 1 2 1
(k) _ e T [ T A T _
K __1 qul qk+1]x|:q+qk+1’q+qk]’ E=1,2,...(11)

2.1. von Neumann-Kakutani transformation

The continuous map 7" : [0, 1] — [0, 1] for which T'(v4(n)) = v4(n+1) is called
the von Neumann-Kakutani transformation. It is known that (e.g., see [2])

z+ 1 if z €]0,1— 2],
O S L T . (12)
I—l—l—?—FF lfxe[l_qT’l_F]’ Z:1,2,
From ), (&), (6) and (1) follows the third iteration
:z:—l—% ifo[O,l—g],
2 1 1 : 2 1 2 1
T S et S S At kil AR
U—g—al—g— 7]
u[l—%,l—#], i=1,2,...

In Section [l there is also given the expression T7(z) for general s.

3. A.d.f. of (74(n),74(n+1),7(n+2),7(n+3)), n=0,1,2,...

In this part we find 4-dimensional maximal intervals on axes (X,Y,Z,U)
containing the sequence (y4(n), v4(n + 1),74(n + 2),74(n + 3)), n=0,1,2,...
on diagonals. We will start with 2-dimensional intervals on (X,Y"), (Y, Z2),(Z,U)
axes, respectively, containing (fyq(n),fyq(n + 1)), n=20,1,2,..., on diagonals.
By [2] they have intervals of the form

q q
1 1 1 1
l——=1—— | x|—,—|, i=12,...
qz q2+1 q2+1 qz
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A
g 7
Izu Iy z
Iy x Ixy
IXl’) 1 g(l,Y
I
K
X
Figure 1.

By Lemma[l put I, I, i =1,2,..., JY), j=1,2,..., K® k=1,2,...,
on (X,U) axes we have the maximal intervals containing (v4(n),v4(n + 3)).
All these intervals are plotted in Fig. 1 on the page Collecting intervals
of equal length we find that

THEOREM 1. The maximal 4-dimensional intervals containing points
(’y(](n)v’yq(n + 1)7 ’y(](n + 2)7’711(” + 3))7 n = 07 17 27 LR
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on diagonals are

1 2 2 1
1:[0,1_§]x{_,l__]x[_,l__]x[ﬁ,l], (14)
q q q q q q
, 1 1 1 1 1 1 1 1
G _ |1 L2 1_ L T
! _[l i q"“]x{qi”’qi]X{q+qi+1’q+q"]
2 1 2 1 ,
X|:5+F75+E:|, 22172, (15)
‘ 2 1 2 1 1 1 1 1
P R A O S
q ¢ q ¢t q ¢ q ¢t
1 ! LI =1,2 16
X - ]’ qj_;’_l X qj+17q_] ) ] - 9 “y ( )
1 1 1 1 1 1 1 1
k) _ |1t _ L 41 o .
K _[1 PR q’““]x{l q~’ q’““] L’“*l’q’“]
1 1 1 1
X|:5+qk+17a+q_k:|7 k:1727 (17)

Now, let D be a union of diagonals of (I4)), (IT), (I6) and ([IT). Then
g(x,y,z,u) = ’Projectx([o,x} x [0,y] x [0, 2] x [0, u] OD)| (18)
and it can be rewritten as
9(x,y,z,u)
— min (I[0, 2] N Ix |, 1[0, 51 0 Iy |, 10, 21 A Iz, 1[0, ] 1 I

+ > min ([0,2] N IQ], 1[0, y] N 1P 1[0, 2] N IS ([0, u] 0 1))
=1

+ > min ([0, 2] N T 10, 5] 0 KL ([0, 2] 0 TP 1[0, u) 0 T
j=1

= . k k k k
+ 3 min ([0,2] VKL 1[0,5] K]0, 2] 0 KE]1[0,u] N ESY))
k=1

=01 (.’IJ, Y, z, ’LL) + 92(.’1}7 Y, z, u) + 93(.'1,', Y, z, ’LL) + 94(.’1}7 Y, z, U), (19)
respectively. To calculate (), as a guide, we use the following Fig. 2 (here
g=4)forz=y=2z=u.

Assume that ¢ > 4. Then by Fig. 2
. 3
0 if ¢ € [0, 5} :

g (r,x,z,x) = (20)
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X |
0 1
Y |
0 1
2 |
0 1
Ui i
0 1
Figure 2: Projections of intervals I, I<i), J<j>, K™ on axes XY, Z,U.
and
0 ﬁxe[a1—§L
( ) 9(:7(1—%) ifxelg(l),
g2\, T, r,Tr) = .
x—(l—q%)+\]§(l)| ifzelQ,. ..
r— (=) + Q1+ 4+ 1Y) itzer
7 X X X
Since 1 ) - 1
x—<1—7>+1§H+~4—§‘):x—1+—
q q
we have
0 if v €[0,1— 1],
g2(x,x, ) = (21)

1 1
=1+ ifzell— 1]
As ([27) similarly holds for g3(z,z,z,z) and g4(x, z,z, ) and summing up this

we have . 3
0 ﬁxewﬁL
_ 3 . 3 1
g(r,x,z,x) = T =4 if x € [5,1—5], (22)
for ¢ > 4. de -3  ifzel- 1]

Remark 1. Let g(z,y, z) be the asymptotic distribution function of 3-dimen-
sional sequence (fyq(n),yq(n—k 1), yq(n—l—Q)), n=0,1,2,... In [2] there is proved

0 if z € [0,2],
g(x,z,x) = xf% ifre [%,175], (23)
3r—2 ifxe[l— 1]

for ¢ > 3. As a control it can be proved that g(z,z,z,1) = g(x, z, x).
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4. Applications

In this part we apply Weyl’s limit relation

lim — ZF Ya(n), vg(n + 1), 74(n + 2),74(n + 3))

N—oo N
1111

////Fx y, 2, u) dyp dy dy dyg(,y, 2, u), (24)

to find the arithmetic means in the left-hand side of (24]). In the right-hand side
of ([24) we apply integration by parts.
Assume that F(z,y, z,u) is continuous on [0, 1]* and g(x, v, z, u) is a d.f. Then

1111

//// (z,y,2,u) de dy dz dug(z,y, 2,u) = F(1,1,1,1)

0000

0
1 1

—/ (1,1,2,1)dF(1,1,2,1) — [g(1,1,1,u) d, F'(1,1,1, u)
0

//g(:z: y,1,1)ds dy F(x,9,1,1) //g(w,l,z 1)dysd.F(z,1,2,1)
// (1,y,2,1)dy d. F(1,y,2,1) // (,1,1,u)dy du F(z, 1,1, u)

//g(l y, Lu)dy do F(1,y,1,u) + /g (1,1, z,u)d. du F'(1,1, 2,u)

/1/1/1(3: y, 2 1) do dy do F(z, 5, 2, 1) ///(1 Y, 2 u) du dy doF(1, y, 2, )

000 000
111 111
—///g(:z:,l,z,u) ded.dy F(x, 1, 2,u) —///g(:z:,y,l,u) dydy da Fx,y,1,u)
000 000
1111
+////g(z,y,z,u) de dy d. du F(z,y, 2, u).
0000
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ExXAMPLE 1. Put F(x,y, z,u) = max(z,y, z,u). Then
d.F(z,1,1,1) = d,F(1,y,1,1) = d.F(1,1,2,1) = d,F(1,1,1,u) = 0,

dp dyF(z,y,1,1) =d, d.F(x,1,2,1)=d, d. F(1,y,2,1)
=d, duF(.’IJ,l,l,’LL):dy duF(lvyvlvu):dz duF(l,l,z,u) =0,

d, dy dZF(.%', Y, z, 1) =d, dy duF(.%', y, 1, ’LL)
=d,d.d,F(z,1,2,u) = dyd. d, F(1,y,2,u) = 0.
The differential d, d, d, d,F(z,y, z,u) is non-zero if and only if
Tr = y =Z=1U
and in this case

dydyd. dyF(z,y,z,u) = —dz.

Proof. See [7, p. 1-61]: For every interval J = [xgl), gl)] X [x§2), xg)] X

- X [xgs), xgs)] C [0,1]* and every continuous F(x1,z2,...,2,) the differential
A(F,J) is defined as
2 2
ALY =3 - Z(fl)fﬁ"”*‘ssF(xg),..., g)) (25)
e1=1 es=1
Putting F(x1,xa,...,25) = max(xl,x2, cey Ts)s x( =z, xé) = z+ dx, we have

A(F,J) = (-1 1+1+ +ly 4 Z Z 61+ +ss (x4 dx)

E1= 1 65—1
2 2
=> D (=Dt (e dr) — () e = (<1)* T e
e1=1 es=1
Then
1111
/// F(zy,z,u)dydyd; dyg(z,y, z,u)
0000 1111
:1—|—// g(x,y,z,u)dy dy d, dy F(x,y, 2, u)
0000
1
=1—[g(z,z,z,2)dx. (26)
0
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For ¢ > 4 and by (22) we have

! 1-3 1
3 1 3 6
/gmxzx )dx —/ (x—a>dx+/(4x—3)dx:§_a+q_2.
0 : -5 O

5. sth iteration of von Neumann-Kakutani transformation

In this part we study distribution of the sequence
(vq(n),vq(n+s)), n=0,1,2,...,

where ¢ is an integer, ¢ > s. Let n = np¢® + np_1¢*1 + - 4+ niq + no.
In a simillar way as in Section 2] we investigate the following cases:

1) ng <q-—s,

2) no=4g— 5,

3)no=q—s+1,

Dnop=q—s+1—2,
In the first case 1) ng < ¢ — s we have

n:nqu+-~-+n0,

n+s:nqu+~-~—|—n0+s,

no Nk qg—s—1 qg—1 q—1
Yq(n) = —=+---+ < +
! q g+ q ¢ ¢
=s q—1 1 q— s
= — 1: s
q q 1- q
nog+ s Nk
7(1(”"‘3):T+"'+F,

Ya(n+8) —7(n) = —

Then the point (v4(n),v4(n + s)) lies on the line segment

Z=X+2, where Xe¢ {0,1%
q q

i)

and on the diagonal

85



V. BALAZ — J. FIALOVA — M. HOFER — M. R. IACO — O. STRAUCH

In the general case [,
n=q—s+1—-2, 1=2,3,...,2+s—1
we have
n=npg" - ning T+ g-Dg + (- 1)g" "+ (- Dg+Hg—s+1-2,
where n;41 < q¢g—1andi=0,1,2,...,

n+s=ngq" + -+ nip1+ )¢ +0g" +0¢" 4+ +0g +1 -2,

q—s+1—-2 qg-—1 g—1 q—1 ni4 ng
Yq(n) = q + e ot q g1 g2 gkl
[—2 0 0 0 nip1+1 ng
’yq(n+8):T+q—2+"'+E+qi+l qi+2 qkT’
s—1 1 1
’Yq(nJF S) - ’Yq(n) = q + qi+2 + qi+1 - 17
s—1+1 1 g—s+1l—-2 qg—1 g—1 0 1
1- q _qz‘+1S q + e T qitl +qi+2+"'+q_k < 7Yq(n),
q—s+1—2 qg—1
vq(n) < + +...
! q ¢
g—1 qg—2 qg-—1 1 s—1+1 1
T gt qit2 qi+3+"'_ - q T g2

Thus, if n satisfies the case [, then the point (v4(n),v4(n + s)) lies on the line
segment

s—1 1 1
Z=X+ q _1+qi+1+qi+2’
s—1+1 1 1 s—1+1
XE_I_ q _qi—i-l’ _qi+2_ q ] (27)
and on the diagonal of
_1 s—1+1 1 1 s—1+1
9 gt gt g
[—2 1 1-2 1
x q +qi+2’ q +qi+1]’ (28)

where ¢ = 0,1,2,.... In the following we shall reduce (i + 1) — ¢ and [27) gives
sth iteration of von Neumann-Kakutani transformation 7T°
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s
T s
+q

s—1
xT
+ q

1 1
gt

ifxE[
iface[
ul

Ol

ol

0,1—3},
1— s;l _%71 s;l _ qii—l}
1— 5;2 _ %’1 s;? _ q'i{%l]
(29)
1—%,1—#}, where i=1,2,...

Also the points (wq(n), ~Ye(n + s)), n=0,1,2,..., are contained on diagonals of

In=[0,1-21x[2,1],
L ¢ q
) s—1 1 s—1 11 [ 1 1 B
1t _1— ; —E,l— it el prez i i=1,2,...,
@ [, s—2 1 s—2 11 1 11 1 B
h _1_ q _E’l_ PRy el b= e PE LR
: I -3 1 -3 171 2 1 2 1
=22 -1 22 | _1,—+—}, i=1,2,...,
L q q q gt lg ¢t q ¢
, I 4 1 —4 17 3 1 3 1
=222 122 |2 .1,—+—}, i=1,2,...,
L q q q gtt] lg ¢t q ¢
; r —1+1 1 — 141 1
JFQN PR s S S i .1]
L q q q gt
1—2 1 1-2 1 1
X T qi+1a— E ) 1= 1,2, )
o[ 1 1 s—1 1 os—1 1 Lo
A AR Bl [ ¢t g gl T
6. Concluding remarks
Finding the a.d.f. of the s-dimensional sequence
g q
(1g(n), ..., vg(n+s = 1)), n=0,1,2,..., (30)

is Open Problem 1.12 in [4 p. 141]. Formal solution is given by Ch. Ais-
leitner and M. Hofer [I]: Let T denote von Neuman-Kakutani transforma-
tion. Define an s-dimensional curve {v(t);t € [0,1)}, where

v(t) = (6, T(t),T*(t),...., T (t)).

Then the a.d.f. (30) is

g(x1,20,...,15) = |{t € [0,1];7(¢) € [0,21] x [0, 29] x -+ X [O,xs}}|,
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where | X is the Lebesgue measure of set X. Explicit formulas of such a.d.f.s are
known for s =2 in [3], s =3 in [2] and s = 4 in Theorem [l
Furthermore, for an arbitrary continuous F(z1, s, ..., zs) we have
1
/F(l‘l,l‘g, ooy xs)dg(zr, 22, .0, x) :/F(x,T(x),Tz(x), LT (@) da
[0,1]* 0

since by Weyl’s limit relation

/F(xl,xQ, oo wg)dg(my, Ta, ..., xg)

[0,1]® N—-1

= lim_ F('yq(n),T('yq(n)),Tz('yq(n)),...,Ts_l('yq(n))). (31)

The main aim of this paper is to found an explicit formula of g(z,y, z, u).
To do this we have found (Theorem [) all intervals containing

(%(n)v%(n +1),7¢(n +2), 74 (n + 3))

on diagonals. The second aim is to calculate the limit
| V-1
lim = F(yg(n), %(n + 1), %(n +2),74(n + 3))

n=0

as the integral

11
//ny,zuddddug(xy,zu)

00
Another method. An anonymous referee has sent to the authors the following
method of computing ([31]). Denote
N(a,b,t)= {n:a+(q—1)(q+q2—|—- g D Hbgt mgt m=0,1,2, .. 4. (32)
IfneN(a,bt)and0<a<qg—1,0<b<qg—1,t>1, then

a 1 1 b+ vg(m)
o) =5 (1= )+ &

Then subsequence v(n), n € N(a,b,t) decompose van der Corput sequence 7(n),
n=20,1,2,... From (33) follows

L a+j 1 1\ | b+7(m)
’Yq<n+]): q +5<1_qt—1>+ gt (34)

if j <q—a and
N a+j—q b+1+,(m)
Ye(n +7) = . + thq (35)
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if j > g—aand a+j—q < ¢. Thus in s-dimensional case for n € N(a,b,t) there
exists s-dimensional function f, (a, b,t, yq(m)) such that

(’Yq(”)a’Yq(n + 1), v+ s — 1)) = fq(a7b>t>’)’q(m))'

(36)
Thus
1 V-l
1\;E>noo N = F(’yq(n)’ ’Yq(n + 1)7’7‘1(” + 2)7 e ’Yq(n + s — 1))
g-1la=2 = M—1
M. 1
— ZZNILH N pm o F(fq (a, b,t,’yq(m))>
a=0b=0 t=1 )
q—1q—2 oo 1 1
- Z qt-‘rl F(fQ(a’7 b,t,l‘)) dx <37)
a=0b=0 t=1

Comparison. In the following we shall compare the method via ([B3]) (denot-
ing 1%) with our method via intervals (denoting 2°), to compute, e.g., the a.d.f
g(z,z) of (v4(n),v4(n+1)), n=0,1,2,... Our method [3] gives

L1-1), (38)
1

1°. Using @B3) for n € N(a,b,t),

a=0,1,2,...,9q—2,
b=0,1,2,...,q— 2,

t=1,2,...

we have
(Ya(n), va(n + 1))
fa 1 1 b+v4(m) a+1 1 1 b+ v4(m)
_<5+5<1_qt‘1>+ ¢ g T q 1_qt‘1 g ) (39)

Then 74(n) < x and v4(n + 1) < z if and only if

() )

For a = ¢ — 1 we have

('7(1(”)7 ’Yq(n + 1))

Cfg—1 1 1 b+vg(m) 0 b+1+~,(m)
_<T+5<1_qt‘1)+ gttt ra gttt (1)

q
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Then 74(n) < x and v4(n + 1) < z if and only if

(e (S )

In the following we denote by x4(a,b,t)
a 1 1 b
s =5+ (1= g ) + g

It is the minimal van der Corput’s number in (33). Then

1
lim —#{n < N;n € N(a,b,t),74(n) < z,7(n+1) <z}

N—oo N
0 it <azq(a+1,b,1),
=z —z4(a+1,bt) ifzgla+1,bt)<z<zqla+1,b+1,1), (43)
qt% if x> z4(a+1,0+1,1)
Similarly,
Jim %#{n < N;n € N(g—1,b,t),7(n) <z,7(n+1) <z}
0 it v <azq(qg—1,b,1),
= z—z4(qg—1,b,t) ifxe(g—1,bt) <z <zq(qg—1,0+1,¢), (44)
# ife>axz,(¢—1,0+1,1)

Thus we obtain g(z,z) by summing up [3)) for

a=0,1,2,...,q—2,
b=0,1,2,...,9— 2,
t=1,2,...

and ({4]) for

b=0,1,2,...,q—2,
t=1,2,...
For simplicity we use it for ¢ =2, b=0, ¢t =1,2,... In this case
1 1 1
.’I,'Q(l,o,t):l*? and .%'2(1,1,15):1*§+ﬁ
Let 2 = $(2—2). In @3):
for t = 1 we have ﬁ,
for t = 2 we have = — 22(1,0,2) = %,
fort =3,4,5,... we have 0.
This gives % In () we also have 1%. Summing these results we obtain
g(z,x) = 13. The same result we have from (B).
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20, Using our method started in [3] we have found directly the distribution
function g(z,y) of the sequence (v4(n),v4(n + 1)) by

0 if (z,y) € A,
1-1-y)—-1—-z)=xz+y—1 if (z,y) € B,
= 4
g(z,y) y- L it (2.9) € O, (45)
z—l—i—q%l if (z,y) € D;,
where A, B, C;, D; are in the Fig. 3.
Dy
B
Ch
1
q
D,
3 “
! A
1
il
0 1-11-11-%1
Figure 3.

Proof. Every point (fyq(n), Ye(n + 1)), n=20,1,2,..., liec on the line segment

Y=X 1+1+1 Xe{l 11 1]
gk gt gk’ gt

for k =0,1,... and let T" be their union. Because v,(n) is u.d., then the sequence
(¢(n),vg(n + 1)) has a.d.f. g(z,y) of the form

g(x,y) = ’Projectx (([O,x) x [0,9)) ﬂT)

where Project,, is a projection of a two dimensional set to the z-axis. It is a copula
and g(z,y) can be computed explicitly according to (45). O

)
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