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DISTRIBUTION FUNCTIONS OF RATIO
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OTO STRAUCH

ABSTRACT. This expository paper presents known results on distribution func-
tions g(z) of the sequence of blocks X, = (z—i, ;”—i, A %), n=1,2,..., where
T is an increasing sequence of positive integers. Also presents results of the set
G(Xy) of all distribution functions g(z). Specially:

— continuity of g(z);

— connectivity of G(Xy,);

— singleton of G(Xy);

— one-step g(x);

— uniform distribution of X,,, n =1,2,...;

— lower and upper bounds of g(z);

— applications to bounds of % ?71 ;”—L,
- 3
— many examples, e.g., X,, = (p%’ p%’ o P;:l ’ %)’ where py is the nth

prime, is uniformly distributed.
The present results have been published by 25 papers of several authors between
2001-2013.

1. Introduction

Let x,,, n=1,2,..., be an increasing sequence of positive integers (by “increas-
ing” we mean strictly increasing). The double sequence x,/x,, m,n=1,2,...
is called the ratio sequence of x,,. It was introduced by T.Salét [16]. He studied
its everywhere density. For further study of the ratio sequences, O. Strauch
and J. T. T6th [24] introduced a sequence X, of blocks

1 T2 Tn
Xn:<—,—,...,—, n=1,2,...

xn x?L x?L
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and they studied the set G(X,,) of its distribution functions. The motivation is
that the existence of strictly increasing g(vm) € G(X,,) implies everywhere density
of z,,/x,, the basic problem studied by Salét [I6]. Further motivation is that
the block sequences are a tool for study of distribution functions of sequences,
see [20, p. 12, 1.9]. Organization of the paper:
In Section 2] we follow the notations and basic properties of distribution func-
tions used in [5], [I12] and [21] p. 1-28, 1.8.23].
In Section B we list main properties of g(z) and G(X,,) without proofs.
In Section Ml we add proofs of some properties in Section Bl Specially:
E1 Basic properties;
Continuity of g(z) € G(X,,);
Singleton G(X,) = {g(z)};
I U.d. of X,,;
One-step d.f:s ¢ (2);
Connectivity of G(X,,);
[0 Boundaries of g(z) € G(X,,);
Lower and upper d.f.s in G(X,,);
Construction H C G(X,,);
g(x) € G(X,,) with constant intervals;
[T Transformation of X,, by 1/x mod 1.

Many examples with x,, and G(X,,) are given in Section[fl The paper is com-
pleted in Section [6] with comments on another block sequences.

2. Definitions

e From now on 1 < x7 < x5 < --- denotes the sequence of positive integers
and z € [0,1).
e Denote by F(X,,,x) the step distribution function
#{i <m; o< x}

F(Xﬂdx) = ’
n

for x € [0,1) and for x = 1 we define F(X,,1) = 1.
e Denote by A(t) the counting function

At) = #{n € N;z, < t}.
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Directly from the definition we obtain
F(Xm, 1) = —F (anx—m>
m T
for each m < n and
nF(Xn,x)  Arr,)

Tx, Tx,

for every x € [0,1).

e The lower asymptotic density d and the upper asymptotic density d of x,,
n=12... H are defined as

A - At
d = liminf —= = lim inf i, d = lim sup Q = lim sup ﬁ
t—00 n—oo Ty t—00 n—oo In
e A non-decreasing function g: [0,1] — [0,1], g(0) = 0, g(1) = 1 is called
distribution function (abbreviated d.f.). We shall identify any two d.f.s
coinciding at common points of continuity.

e Similarly, the inequality ¢1(xz) < ga2(z) we consider only in the common
points of continuity.

e A d.f. g(x) is a d.f. of the sequence of blocks X,,, n = 1,2,..., if there
exists an increasing sequence nq < ng < --- of positive integers such that

lim F(X,,,z)=g(z)
k—o0

a.e. on [0, 1]. This is equivalent to the weak convergence, i.e., the preceding
limit holds for every point x € [0, 1] of continuity of g(z).

e Denote by G(X,,) the set of all d.f:s of X,,, n =1,2,... If G(X,,) = {g(z)}
is a singleton, the d.f. g(x) is also called the asymptotic d.f. (abbreviated
a.d.f.) of X,,.

e Also for a sequence y,, € [0,1), n = 1,2,..., we have defined in [21| 1.3]
the step d.f.

Pue) = HO Vi € 0.5)

and G(y,) is the set of all possible weak limits Fy, (x) — g(z).

e The lower d.f. g(x) and the upper d.f. g(z) of a sequence X,,, n =1,2,...
are defined as

x) = inf z), g(x) = su x).
o) = it (@), 7@) = s ol

ld=d(zn), d=d(zn).
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o If limy oo F(X,,,2z)=g(z) and limy_,~ ;1—1’1 =d, we shall call d, as a local

asymptotic density for d.f. g(x).
In this paper we frequently use the following two theorems of Helly
(see the First and Second Helly theorem [21, Th. 4.1.0.10 and Th. 4.1.0.11,

p. 4-5]).

Helly’s selection principle: For any sequence g, (z), n = 1,2,..., of d.f:s
in [0,1] there exists a subsequence g,, (), k = 1,2,..., and a d.f. g(x)
such that limy_ o gn, () = g(x) a.e

Second Helly theorem: If we have lim,,_,o g, (x) = g(x) a.e. in [0, 1], then
for every Continuous function f:[0, 1] — R we have lim,,_, oo fol f(x)dgn(z)=

fo () dg(z
Note that applying Helly’s selection principle, from the sequence F(X,,, ),
n =1,2,..., one can select a subsequence F(X,,,z), k = 1,2,..., such

that limg_,oo (X, ,2) = g(x) holds not only for the continuity points x
of g(x), but also for all z € [0,1].

We will use the one-step d.f. ¢, (z) with the step 1 at « defined on [0, 1]

via
(2) 0, ifzx<a;
co(x) =
“ 1, ifz>a,

while always ¢, (0) = 0 and ¢, (1) = 1.

3. Overview of basic results

G(X,,) has the following properties:

1.

136

If g(x) € G(X,) increases and is continuous at z = § and g() > 0, then
there exists 1 < o < oo such that ag(zf) € G(X,). If every d.f. of G(X,,)
is continuous at 1, then aw = 1/¢g(8), [24, Prop. 3.1, Th. 3.2].

. Assume that all d.f.s in G(X,,) are continuous at 0 and ¢1(z) ¢ G(X,,).

)
Then for every g(z) € G(X,) and every 1 < a < oo there exists g(z) €
G(X,) and 0 < 8 < 1 such that g(z) = ag(zf) a.e. [24, Th. 3.3].

Assume that all d.f.s in G(X,,) are continuous at 1. Then all d.f.s in G(X,,)
are continuous on (0, 1], i.e., only possible discontinuity is in 0 [24, Th. 4.1].

If d(x,,) >0, then every g(z) € G(X,,) is continuous on [0, 1],

24, Th. 6.2(iv))].

. If d(z,,) > 0, then there exists g(z) € G(X,,) such that g(z) > z for every

€ [0,1], [24, Th. 6.2(ii)]. Generally, [3, Th. 6)], every G(X,,) contains
g(x) > z for every z € [0,1].
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If d(x,) > 0, then there exists g(x) € G(X,,) such that g(x) < z for every
x € [0,1], 24 Th. 6.2].

Assume that G(X,,) is singleton, i.e., G(X,) = {g(z)}. Then either g(z) =
co(z) for z € [0,1]; or g(z) = z* for some 0 < A < 1 and z € [0,1].
Moreover, if d(z,,) > 0, then g(z) = z, [24, Th. 8.2].

8. max,eq(x,) fo z)dz > 1, [24, Th. 7.1] (c.f. 5.).
9. Assume that every d.f. g(z) € G(X,) has a constant value on the fixed

10.
11.

12.

13.

14.

2The assumption (ii) can be replaced by a requirement that 3 i

interval (u,v) C [0, 1] (maybe different). If d(x,) > 0 then all d.f.s in G(X,,)
has infinitely many intervals with constant values, [22].

There exists an increasing sequence x,, n = 1,2,..., of positive integers
such that G(X,,) = {ha(z); € [0,1]}, where ho(z) = o, € (0,1) is the
constant d.f. ﬂg Ex 1].

There exists an increasing sequence x,, n = 1,2,..., of positive integers

such that ¢1(z) € G(X,,) but ¢o(z) ¢ G(X,,), where co(z) and ¢1(z) are
one—jump d.f.s with the jump of height 1 at x = 0 and = = 1, respectively.

There exists an increasing sequence x,, n = 1,2,..., of positive integers
such that G(X,,) is non-connected [9, Ex. 2].
We have (see [24, Prop. 3.1, Th. 3.2]):
Let g(z) € G(X,,), B € (0,1), and assuming that
(i) ) is continuous at S,

g(x
(i) g(z) increases at S0
(iii) g(8) >

(iv) all d.f. in G( X,,) are continuous at 1.

Then 9(z)
9(B

)
)—(iii) for a sequence of indices ng, k = 1,2,...
x

);

€ G(Xp).

Taking the following limits (i
(i) limp—oe F/(Xn,, x) = g(
(i) limg oo 7%= = dy,

Nk
then (see [24) Prop. 6.1]) there exists
A(xx,
bt o dy()

(iii) limg oo — and
'n.k
g9(z)
z 9 g(x)

for x € [0,1]. Here the limits (i) and (iii) can be considered for all
x € (0,1] or all continuity points z € (0, 1] of g(z) and the constant
dg in (ii) we call local density.

1=1,2,...,n, k=1,2,..., where weakly F(X,,,z) — g(z).
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15. Specially (see [24, Th. 6.2 (iii), (iv)]), if d > 0 then

r=<gx)<zx

|l
|

for every = € [0,1] and furthermore g(z) is everywhere continuous. Thus
d = d > 0 implies u.d. of the block sequence X,,, n =1,2,...

(d/d)x

16. G(X,,)={z*} if and only if lim,, s (Tg.n/2n) =k'/* for every k=1,2,...
Here as in 7. we have 0 < A < 1, [1].

17. If d(x,,) > 0, then all d.f.s g(x) € G(X,,) are continuous, nonsingular and
bounded by hq(z) < g(z) < ha(z), where

d . 1—d —
) if e e [0,4=4], d
hi(z) = 4 1= ha(x) = min (x—, 1).
—=—  otherwise, d
T(d
Furthermore, there exists z,,, n = 1,2, ..., such that he(z) € G(X,,) and

for every x,, we have hy(x) € G(X,,), [3, Th. 7] and moreover
18. for a given fixed g(z) € G(X,,), z € [0, 1] we have hy 4(x) < g(z) < ho 4(2),

where
xdi ifr<yy= 11__dj,
hl,g(x) = 19 1 . -
xd—g—l—l—@ if yo < <1,
. d
hog(x) =min ( x—,1
dg
[3, Th. 6].
19. These boundaries are established by observing that for every g(z) € G(X,,)
0< 9@ —9g(@) 1
- y—x ~d

for z <y, z,y € [0,1].
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4. Overview of proofs

In this section we give proofs of some properties described in Section
4.1. Basic properties
Using

Tn

Tm
T < Ly <= ; < | x— | Ty

and that these inequalities imply ¢ < m, it directly follows from definition
F(X,, ) that

F(Xp,2) = —F <an“"—”> (1)
m Tn
for every m < n and x € [0,1). Also for any increasing sequence of positive
integers z,,, n =1,2,..., we define a counting function A(t) as

A(t) =#{neN; z, <t}
Then for every x € (0,1] we have the equality
nF(X,,x) B A(zzy,)

Txn, Txn,

) <2>

which we shall use to compute the asymptotic density of z;,,. We have the lower
asymptotic density d, and the upper asymptotic density d of x,,, n =1,2,... as

d = lim inf A— = lim inf i, d = lim sup M = lim sup ﬁ
t—o0 n—0o0 Tp t—00 n—oo In
Using Helly’s selection principle from the sequence (m,n) we can select a sub-
sequence (mg,ny) such that F(X,,) — g(x), F(Xm,) — g§(z) as k — oo,
furthermore z,,, /x,, — § and my/ni — «, but o may be infinity. These limits
have the following connection.

THEOREM 1 ([24, Prop. 3.1]). Let my, and ny be two increasing integer sequences
satisfying my < ng, for k=1,2,... and assume that

(1) imgyoo FI( Xy, ,x) = g(x) a.e.,

(i) limg—oo F (X, ,x) = g(x) a.e.,

(iil) limpg oo =2 = 8> 0,

(iv) g(B8—0) >k0.

Then there exists limy_, o :—L’Z = a < oo such that

g(x) =ag(zp) a.e on [0,1], and a= % (3)
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Proof. Firstly we prove

kli_{IOloF <Xnk,xxx%:> = g(z0). (4)
Denoting S = 2, /Tn, and substituting u = xf, we find
1 Br
0 < [(F () = 9B do = 5 [(F(X0) = g(0)) du
0

(F(Xp,,u) — g(u))2 du — 0,

IN
)=
\Ho

0
which leads to (F(X,,,z8;) — g(zBk)) — 0 a.e. as k — oo (here necessarily

B > 0). Furthermore,
1

/(F(Xnka$5k:) — g(xﬁ))z dz

U]
- / (F(Xo,285) — 9(xBi) + g(xBi) — g(zB)) da
0

<2 /(F(Xnk,xﬁk) — g(:cﬁk))2 dz + [ (g(zBr) — g(:cﬁ))2 dz|.
0 0
Since g(z) is continuous a.e. on [0,1] then (g(z8x) — g(xzB)) — 0 a.e. and ap-
plying the Lebesgue theorem of dominant convergence we find fol (g(xﬁk) —
g(xﬁ))2dx — 0. This gives (). The existence of the limit limy_, o 2= = @ < 00

mg
follows from (1) and (iv). Now, let ¢, € [0,1) increases to 1 and g(z) be con-
tinuous in ¢,. Then g(zf) is also continuous in ¢, and g(t,) = ag(t,B) for

n=1,2,.... The limit of this equation gives the desired form of «.
The equality () gives

THEOREM 2 ([24], Prop. 6.1]). Assume for a sequence ny, k =1,2,... that
(i) limgso0 F(Xn,, ) = g(z),

(il) limg— oo ;T’“k =d,.
Then there exists
A(zan, )

TLpy,

=dy(z) and
g(a) = §gd9<x>. (5)

Here the limits (1) and (iii) can be considered for all x € (0,1] or all continuity
points x € (0,1] of g(x).

(ifl) Hmp_soc
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4.2. Continuity of g € G(X,,)

If all ¢ € G(X,,) are everywhere continuous on [0, 1], then relation (@) is
of the form
g(xf)

9(B)

As a criterion for continuity of all g € G(X,,) we can adapt the Wiener-Schoen-
berg theorem (cf. [I2, 6, p. 55]), but here we give the following simple sufficient
condition.

€ G(Xy). (6)

THEOREM 3 ([24, Th. 4.1]). Assume that all d.f.s in G(X,,) are continuous at 1.
Then all d.f.s in G(X,,) are continuous on (0,1], i.e., the only discontinuity point
can be 0.

Proof. Assume that x,,, /x,, — 8 and F(X,,,z) = g(z) as k — oco. If from
(mg,ni) we can select two sequences (mj,n;) and (m},n]) such that
ny,/mj, —oq and nj/m) — as with a finite oy # g, then ang(zf), azg(xp) €
G(X,) and thus one of such d.f. g(x) must be discontinuous at 1 (it holds also
for g continuous at ). Thus, assuming that G(X,,) has only continuous d.f.s
at 1, the limits z,,, /z,, — S > 0 and F(X,,,z) — g(z) imply the conver-
gence of ny/my. Now by [24 Th. 3.2]: If § is a point of discontinuity of g(x)
with g(8 +0) — g(8 —0) = h > 0, then there exists a closed interval I C [0,1],
with length |I| > h such that for every 1 € I we have ag(z8) € G(X,,). Thus
g(z) cannot have a discontinuity point in (0, 1]. O

THEOREM 4 (|24, Th. 6.2]).

(i) Ifd > 0, then there exits g € G(X,,) such that g(z) < = for every x € [0,1].
(ii) Ifd > 0, then there exits g € G(X,,) such that g(x) > x for every x € [0, 1].
(iii) If d > 0, then for every g € G(X,,) we have

(d/d)z < g(x) < (d/d)x (7)

for every x € [0,1].
(iv) If d > 0, then every g € G(X,,) is everywhere continuous in [0, 1].

(v) If d > 0, then for every limit point 3 > 0 of x,/x, there exist g € G(X,,)
and 0 < o < oo such that ag(zf) € G(X,,).

Proof. (i). Assume that ng/x,, — d as k — oo. Select a subsequence n),
of ny suc£1 thit F(Xn,x) = g(x) a.e. on [0,1]. Since dg(x) < d a.e. in (@) gives
(9(z)/z)d < d a.e., which leads to g(z) < z a.e. and implies g(z) < z for every
x € [0,1].
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(ii). Similarly to (i), let ng/z,, — d as k — oo. Select a subsequence nj,
of ny such that F(X,,,r) — g(z) a.e. on [0, 1]. Since dz(z) > d ae., @) im-
plies (g(w)/x)d > d a.e. again, which gives g(r) > x a.e., whence, g(x) > =z
everywhere on x € [0, 1].

(iii). For any g € G(X,,) there exists nj such that F(X,,,z) — g(x) a.e.
From nj we can choose a subsequence nj such that nj /x,, — di. Using (&)
and the fact that d < d; < d and d < dy < d we have (g(z)/z)d < d and
(g(z)/z)d > d a.e. If d > 0, these inequalities are valid for every z € (0,1].

(iv). Continuity of g € G(X,,) at 1 follows from [24, Prop. 4.2]: Denote

= < n; (1 — n i n
d(e) = lim sup #lisn{l—clon <zi<w }

n—00 n

Every g € G(X,,) is continuous at 1 if and only if lim._,¢ d(¢) = 0. Since
5

3 . ‘rn
d(e) < 1171111_>sotc1)p5 paa
applying [24] Th. 4.1] = Theorem [3, we have continuity of ¢ in (0, 1]. Continuity
at 0 follows from ([T).

(v). It follows from the fact that if d > 0 and limg_o0 Ty, /Tn, = B > 0
for my, < ny, then limsup,_, . ni/my < oo. More precisely, if we pick (m],n})
from (my,ny) such that n) /mj — o, then

(8)

This is so because if we select (mj,ny) from (mj,nj) such that nj/z,, — di
and my /., — da2, then, by

Tk oot
n;c, N (En// nk
" m' Y
m k
k :E,, 1" l‘mg
we see a = dy /(dz2f3). O

4.3. Singleton G(X,,) = {g}

For general G(X,,), the connection between G(X,,) and G(z,,/x, mod 1) is
open, but for singleton G(X,,) we have
THEOREM 5 ([24) Th. 8.1]). If G(X,) = {g}, then G(xy/x, mod 1) = {g}.

Proof. A proof of the theorem is the same as the proof of [T9, Prop. 1, (ii)],
since
. | X0 o n B
lim =lim ——— =0
w3 TXA o [Xa] oo mln 4 1)/
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THEOREM 6 (|24, Th. 8.2]). Assume that G(X,,) = {g}. Then either

(i) g(x) = co(z) for x €0,1] or
(i) g(x) = 2> for some 0 < XA <1 and x € [0,1]. Moreover,
(iii) if d > 0 then g(z) = .

Proof. Let G(X,) = {g}. We divide the proof into the following six steps.

(I). By [24, Th. 7.1], we have fo z)dz > 1 which implies g(z) # c¢1(z).

(IT). g must be continuous on (0, 1), since otherw1se [24, Th. 3.2], for a dis-
continuity point 8 € (0,1), guarantees the existence of a; # s such that
a19(zf) = azg(zf) = g(z) a.e. which is a contradiction.

(ITI). Assume that g(z) increases in every point S € (0,1). In this case
relation (5) gives the well-known Cauchy equation g(x)g(5) = g(zf3) for a.e.
x, € [0,1] For a monotonic g(x) the Cauchy equation has solutions only of the
type g(z) = x

(IV). Assume that g(x) has a constant value on the interval (v,d) C [0,1].
For 8 € (0,1] g(z) satisfies two conditions: (j) g(x) increases in S and (jj)
g(B) > 0. Then the basic relation @) gives g(x) = ag(z8) which implies that
g(z) has a constant value also on (7, ) and if § < 3 then also on B8~ 1(,d).
Thus, if (y4,d;), ¢ € Z is a system of all intervals (maximal under inclusion)
in which g(x) possesses constant values, then for every i € Z there exists j € Z
such that 5(v;,d;) = (7;4,9;) and vice-versa for every j € Z, 6; < [3, there exists
i € T such that 87'(v;,0;) = (74,0;). This is true also for g = BB ...,
where (1, fa,... satisfy (j) and (jj) and ny,ng,... € Z. Thus, there exists
0 < 6 < 1 such that every such  has the form 6™ n € N. The end points ~;, J;
(without ~; = 0) satisfy (j) and (jj) and thus the intervals (7;,d;) is of the form
(6™,0" 1), n=1,2,... and all discontinuity points of g(x) are 0", n =1,2,.

a contradiction with (IT). For g(x) = ¢o(x) there exists no 5 € (0, 1] Satisfying
(j) and (jj)-

(V). We have the possibilities g( ) = co(x) and g(x) = 2> for some \ > 0.

Applying [24, Th. 7.1] we have fo x)dz > 1/2 which reduces A to A < 1.

(VI). If d > 0, then by [24, Th. 6.2, (i)] = Theorem Elmust be g(x) < 2 which
is contrary to 2 > x for A < 1. (]

The possibilities (i), (ii) are achievable. Trivially, for x, = [n*], G(X,
{z'/*} and for z,, satisfying lim, e Zn/Znr1 = 0 we have G(X. ) = {co(
Less trivially, every lacunary a,, i.e., Tp/Tn11 < A < 1, gives G(X,,) = {co()

The following limit covers all of G(X,,) = {g}.

\_/
”“V‘II

€T
€T
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THEOREM 7 ([24, Th. 8.3]). The set G(X,,) is a singleton if and only if

m n
. 1 T T
lim — E E = —
m,n—o0 \ MmN < 4 T
=1 j=1
m n
1 T T 1 Ti T 0 ()
2m? ~—~ |z T 2n2 ~ |z, x, '
4,j=1 4,j=1

Proof. It follows directly from the limit (@) in the form
1
lim [ (F(Xm,2) — F(X,,2)) de =0,

m,n— oo
0
after applying
1

(9(x) — §(x))* da = /] |z — y| dg(x) dg(y)
/ Il

0
- %//\SE —yldg(z)dg(y) — %//Iw —yldg(z) dg(y)
00 00

(10)
for g(z) = F(Xu,z) and §(z) = F(X,, ). O

4.4. U.d. of X,

By Theorem[] u.d. of the single block sequence X, implies the u.d. of the ratio
sequence Z,/x,. Applying [24, Th. 6.3, (i)] (d/d)z < g(x) < (d/d)x for every
x € ]0,1], we have

THEOREM 8. [f the increasing sequence x,, of positive inlegers has a positive
asymptotic density, i.e., d = d > 0, then the associated ratio sequence T,/
m=12,....,n,n=1,2,... is u.d. in [0, 1].

Positive asymptotic density is not necessary. According to T. Salat [I0]
we can use also a sequence x,, with d = 0.

THEOREM 9 ([24, Th. 9.2]). Let x,, be an increasing sequence of positive integers
and h: [0,00) — [0,00) be a function satisfying

(i) A(z) ~ h(x) as © — oo, where
(ii) h(zy) ~ zh(y) as y — oo and for every x € [0,1], and

Then X,, (and consequently x,,/x, ) is u.d. in [0, 1].
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Proof. Starting with @) F(X,,z)n = A(zz,) it follows from (i) that

F
(X, z)n .
h(zx,)
as n — oo, then by (ii)
F(X,,z)n 1
xh(zy,)
which gives by (iii) the limit
n
F(X,,z)——
(Xn, ) es) —

as n — oQ.

O

Assuming only (i) and (ii), we have liminf, . n/h(z,) > 1, since otherwise
ng/h(z,,) — o < 1 implies F(X,,,z) — z/a for every x € [0,1] which is

a contradiction. Also, G(X,,) C {zA; A € [0,1]}.

Another criterion can be found by using the so called L? discrepancy of the

block X, defined by )
D@ (X,) :/(F(Xn, x) — x)2 dz
0
which can be expressed (cf. [I9] IV. Appl.]) as

1 & T; T
D) = 5 3P (2 2),

i,j=1
where ) ) | |

1 z+4y T+y r—y

F -
Thus
1 1 n n
DI (X,) =< +— o
(Xn) 3 + na2 — g 2n2 Z i = 31,

which gives (cf. [19]).

THEOREM 10. For every increasing sequence x,, of positive integers we have

lim D@ (X,) =0+ hm F(X,,z)=x.

n—0o0

The left hand-side can be divided into three limits (cf. [I8, Th. 1])

(Z) llmni)oo i Z?:l Xr; = 17

2
lim D®(X,) =0 <= < (3) limp o0 o i = g

n— 00
(48) impso0 7om— 2op o |26 — 2] = 3

Weyl’s criterion for u.d. of X, is not well applicable in our case. It says

(cf. [17, (7)))-
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THEOREM 11. X, is u.d. if and only if

1 n
lim — g 2mihan =0
n—oo N
k=1

for all positive integers h.

4.5. One-step d.f. c,(7)

In [24] there is proved that singleton G(X,,) = {ci1(z)} does not exist, since
(by [24, Th. 7.1]) for every increasing sequence x,, of positive integers we have

1

max )/g(x) dz >

g(z)eG(Xn
0

(11)

l\DlH

In [24] is also proved (see Th. 8.4, 8.5) that

THEOREM 12.

G(Xn) = {co()} <= lim — > a=0, (12)
=1
. 1 m n ﬂ CUj _
G(X,) = {co(x)} “— nh_{r;o - ;; P 0, (13)
G(Xn) € {ca@)ia € [0,1]} = lim —— > |m; — ;| =0 (14)
i,5=1

Proof.

(@2). f01 xdg(z) =1-— fol g(x)dz = 0 only if g(x) = co(x).
(@3). Assume that F(X,,,,z) = §(z) and F(X,,,z) — g(z) a.e. as k — oc.
Riemann-Stieltjes integration yields

mr Nk

oy 2 Z

which, after using Helly’s theorem, tends to

/1/1\93 —y|dg(z) dg(y) (16)

as k — oo. Then (I8) is equal to 0 if and only if g(z) = g(x) = ca(z)
for some fixed « € [0,1]. By Theorem [6 o must be 0 (d = 0 follows from
Theorem [ part (i)).

/ & — 4| dF (X, 2) dF(Xy)  (15)

-'I:'mk xnk
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(). Again fol fol |z —y|dg(z)dg(y) = 0 if and only if g(x) = ¢, (z) for a € [0,1]

and thus
1 & €T
lim YD |- =0
k—o0 NN i1 =1 Ty, Ly,
for every nj — oo. O

Furthermore, if G(X,) C {ca(2); € [0,1]}, then d(z,,) = 0. Here we prove
that

THEOREM 13 ([0, Th. 6]). Let x,, n=1,2,..., be an increasing sequence of pos-
itive integers. Assume that G(X,,) C {ca(z);a€[0,1]}. Then co(z) € G(X,,) and
if G(X,,) contains two different d.f.s, then also c1(z) € G(X,,).

Proof. We start from the equation (2) (see [24, p. 756, (1)])
F(Xp,2) = —F <Xn:cx—m>
m Tn

which is valid for every m < n and z € [0,1]. Assuming, for two increasing
sequences of indices my < nyg, that, as k — oo

(i) F(Xm,,x) = o, () ace.,

(il) F(Xy,,x) — Ca,(x) a.e.,

(if) 2 -,

(iv) 22 — 3,

Ty,
(such sequences my < ny exist by Helly theorem) then we have:
a) If B> 0 and v < oo (see (3) in [24]), then

Car (T) = YCay (2) (13)
for almost all z € [0, 1].
b) If B = 0 and 7 < oo, then by Helly theorem there exists subsequence

x ./
M

(mj,, ) of (my,ny) such that F(Xnk,x )—) h(z) a.e. and since

(En;C

T
F(Xnk,x ’“)SF(Xnk,xﬁl)

€Tt
g3

for every ' > 0 and sufficiently large k, we get h(z) < cq, (zf"). Summarizing,
we have
Cay () < YCa, (25') (14)
for every 8 > 0 a.e. on [0, 1].
We distinguish the following steps (notions (i)—(iv), a) and b) are preserve):

19, Let cq, (1) € G(X,), 0 < ag < 1, and let my, k =1,2,..., be an increasing
sequence of positive integers for which
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(i) F(Xmy,2) = Cay ().
Relatively to the my, we choose an arbitrary sequence ny, my < ng, such
that
(iii) 7= =7y, 1<y <oo.
From (my,ny) we select a subsequence (m},n}.) such that
(ii) F(Xn;,7) = ca,() a.e. on [0,1],

(iv) sz“ — [ for some 3 € [0, 1].
"k

a) If 5 > 0, then (13) ¢, () = vca,(zB) a.e. is impossible, because v > 1
and for x > a; we have ¢,, (z) = 1. Thus 8 = 0.

b) The condition 8 = 0 implies (14) cq, (z) < Yca,(xf’) for every > 0 and
a.c.onz € [0,1]. If g > 0, then ¢, (xf") = 0 forall z < %%, which implies, using
B" < ag, that ¢q, () = 0 for € (0,1), and this is contrary to the assumption
ap < 1.

Thus ae =0 and we have: If 0 <« <1 and ¢4, (z) € G(X,,) then ¢ (z) € G(X,,
Now, applying [24, Th. 7.1] we have max._(z)cq(x,,) f01 Colx)de =1—a >
Then the assumption ¢, () € G(X,), 0 < a1 < 1 is true, thus ¢o(z) € G(X,)
holds.

20 In this case we start with the sequence n;, and we assume that c,, (z) € G(X,,),
0<as <1, and

(ii) F(Xy,,2) = Cay(z) a.e. on [0, 1].
Then we choose arbitrary my such that m; < nj and

(ili) = =7y, 1<y < oo
From (my,ny) we select a subsequence (m},, n},) such that
(i) F(Xomy,x) = ca,(x) a.e. on [0, 1],

(iv) ?’—Lf“ — 3 for some 8 € [0, 1].
"k

a) If B > 0, then by (13) cqo, () = vca,(z8) ae. If ay < 1, then v > 1
implies ¢q, (z) > 1 for some = € (0, 1), a contradiction. Thus o; = 1 (in this case
B < ag).

b) Now, S = 0 implies (14) cq, () < Yca,(z8') for every 5/ > 0 and a.e.
on z € [0,1] and the assumption as > 0 implies ¢, (28") = 0 for all x < %,
which gives a; = 1. Summarizing, if G(X,,) contains two different d.f.s, then it
contains cg(z) and ¢ (z) simultaneously. O

4.6. Connectivity of G(X,,)

As we have mentioned in the introduction, for a usual sequence y, the set
G(yn) of all d.f. of y,, is nonempty, closed and connected in the weak topology,
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and consists either of one or infinitely many functions. The closedness of G(X),)
is clear, but connectivity of G(X,,) is open. A general block sequence Y;, with
non-connected G(Y;,) can be found trivially. For our special X,, we have only
the following sufficient condition.

THEOREM 14 ([24, Th. 5.1]). If

n+l n
i (G 22 s

=1 j=1

xn+l

n+1

a n—l—lzz

2n2 Z

’L]*

“)—o

(17)

Tn+1 xn—i—l Ln

then G(X,,) is connected in the weak topology.

Proof. The connection follows from the limit
1

lim [(F(Xnq1,2) — F(X,,2))* dz =0,
n—oo
0

since by a theorem of H. G. Barone [2] if ¢, is a sequence in a metric space
(X, p) satistying

(i) any subsequence of ¢,, contains a convergent subsequence and
(11) hmn—>oo P(tn, tn—i—l) = 07

then the set of all limit points of ¢, is connected. Next we use the expression
1 11
- 2 -
Jlo@) = g6@))* az = [0 = sl dg(a) dg(w)
0 00

=5 [[le = vids@ o) - 5 [ [ 1o - vlagte) agto).
00 00

Putting g(z) = F(X,41,2) and §(z) = F(X,,, x) we get the desired limitf O

As a consequence we have:

THEOREM 15. If lim,_, x—mf': =1, then G(X,,) is connected.

302(g,9) = [} (9(z) — §(z))* dz

In Example [ is given X,, such that G(X,) is connected but limsup,, , o p(tn+1,tn) = 1.
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Proof. After some manipulation (I7) it follows from

R "
lim (— E xz> (1 _ >: .
n—oo \ NIy im1 Tn+1 0

Note that by [24, Th. 4.1] all d.f’s in G(X,,) are continuous everywhere
on [0, 1] if they are continuous at 0 and 1.

In [24, Th. 3.2] is proved that if g(z) € G(X,), g(z) increases at 5 € [0, 1),
g(B) > 0, then there exists « € [1,00) such that ag(xzf) € G(X,). Using this
fact, we can define on G(X,,) the relation g(x) < g(x) if there exist «, 8 such
that g(z) = ag(zB). For every element g(z) € G(X,,) we define [g(z)] as the
set of all g(z) € G(X,,) for which g(z) < g(z). Assuming that all d.f.s in G(X,,)
are continuous and strictly increasing, then we have

[9(x)] = {g(=B)/9(8); B € (0, 1]}.
Denote as G(g(x)) the set of all possible limits limy_,oo g(28%)/g(Bk), Where
Br — 0 and put .
l9(x)]" = [g(x)] UG (g(x))-

THEOREM 16. Assume that all d.f.s in G(X,,) are continuous and strictly in-
creasing. If G(X,,) = UF_, [gz(x)] ", then G(X,,) is connected if and only if gi(x),
i=1,2,...,k can be reordered into g; (x), n=1,2,...,k such that

*

i) [gi,(®)] N [g¢n+1(x)]* #0,n=1,2,...,k—1.

Proof. 1° Firstly we prove that [g(w)]* is nonempty, closed and connected,

for every g(x) € G(X,,). Note that, in the following we say that we can go connect-

ively g1(z) — ga2(z) through the set H if for every ¢ > 0 there exists

a chain g;, (z) € H, n = 1,2,...,m such that p(g1,9:,) < &, p(gi,, gi5) <€, ...
s PG> 92) < e

Connectivity: If g1 (z) = g(x41)/9(B1) and g2(x) = g(x52)/9(B2) then we can go
connectively g1 (x) — go(x) through g(z3)/g(83), where ( is between £; and s,

since
9(zp) g(xp) _ <9($5) —g(zp’) 9(8) — 9(5)) S0
9(B)  9(B) 9(B) 9(B)g(B’)
as (8" — B) = 0, where 3,8 > ¢ > 0.
If g1(x) = limp—oo 9(2B%)/9(Br) and go(x) = limy_o0 g(25;)/9(5}), then
we can go connectively

g1(x) = g(zBr)/9(Br) — 9(xB1)/9(Br) — g2()
through [g(x)] Similarly for the rest

01(2) = 9(26)/9(Fr) and ga(x) = lim g(aB)/ (k).

+g(zp")
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Closedness: M limy_, o0 g(x8k)/9(Br) = g1(x), we can select ), such that g — 3.
If 5 > 0, then from continuity g(x) we have g1(x) = g(23)/g(8). The closedness
of G(g(z)) follows from definition of G(g(x)).
29, Assume that (i) holds and select g (z) € [gi,, (x)]* O [Ginyr ()] i=1,2,...
...,k —1. Let g1(x) € [gil(x)]* and g2(z) € [gi, (x)]* Then we can go connec-
tively
i, (z51) * 9is (22)
g1(x) > —/——=5 = gi () » =55
1) 9i,(B1) i) 9i>(B2)
similarly in a general case.

3%, Assume that (i) does not hold. Then [gz(x)]*, 1=1,2,...,k, can be divided
into two parts such that

(UiGA [gz(x)]*) N (UiEB [gz(x)]*) =10,

where AUB ={1,2,...,k}. From closedness of such sets follows p(g,g) >0 >0
for some ¢ and every g(z) € UieA[gi(x)]* and g(z) € Uiep [gz(x)]*
tradicts the connectivity of G(X,,).

Gis (3353)

= g3(x) = === = ga (),

is (B3)

, which con-

4.7. Boundaries of g(z) € G(X,,)

THEOREM 17 ([3, Th. 5]). For every increasing sequence of positive integers x,,
n=1,2,..., there exists g(x) € G(X,,) such that g(x) > x for all x € [0, 1].

Proof. If d>0, select ny so that =~ —d >0, and F(Xp,,z) — g(z). For such
nk
g(x), ([@) implies

N . 7

Ty, i<ng Tj;
and F(X,,,z) — g(z). Then for every x € (0, 1],

Azxy,) o Mk~ 1.

TTp, Tp

k

Applying () yields
F(X,,,z) ng o Mk~ 1

el )

x Ty, Ty

and taking the limit, as k — oo, we obtain g(z) > z for all 2 € [0,1] O
4L. Misik.
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THEOREM 18 ([3, Th. 6]). Let x1 < x2 < ... be a sequence of positive inte-
gers with positive lower asymptotic density d > 0, and upper asymptotic den-
sity d. Then all d.f.s g(z) € G(X,,) are continuous, non-singular, and bounded
by h1(x) < g(x) < ha(x), where

l

() = r=, ifx € {0, t ]; (18)

ﬁ , otherwise,

allla
IsH

hy(x) = min <x%1>. (19)

Moreover, hi(z) and ha(x) are the best possible in the following sense: for given

0 <d <d, there exists x1 < xg < --- with lower and upper asymptotic densities
d, d, such that g(x) = hi(x) forx € [ﬁ, ]; also, there exists 1 < xg < ---

with given 0 < d < d such that g(x) = ha(z) € G(X,,).

Proof. For g(z) € G(X,), let ng, k = 1,2,..., be an increasing sequence
of indices such that F(X,,,z) — g(x). From n; we can select a subsequence
(for simplicity written as the original nkﬁ such that

Tk d, > 0. (20)
T,
Then, by (), we have
d Azz,
glx) ==z gd(gx), where fon:) — dgy(z) (21)

for arbitrary x € (0, 1].

We will continue in six steps 1°-6°.
19. We prove the continuity of g(z) at x = 1 (improving (iv) in [24, Th. 6.2])
for each g(x) € G(X,,).

In view of the definition of the counting function A(t)

0 < A(xy,) — A(zzn,) < Tn, — TTn,;

thus,
0< Alzn,)  Alzzn,) _me—1 A(xxnk)x <1
T, Ty, T, XLy,

and, as k — oo, we have 0 < dy — dy(x)z <1 — z, which implies
0<dy—dy(x)+dg(z)(1—2)<1-—=x.

Consequently, lim,_,; dg(xz) = dg, and so limg_,; g(z) = limg_ xdgd—(m) = 1.

Since g(z) € G(X,,) is arbitrary, [24, Th. 4.1, Th. 6.2] gives continuity of g(x)

in the whole unit interval [0, 1].

SWe call dg a local asymptotic density related to g(z).
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20. We prove that g(x) has a bounded right derivative for every x € (0, 1), and
for each g(x) € G(X,,).
For 0 < z <y < 1 again

0 < A(yxnk) - A(xxnk) < (y - x)xnk7

which implies

0< A(yxnk)y -~ A(xxnk)x <y-—ua.
yxnk xxnk

Letting k£ — oo, we get

0 <dy(y)y —dg(x)zr <y—uz,

hence
de(y)y —dy(z)r  y—=
0 <gly) — g(a) = WGl YT
Consequently, g 9
— 1
OSMS_ (22)
y—x dg

for all z,y € (0,1), z < y, which gives the upper bound of the right derivatives
of g(x) for every z € (0,1). Note that a singular d.f. (continuous, strictly in-
creasing, having zero derivative a.e.) has infinite right Dini derivatives in a dense
subset of (0,1).

39. We prove a local form of Theorem [I7
Asd <d, <d, ) implies

<g(z) < a:di (23)

S
Lﬁ‘l&

for every z € [0,1]. Tt follows from (22)), that there exists an extreme point

Ag=(x4,y4) on the line y:xdi such that g(z) has no common point with this
g

line for > 4. This point A, is the intersection of the lines

d 1 1
=r— d =r—+1—-— 24
y==x 4, and, y xdg + a, (24)
therefore, —d d1—d
Ay = =(—2,=—12). 2
g (xg’y9> <1_d’d91_d> (5)
It means that for a given g(x) € G(X,,), h1 4(x) < g(z) < hg 4(z), where
d 1-d
T, if x <yo=-=—"%;
hig(a) =4 . 1= (26)
x@Jrl -, ify <z <1,

Q&‘ al
\'H
~— &~
—
)
-3
SN~—

ha,q(z) = min <x
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49, Now we find hi(x), and ha(x) such that
hi(z) < hyg(x) < hog(x) < ho(z)

for every g € G(X,,).
In the parametric expression (25) of A,, the local asymptotic density d, de-
fined by ([20) belongs to the interval [d,d]. The well-known Darboux property

of the asymptotic density implies that for an arbitrary d € [d,d] there exists
an increasing ng, k =1,2,..., such that - — aﬂ, and then the Helly selection
g

principle implies the existence of a subsequence of ny, such that F/(X,,, ,x) — g(x)
for some g(z) € G(X,,). Thus, if g(x) runs over G(X,,), then d, runs over the en-

tire interval [d, d]. Substituting dy =1 — z4(1 —d) in Ay = (z4,y4) we get
d

Yg = Yg(7g) = ma

where z, = % runs through the interval I = [%, 1] for d, € [d, d). By putting

2y = z, and y, = hy we find a part of hy(z) for z € I in (I8). The remaining

part of hq(z), and also the whole hy(z), follow from the basic inequality (23]),

see [3, Fig. 1.]. The optimality of hq(x) and ho(x) are proved in 5% and 6° pages

518-522 of [3].[1 O
|

0 d 1-d I
d 1-d ’

Figure: Boundaries of g(x) € G(X,)

6A simple proof follows from the fact that for every d € (d, d) there exist infinitely many n € N
such that A(n)/n < d < A(n+1)/(n+ 1). These n we denote as ny.
L. Misik for the idea of @22).
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Application
An application of d.f.s in Theorem [I§ to elementary number theory:

THEOREM 19 ([3, Th. 7]). For every increasing sequence 1 < o < --- of po-
sitive integers with lower and upper asymptotic densities 0 < d < d we have

1 -
d imine LS (28)

. ez _1 1 1—min(\/@,3)>< d )
hmsu— —<—+— _— l1—— ). 29
d

Here the equations in 28) and @29) can be attained.

Proof. By Helly theorem, if F(X,,,z) — g(x), then

1 g 1

/zdF(Xnk,x):iZ T, xdg(x) =1 /g(x)dx
0 0

n xr
s k i=1 Nk

If d > 0, then hy(z) < g(z) < ha(z) which implies
1 1 1
1—/h2(x)dx§1—/g(x)dx§1—/h1(x)dx. (30)
0 0 0

For zq < wp < --- for which ha(x) € G(X,,) in the left of ([B0) we have equation,
but in every case hi(z) ¢ G(X,,) for 0 < d < d, which implies strong inequality
in the right, i.e.,

-2
_1d d d d -
1 — — log= — (d—d)). 31
m&an 5 (1) <1d>2(°gd @-a). o
Since for every g(z) € G(X,,) in 3 we have hy 4( ) < ha g(x), then
" 1
lim sup — T < max 1 —[hyg(z)dx]. (32)
n—oo T 1 Tp  g(x)EG(Xn) )

If the maximum in (B2)) is attained in go(z) € G(X,) and hy 4, () € G(X,),
then go(z) = hi,g,(x) and we have

1 - g
li — —=1—/[h dz. 33
msup Y02 =1 [l (o) do (3
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Using (26) we find
1

1 1—-d d
=—(1 I =—1
/’“’g(x)dx 2<+1d (dg >>
0

for d, € [d,d] with derivative (fol hi,q(z) dx)/ = 2(11_d) (1- (dd)Q) and which

gives that min f01 hi,4(7)dz is attained in dg, = min(v/d, d).

Now, to prove [B3) we can construct integer 1 < x93 < --+ with 0 < d < d
such that hy 4, (z) € G(X,,).

We starting with the sequence of indices ng, and then by ([26) we must find
indices mj, < mj, < ny and integers Tt < Ty, < Ty, such that

(i) Z2= = dgy,

Ty,

.. d 1—d
(i) T = - 1=d
(i) 5% — e
. an/

(iv) K: — 0,
!

(v) 5F =0,

(vi) % —d.

mi

Then from (i), (ii) and (iii) follows ;:fk — d. Furthermore we must again as-
sumed
(V) Ty — Ty > Mg — M
(Vi) Zny — Ty, = N — My,
(vii) Ty, | = Ty, > m;H_l - N,
(viil) ng < m;H_l,
(ix) m) < @y

It can be solved naturally and complement values x,, are defined linearly. [J

Algorithm [4, p. 5]

Let 1 < x7 < x3 < --- be an increasing sequence of positive integers. Put o = 0
and
th =Tp — Tp_1, n=12...
For every n = 1,2,... we compute the finite integer sequence
AR ORI
from t1,%9,... by the following procedure:
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1°. For n =1, tgl) =1 = x1;
29, For n = 2, t§2) =t1+to—1=2x9—1and té2) =1;
30, Assume that for n—1>2 we have t" " i=1.2, ..., n—1. For n we first define
i ) s &y )
the initial auxiliary sequence t}, t5, ..., t,, such that t; = tgn_l), i=1,2,...,n—1,
and ¢/, = t,. Then we repeatedly modify this sequence using following steps (a)
and (b).
(a) If there exists k, 1 < k < n, such that ¢{ =t5 = --- =1t,_, > t, and
t;, > 1, then we put ¢ =1t +1, ¢, ==t/ —1 and t; := ¢ in all other cases.
(b) If such k does not exist and ¢/, > 1, then we put ¢} :=¢t} + 1, ¢, =1t — 1
and t; := t, in all other cases.

Repeated application of (a) and (b) shows that the step 3° terminates if ¢/, = 1

and outputs the sequence tﬁ”) =1,... ,t%") =1
49 Put n — 1 := n and use the output t§”), .t as the new input in 3°.

Thus the final output of Algorithm is the infinite sequence of finite integers
block tﬁ”), té”), ot forn=1,2,...

LEMMA 1 ([4, Lemma 1)). Assuming that t, # 1 for infinitely many n, then

the output tﬁ”), té”), ey 5{” of the Algorithm can be of the following two possible
forms:

(A) V) = =t =Dy >0 >, = =) =1,

B) "V =...=¢t™ =D, >t£;‘jrl =---=f5:)+s =D, -1 2t52)+5+1 =W —

for some m =m(n), s = s(n) and for D,, := tgn).

LEMMA 2 ([4, Lemma 2]). For D,, defined in Lemmaldl there are two possibilities:
(I) D,, is bounded;
(1) D, — oo.

In the case (I) we have only the form (A) and D,, = const. = ¢ > 2 for all suf-
ficiently large n.

In the case (IT) both cases (A) and (B) are possible.

Construction [4, p. 8]

Assume that, for every n = 1,2, ..., we have given n-terms sequence
SR CI)

such that for every n =1,2,...

B <Y <Y ) <y, (34)
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Then, we define x,, xén) and X,(ln) as

T= f% m=12. (35)
1=1
j
=3 =12, m (36)
=1
(n) _(n) (n)
X7(74n): xz)"r?)7"'7‘r?) ) n:1727"' (37)
xn T T

Clearly 2 =2, and using ([B4]) we see that

j j
zy=y <3t =a™ =120
=1

i=1
which implies
F(X"™ z) < F(X,,z) forall xz€][0,1], n=1,2,... (38)
Selecting a sequence of indices ng, k = 1,2,. .., such that F(X,,,z) — g(x) and
F(X{™). 2) — §(z) for all x € [0,1], we have
g(z) < g(x) for all z € [0,1]. (39)

The case d =0 [4, p. 12]

In the case d = 0 the Algorithm implies lim,, ,o, D, = oo since if D, =
const. = ¢, then tgn), tg"), ot satisty (A) and dy = m > 1> 0. Note
that, in the opposite direction, lim,,_, D, = oo need not imply d = 0, see
the Construction.

The following theorem we shall formulate for the case (B), since the case (A)
gives the same result, putting v = 0 and s; = 0.

THEOREM 20 ([4, Th. 3]). Let x,, n=1,2,..., be an increasing sequence of pos-

itive integers such that d = 0 and let tgn), tén), e ,t%n) be a sequence produced
by Algorithm. For a selected sequence of indices ng, k =1,2,..., assume that
(i) F(Xn,,z) — g(z) and F(X{"™), 2) = §(z) for all z € [0,1];
(11) tgnk) - = t%LL:)): an > ti::—)i-(l :) = t'E;rzL:-)i-sk = an -1
> tm:—'rSk-'rl == tnkk =1;

(i) 2% — a;
(iv) 7& —.
Then we have g(z) < g(x) for all z € [0, 1], where
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(a) If o+~ >0 then dy =0 and §(z) = z(a+ ) for all x € [0,1].
(b) If « +~v = 0 and m’;l—Jl:S’“an — o0 then dg = 0 and g(x) = 0 for all

z € (0,1).
(c) Ifa+~v=0 and m’;IS"an%(S,O<5<oo, thendgzﬁ and
, _ 5
() = 0 Z.fl'<y2—m7
x(0+1)—0 if ypo<ax<1.

(d) Ifa+~v=0 and m’;L—ts’“an —0=0, thendy, =1 and §(x) = x.

4.8. Lower and upper d.f.s

In Theorem [I17] we gave the result [3, Th. 6] that for every integer sequence
1<z <x9 < -+ with d > 0 and every d.f. g(z) € G(X,,) we have hi(z) <
g(z) < ho(x), where hi(z) and ho(z) are defined in ([I8) and (), respectively.
Furthermore, by [3, Th. 6, 6° of Proof], there exists an integer sequence 1 <
x1 < g < --- with d > 0 such that he(x) € G(X,,). In this case ha(x) = g(x)
and G(X,,) has the following additional properties.

THEOREM 21 ([4, Th. 5]). Let 1 <xy <xp < --- be an integer sequence with
d>0 such that ho(x) € G(X,,). Then the set G(X,,) contains uncountable many
different d.f.s go(x), a € [1,00), of the form
I if e [0,4],
galx) =1 % if «€[58,8], (40)

d
d
nondecreasing if x € [B,1],
where for = 0(a) we have 1 <af < g. Furthermore, g(x) == is also in G(X,).

Proof. We use two steps.
19 Assume that F(X,, ,z) — ha(x) as k — oo for z € [0,1]. For every
a € [1,00) we can choose nj, > ny so that

(i) o= =«
From the sequence (n),ny), k =1,2,..., we can select a subsequence (with the
same notation) such that
(i) 7%= = B,
"k
where 8 = [B(«) but it is not given uniquely. We have only é% < B < i%

because /

LT
/
N, T x 7
ke "k
S TR L
k tnj Tp,

and which gives o < oo < 3 > 0. Now, from (n},n)) we again select a subse-
quence such that
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(iil) F(Xp,2) = g(2)
for all x € [0, 1]. Applying the identity ()

li
F(X,,,0) = £F (Xwﬁ) (41)
n

and assuming that d > 0, which implies everywhere continuity of g(x) (see
[24] Th. 6.2]) and g(x)>0 for 0<xz <1, then we can take limit in ({#I]) to obtain

ha () = aga () (42)
for = € [0,1]. Now, using he(z) = 1 for z € [%,1}, [@2) implies gqo(z) = L for
x € [%B,B] and hl(z) = g for z € [0, %] implies ¢/, (z) = gal—ﬁ for z € [0, %B].
Then we obtain (@) and since g (z) < ho(x), then 1 < af.

20, Again, let F(X,,,z) — hy(z) for z € [0,1]. For every limit point] 8 > 0

of ;iik,i: 1,2,...,n, k=1,2,..., we can select mj < ny such that

(i) 2= — B,

(Enk

i) 2k 5 o
mpg

(i) F(Xm,,x) — g(z).
The identity () in the form F(X,,,,z) = 7Z—’;F(va,acg;ﬂ) implies
'".)C
ha(2)
ha(B)

for z € [0,1]. From the form of hy(x) we have guaranteed that 8 € [0, %} is
a limit point of -~ and in this case ([@3) gives
"k

9(2) = aha() =

xﬁg
g(r) = —= = .
Fa
For 8 > %, if exists, we have g(x) = ho(z) for z € [0, 1], i.e.,
xﬂa if ze 0,gl ,
gle)y=9"% [d 1d’8] (44)
1 if ze[$5.1].

Finally, for ho(x) defined in (I9) for which ho(z) = g(z) for special 1 < 27 <
xo < ---, we see directly that

ha(zy) < ho(x)ha(y) (45)

8In the following a and 8 have another meaning as in 1°.
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ul

)

for every z,y € [0,1]. Also for hi(x) defined in (IJ), in the case z > (/1=

[s%

1
for which there exists a special sequence z,, (see [24, pp. 774-777, Ex. 11.2])
such that the lower d.f. g(z) = hy(x) we have]

d d d
(%(14))(5(1@)%@(1@ (40

for zy > /1=%. In the following theorem we extend (@H) and (@) for arbitrary

lower g(x) and upper g(z) d.fs.

l

THEOREM 22 ([4, Th. 6]). For every increasing sequence of positive integers

1<z <z <+, withd >0, the lower d.f. g(x) and the upper d.f. g(x) satisfy
9(2).9(y) < g(z.y) <g(z.y) < g(x).9(y) (47)

for every x,y € (0,1).

Proof. d > 0 implies that arbitrary g(z) € G(X,,) is everywhere continuous

and g(z) > 0 for > 0. Let y € (0,1).

19, Firstly we prove the left-hand side of (7).
a) If y is an increasing pointl] of g(z), n = 1,2,... then by (@) we have

gg((xy%) € G(X,) and thus g(z) < % which implies

9()g(y) < g()g(y) < g(ay) (48)

for every = € (0,1).
b) Let g(x) does not increase at y. Since every g(z) € G(X,,) is continuous
and %x < g(x) < gx for = € [0, 1], there exists the nearest neighboring point

y1 <y, y1 > 0 at which g(z) increases. Thus L2 ¢ G(X,) which implies

g(y1)
g(z) < %. Because g(y1) = 9(y), g9(xzy1) < g(zy), then again
9(x)g(y) < g(x)g(y) = g(x)g(y1) < g(zy1) < g(zy) (49)
for every x € (0,1).

Since g € G(X,,) is arbitrary, and for z,y € (0,1) by @) and [{8) we have
g(x)g(y) < g(zy), then the definition of lower d.f. of G(X,,) as

g(zy) = inf g(xy) implies g(x)g(y) < g(zy).
geG(Xy)

20. Now, we prove the right-hand side of (@T).

9This holds also for arbitrary z,y € (0,1), since it is equivalent to z(1 —y) < 1 —y.
OFither g(y — ) < g(y) or g(y) < g(y + €), for arbitrary & > 0.
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Again, if y is an increasing point of g(x), then % € G(X,), thus
<

a)
glzy)
9(y)

g(x) which implies

g9(zy) < g(y)g(z) <g(y)g(x) (50)

for z € (0,1).
b) Let g(x) be non increasing at y and let yo be the nearest point to the right
at which g(z) is increasing. Again, by 2 dy < g(x) <4 Sx, this point exists and thus

for given g(z) € G(X,,) we have gg((zy v2) e G(X,), gg((zny)) < g(x) which implies

9(zy) < g(zy2) < g9(y2)g(z) < g9(y)g(x) < g(y)g(x) (51)
for z € (0,1). Then

g(zy) = sup g(xy) implies g(z.y) < g(x).g(y)

for z,y € (0,1). O

Note that by J. Aczél [I, p. 144-145, Th. 4] every continuous d.f. g(zy) =
9(2)g(y) has the form g(z) = z° for a constant ¢ and x € [0, 1].

4.9. Construction H C G(X,,)

Basic open problem is that characterize a nonempty set H of d.f.s for which
there exists an increasing sequence of positive integers x,, such that G(X,,) = H.
In [3] we found integer sequence 1 < 27 < xo < --- such that the piecewise linear
function ha(x) defined in (I9) belongs to G(X,,). In [] is the following extension
of this construction:

THEOREM 23. Let H be a nonempty set of d.f.s defined on [0,1]. Then there
exists an integer sequence 1 < xq < x9 < --- such that H C G(X,,).

Proof.

19. To the set H it can be constructed a sequence of continuous strictly increasing
piecewise linear functions h,,(z),n = 1,2, ..., such that every f(z) € H is a weak
limit h,, () — f(z).

20, For every h(x) possessing at points 1 =0 < o < +++ < By 1 < Bs =1
the values a3 = 0 < ag < -+ < ag—1 < ag = 1, respectively, and being linear
in each interval [3;, 5;+1], we can define a sequence of integer intervals [m§C ), ngl,
k=1,2,..., and their divisions

m <m <. <mPT <ml <y
in which we can define integers
l‘mgvn < l‘m;m << xmlikl) < xm1<5> < Ty,

such that for i = 1,2,..., s we have
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an

n
‘ (@) (i-1)
(iii) Ty = T (i) >my —my

. (s)
(iv) zp, — ) >ng —my .

For other n € [mg), nk] we define x,, linearly, i.e., for n € [mg_l), mg)} we put

(v)

(i—1) xn”(:) - .’L’mngn
Ty, = xm)(:fu + (TL —m,, ) m(i) - m(i_l) .
k k

Directly from (i), (ii) and (v) it follows that

# {n € [m,il),nk}; e L x}
Nk

N

See the following Fig. 1 and Fig. 2.

— h(z) for z€(0,1) as k— oc.

m)<:+1)
ok Qg1
p
- Bit1
o (i+1)
M
T

k

FIGURE 1. A part of graph of h(z) and (i)—(ii) properties.

(52)
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()

Note that, in this step, the intervals [m, ’,ni], K = 1,2,..., can intersect.
For necessity of pairwise disjointness we use the next step.
T,
xm](cs)
l’miz)
xm,il)
D m® m® ni
FIGURE 2. (iii)—(iv) properties.
39, One solution [mg), nkl, k = 1,2,... in 20 gives infinitely many solutions

by the following: Let Ax < By be two positive integer sequences. Replace

[m,(cl), ng] by [Akm,(cl), Agny] with division

Akmfj) < Akm,(f) << Akm,(j_l) < Akm,(:) < Apny,

and define the values of z,, as

.’L’Akml(ci,) = kaml(ci),

i=1,2,...,s and a,n, = Bixn,. Then the limits (i) and (ii) again hold

xAkmgj) - kam,@ N B Akmg)
- iy
T Apng By, Apnyg

— Q.
Also (iii) and (iv) hold, since
.%'Akmg:) — xAkm,iFU = kamg) — kamngn

> By (m,(j) - mg_l)> > Akmg) - Akm,(:_l).

49, Let hi(z), i = 1,2,... be a dense set of d.f.s in H and for h;(z) = h(x)
(1)

rewrite the interval [mk1 ,ni] in 29 as [m,(;’i), ng)] Order these intervals to infinite
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matrix A
1,1) (1 1,1) (1 1,1) (1
[mg ),ng )],[mg ),ng )],...,[m,(c ),n;)],...
1,2) (2 1,2) (2 1,2) (2
[mg ),ng )],[mg ),ng )],...,[m,(g ),n;)],...
1,4) @ 14) (i 14) (G
[m:(l )7 ng )]7 [mg )7 ng )]7 MR [m]((j )7 n;{;)]7 A

and reorder it to a linear sequence by diagonals, i.e., to
1,1) (1 1,2) (2 L) (1
") i i), ),
and denote it as a new sequence [m,(cl), ngl], k =1,2,... Since these intervals can

intersect we use in 3° suitable A, < By, k = 1,2,... such that the resulting
sequence is disjoint and

. (1)
(vi) T ) = Tpy =Myl — N,

k+1

. 1

(vii) T, 2 mg ),

For n which are not in the intervals [mg),nk], k=1,2,... we can define z,
linearly. Now, if from ny, & = 1,2,... we select n) corresponding to ith line
of A, then F(X,,,x) — hi(x) for z € [0, 1].

5°. Finally, we give a solution of (i)—(iv) in 2% We start with increasing sequence
of indices ny, k =1,2,..., and let A > 1 and put (integer parts are omitted)

Ty, = ANy,
0 = Bidng,
m? = a;ny.
For (iv) we need
Ty = Ty = Bidng — BimtAng = A(Bi = Bi—1)mu
(i=1)

2 mg) —my, = (o — a—1)np

which gives assumption A > max % O

Note that by Theorem B3] there exists an integer sequence 1 < 27 < g < - - -
such that G(X,,) contains all d.f.s. Especially, for every sequence y, € [0,1),
n=1,2,..., there exists an X,, such that G(y,,) C G(X,).
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4.10. g(z) € G(X,) with constant intervals

THEOREM 24 ([23]). Assume that d > 0. If there exists an interval (u,v) C [0, 1]
such that every g € G(X,,) has a constant value on (u,v) (may be different), then
every g € G(X,,) has infinitely many intervals with constant values such that g
increases at their endpoints.

Proof. Since

then we have ()

F(Xp,x) = %F (anx—m)

Tn

for every m < m and x € [0,1). Using the Helly selection principle, we can
select a subsequence (my,ny) of the sequence (m,n) such that F(X,,) — g(z),
F(X,,) — g(x) as k — oo; furthermore x,,, /z,, — [ and ng/my — a, but «
may be infinity. Assuming § > 0 and g(8 — 0) > 0, we have a < oo and (3]

g(x) = ag(zp) a.e.on [0,1].

Thus, if §(z) has a constant value on (u,v), then g(x) must be constant on the
interval (u83,v3). Furthermore, if d > 0, then for every g € G(X,,) we have (1))

(d/d)x < g(x) < (d/d)x

for every x € [0, 1]. Thus, there exists a sequence 3y € (0,1) such that 8; N\, 0
and g(x) increases in B, g(Bk) > 0, k= 1,2,... For such B, g(z), applying the
Helly principle, we can find sequences ay and gi(z) € G(X,,) such that

§k(96) = akg(xﬂk)

a.e. on [0, 1]. Every gi(z) has a constant value on the interval (u,v), hence, g(x)
must be constant on the intervals (ufk,vf) for k =1,2,... O

4.11. Transformation of X,, by 1/x mod 1
The mapping 1/z mod 1 transforms the block X,, to the block

zn:(x_nx_n...,x_n)modl.

x1 T’ T,

For example, the block sequence X,, = (%, %, cee %), n=1,2,... which is u.d.
is transformed to the block sequence

Zn:(%,g,...,%)modl, n=12 ...
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which has a.d.f.
1

1—t* > T I"l+=x
o) = [ T =Y e = R

0 n=1

where g is Euler’s constant. This was proved by G.P6lya, (see I.J. Schoen-
berg [I7]). The following theorem, which generalizes [12, p. 56, Th. 7.6] de-
scribes a relation between G(X,,) and G(Z,,).

THEOREM 25 ([9, Th. 7]). If every g(x) € G(X,,) is continuous on [0,1], then
G(Zn) = {é(w) =Y g(1/n) = g(1/(n+2)); 9(x) € G(Xn)} -

Proof. For f(z) =1/z mod 1 we have f~*([0,¢)) = U2, (1/(t +i),1/i]. Thus
F(Zn,t) = 3721 (F(Xa, 1/1) = F(Xp, 1/( +1))).

19, Assume that F (X, ,z)— g(z), where g(z) is everywhere continuous on [0, 1].
Thus

(F(Xnk, 1/i) = F(X,,, 1/(t+ i))) - i(g(l/i) —g(1/(t + i))),

=1

-

Il
A

7

K

(X 1/8) = F (X, 1/t +1))) < F (X, 1/(K + 1))
+1

Il
=

—g(1/(K+1)) —0.
Thus F(Zy,,t) = g(t) = > i2,(9(1/i) — g(1/(t +14))) for ¢ € [0,1].
20, Assume that F(Z,,,t) — §(t) weakly. From nj there can be selected n/,
such that F(X,,z) — g(z). Assuming continuity of g(z), we apply 1° O

5. Examples

ExamPLE 1 ([24]). Put z, = p,, the nth prime and denote

2 3 n—1 Dn
Xn:(__...up_).

Pn ’ Pn ’ ’ Pn ’ Pn
The sequence of blocks X,, is u.d. and therefore the ratio sequence py,/pn,
m=1,2,...,n,n=1,2,... isu.d. in [0, 1]. This generalizes a result of A.Schin-

zel (cf. W. Sierpinski (1964, p. 155)). Note that from u.d. of X,, applying
for the L? discrepancy of X,, we get the following interesting limit

_ 1 @ 1
lim Z\pi—pﬂ:g.

2
n—o0 N,
Pn =1

167



OTO STRAUCH

EXAMPLE 2 ([24, Ex. 11.1]). Let v, §, and a be given real numbers satisfying
1 <~ < 6§ <a. Let x,, be an increasing sequence of all integer points lying in the

intervals v ook
(’776) (’yavda)vv(’ya’da )7
Then G(X,,) = {g:(2);t € [0,1]}, where g¢(x) has constant values
1 (0, a7) .
=—— f - =0,1,2,...
gi() T+ a1 or xealﬂ(té—i—(l—t)v)’ 1 =0,1,2,
and on the component intervals it has a constant derivative
I 0 + (1 — t)V (77 5) .
) = for x € — , 1=0,1,2,...
W= T D a0+ (1 07)
Y
d — 1
e e <t5+(1—t)7’ >
where
F(Xn,,x) = g¢(z) for ny, for which z,, = [a"y+ta"(5 —7)]. (53)

Here we write (xz,yz) = (x,y)z and (x/z,y/z) = (x,y)/z. Then the set
G(X,) has the following properties:

19, Every g € G(X,,) is continuous.

20, Every g € G(X,,) has infinitely many intervals with constant values, i.e.,
with ¢’(z) = 0, and in the infinitely many complement intervals it has
a constant derivative ¢'(z) = ¢, where % < ¢ < 5 and for lower d and

[ISU

upper d asymptotic density of z,, we have

6% (6-rya
oy Ty

3%, The graph of every g € G(X,,) lies in the intervals

1 1 1 1 1 1
S S TN Pt Y PN e
a?’ a a?’ a
1 1

Moreover, the graph ¢ in [Lk, k,l] X [a_k’ #] is similar to the graph

of g in [ak1+17 alk] [akﬂ, =% ] with coefficient é Using the parametric

expression, it can be written for all z € (-, &) that g(z) = gt(a m),
1=0,1,2,...

4%, G(X,,) is connected and the upper distribution function g(z) = go(x) €
G(X,) and the lower distribution function g(z) ¢ G(X,). The graph

of g(x) on E, 1] X E, 1] coincides with the graph of

= (5 (2)
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on [2,1], further, on [%, 2] we have g(z) = 2.

5. G(X,) = {22 s[4, 2]}

90(B) a’ ay
For the proofs of 1% — 5% we only note:
Assume that z,, € a*(v,0), i,5 + 1,5 +2,--- € a?(v,d) for some j < k, and let
F(X,,z) = g(z) for some sequence of n. Then g(z) has a constant derivative

in the intervals containing -, - 22 since
n n n

n
it+1 4 n ’
Tn Tn

and thus = must be convergent to g'(x), so For

Q=

we can find

/ N .
g (x) = lim — = lim —
T T ST w6 ) a5+ (1= 1)~

to+ (1 —1t)y
G- +0
Using Theorem [I8 and [3, Ex. 3] we shall add the following properties more-
over:

6°. By definition (B) of the local asymptotic density d, and by (E3)) for g(z) =
g¢(x) we have

k=1 k
; 0 — ta® (6 —
g, = lim 2 _ 2i—0 ak( ) +ta"(6 — )
k—oco Xy, k—o00 a”vy + tak(d — ’)/)

_ (=7 +tla—1) o)

(@ =1y +06-))
and for t = 0 we have d,, = d and for ¢ = 1 we have d,, = d and we see
1
i) = — (55)
gt
for x with the constant derivative of g;(z).

79, For the function hy 4(z) defined in (28]), putting g(z) = g:(x), we have:

4 y+td—y) l-dg _ gl
dg, y(1+tla—1)) 1-d ~F+td—-7)
d 1—dy, 1

dy, 1—d  1+tla—1)

169



see the following figure

OTO STRAUCH

y+t(6—7)
TSinEoy  for e € (0, my) (56)
1
+1—a, forxe(i,ﬁ_t('g_,y), ),

hlygt(x) = {xi
(1,1)

gi()

h17gt (x)

—~
Q
ol
S]
o
—

Figure: g;(x) and hi,g, ()

89, In the proof of the upper bound (29) we have proved that 1 fo hi,g(x) dz is
maximal for dy = min(v/d, d). Let to € [0, 1] be such that dg, = min(\/d, d)

and tog can be computed by inverse formula to (B4)
dg (@ = 1)y = (6 =)
t= 2 : 57)
G- @D~y (
. Let P(t) be the area in [£,1] x [2,1] bounded by the graph of g;(z). Then
1
P() 1 n 1
gt 1 a% a+ 1
0
i1 (0 -9)
2 2(a+ 1) (T+tla—1)(y+t0—7))
t(6 —va) (58)

1
+ o
2 (1+t(a—1)(y+t6—2))
g(z) we have that the max,c[g 1 fo g¢(z) dzx is attained
. 1
b (x

and since go(z) = g(x
at t = 0. Using derivative of P(t) it can be see that the minc(o 1) [, g¢(2) dz
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is attained at t = 1. It also follows from the fact that for z,4+1 = z, + 1

we have
n+1 n
n+1 Ty N T

8

H

1 1 1 1 —
e DO
n+1 Tp+1 n+1 1+ n n

% i=1 7 < 1. Now, denot-

ing the index ny, for x,,, = [a*§], the lim sup of 711 2?21 ;3:1 is attained over
n =mng, k=0,1,2,... and for such n, we have F(X,, ,z) — ¢:1(z) for
x € [0,1].

10°. Thus we have

because ¢1(z) ¢ G(X,,) and thus limsup,, .

n

1 T 1 1 1 ~ya — 0
lim inf — —=1- d ———. 59
e n < /go(x) T3 (a+1) ( vy )’ (59)

. 1 o= z; 1 1 1 ~ya — 0
hmsup—zx——l /gl( )dx :§+§'(a+1)< 3 ) (60)
i=1"" 0

The upper bound (23] coincides with the maximal value of 1— fol hi,g(x)dz

attained for d, = min(y/d,d). Since 1 — fol g1(z) dz is maximal for all
l—fo ge(x)dz, t € [0,1] and 1—f0 g1(z)dz < 1—f0 hi,g, (x) dz then the
upper bound (IBDI) satisfies (29]).

11°. Using explicit formulas

_ (6= = _(6=9a
d_v(afl)’ d_é(afl)

for asymptotic densities we see again that (B9) and (60) satisfy ([28) and
([29), respectively, in Theorem [T9

(61)

ExamPLE 3 ([9, Ex. 2]). Let x, and y,, n = 1,2,..., be two strictly in-
creasing sequences of positive integers such that for the related block sequences
X, = (;—1, ce i—") and Y,, = (y ey Z”) we have singleton for both G(X,,) =

{g1(z)} and G(Y,) = {g2(2)}. Furthermore, let ny, k = 1,2,..., be an in-

creasing sequence of positive integers such that Ny = Zle n; satisfies ]Z—i — 1.
Denote by z, the following increasing sequence of positive integers composed
by blocks (here we use the notation a(b, ¢, d,...) = (ab,ac, ad, .. .))

(T1ye e s @ny)s Ty (Y1s -+ 5 Yng )s Ty Yng (T15 - -+ s T )y Ty Yo Trg (Yo« -« s Yy ) s - - -
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Then the sequence of blocks Z,, = (Z—1 cee %) has the set of d.f.s

Zn’

G(Zy) = {g91(x), g2(x), co(x) } U {g1(xyn)in =1,2,...}
U {gg(xxn); n=12,.. }

U{liaco(x) + 1jagl(x);a € [0,00)}
1

U { ——cola) + 1fagz(x);a € [O,w)},

where g1 (zy,) = 1 if zy, > 1, similarly for go(xx,).

Proof. Forevery n =1,2,... there exists an integer k such that
Ni_1 <n < Ng

(here Ny = 0). Put n’ = n — Ny_1. For every n we have

— {xmyn2 . Ty, Yn if k is even,
n =

TniYng - - Ynp_1Tn! if k£ is odd.
Firstly we assume that k is even. Then Z,, has the form

Ly =

)
TnyYng -+ - Ty, Yn! Ty Yng + - - Ty Yn!

< 1 ( 1 ynk2> i ( T xnkl) (yl Yn' >>
’ Tnp_1Yn’ \Yny_» ’ ’ Ynp_»o ’ Yn' \Tny_y ’ ’ Lnp_1 ’ Yn' ’ ’ Yn’

1
Tk—1

< Ty Yng - Ynpo(T1s- s Tnp ) Ty Yng - - .xnk_l(yl,...,yn/)> B

and thus for x > we have

x

Ni—o + nk—lF(Xnk—lvxyn’) + n’F(Yn/,x)

Fnn = Ni—1+n/
_ N2 17\1712:11 F(X 1 Y.
=Nt g o P my) + e F(V ).
Ni_1 7

If n — oo, then the first term tends to zero. If F'(Z,,, ) — g(x) for some sequence

n
Ny -1

— 00. For such n’ we distinguish the following cases:

of n, we can select a subsequence of n’s such that — «a for some « € [0, 00),

!
n
Ni—1

or
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(a) If ' = constant, then

Nk—1
Np_
N +k ;, F(Xn 1, 2Yn’) = g1(xyn ) ( here g1(xy, ) =1 for zy, > 1)
Ng_1
1
Tt NiL F(Yn/,.’IJ) —0

and thus F(Z,,x) — g1(zyn).
(b) If n’ — 00, then F (X, ,,xy, ) — 1; precisely F(X,,_,,Zyn’) — co(z).

(bl) I (Zyn,x) = co(x).
(b2) (0,00), then F(Z,,z) — H_aco(x) + 1+ag2( x).
(b3) (Zn,x) = 0+ g2().

For k-odd we use a similar computation. O

Now, identify x,, = y, and select x,, such that g;(x) = = (e.g., x,, = n or

Xy, = Pn, the nth prime) and put n; = 2 for k = 1,2,.... Then the set of all
d.f.s

={g1(),co(x)} U{g1(zzn)in=1,2,...}

u{ o)+ T n()ia € 0.0}

1+« 1+«

is disconnected, as it can be seen in the figure on the page [[74l

EXAMPLE 4. Let x,, n =1,2,..., be an increasing sequence of positive integers
for which there exists a sequence ng, k = 1,2,..., of positive integers such that
(as k — 00)

() M=t 0,

(i) 7= —0,

"k

(i) 21 0, and

Ty,

(iv) Tpp—i =ap, —ifori=0,1,...,np —ng_1 — L.

Then the sequence of blocks
Tp T T

G(X,) = {ha(z); € [0,1]}.

has
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{sco@) + 1201 (@) € [0,00)} {g1(ezn)in=1,2,...}

Proof. For given § € [0,1] and n = nj — [0(ny — nk—1)] and by (iv) we have
Ty = Tp, — [Q(nk — nk_l)].
For i < n we distinguish two cases: z; € (zp,_,, ] and z; < x,, .

(I) For z; € (zp,_,,2n] we have

T {xnk — (ng —ng—1)+1
Tn Ty — [O(ng — ng—1)]
as n — oo and for any 0 € [0, 1]. The number of such z;’s is

(nk — nk_l) — [G(nk — nk_l)] = (1 — 9)(7% — nk_l) + O(l)

(II) For z; < x,, , we have

,1] — [1,1]

T Lnp_y

— € |0,

Ln [ Ty, — [0(r — 1ge—1))]
We thus get, for any = € (0,1) and any sufficiently large n,

] —10,0].

Nk—1 Ng—1
F(X,,z) = - .
(X, w) = = nh—1 + (1 — 0)(nk — ne_1) + O(1)

This gives:
(a) If 0 < gy < 1, for some fixed ¢g, then
F(X,,x) = ci(x).

(b) If = 1, then
F(X,,x) = co(x).
(c) For any a € (0, 1) there exists a sequence 0 — 1, as k — 0o, such that
Nk—1
ng—1 + (1 = 0k)(ng — ng—1)

— Q,

and in this case
F(X,,x) = ho(x).
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O
Note that the sequences n, = 2¥ and Tp, = 2(k+1)* satisfy the assumptions
(1), (ii), (iii) and (iv). We also see that G(X,,) is connected but
F(X,+1,2) = co(z), and
F(X,,,z) — c(z),
a.e. on [0, 1] and thus p(t,,+1,tn,) — 1. Using the permutation 7 : N — N
1,2,....,n1,n9,n0 —1,no—2,....,n1 +1,no+1,n04+2,...n3,n4,n4 — 1,
Nng—2,....,n3+1,ng+1,ng+2,...,n5,n6,N6 —L,ng—2,...,n5+1,...

we have p(tr(nt1), tr(n)) — 0 as n — oo, because the “neighbouring” d.f. of ¢,
satisfies the scheme

ca(z),e1(x), ..., co(x),co(x),...,c1(x),cr(x), ... co(x),colx),...,

ca(z),e1(x), ..., co(x),co(x),...

ExXAMPLE 5. In [§] is proved that xfil — 1 does not imply that G(X,,) is
a singleton. This is a negative answer to the Problem 1.9.2 in [20].

Let ag, ng, £k = 1,2,..., and x,, n = 1,2,... be three increasing integer
sequences and h; < hy be two positive integers. Assume that

(i) 2= — 0 for k — oo;

Mgl
(ii) s = 0 for k — oo;
(iii) for odd k we have
ap? < T, = (ar—1 +np — ng—1)™ < (ar +1)" and
z; = (ar +1i—ngp)"? forng <i < mnppr;
(iv) for even k we have
al < = (ag—1 +nk —np_1)" < (a), +1)™ and

x; = (ap +1i— nk)hl for ng < i < mgyq.

Then —*=— — 1 and the set G(X,,) of all distribution functions of the sequence

n+1

of blocks X, is G(X,,) = G1 UG2 U G3 U Gy, where

G, = {x%.t;t € [o, 1]},

Gy = {x%(l —t)+t;t €0, 1]},

Gs = {max(O,xﬁ —(1- xﬁ)u),u € [0,00)} and

Gy = {min(l,xﬁ.v);v €[1,00)}.
In [24, Th. 5.2, p. 762 | = Theorem [I5] it is proved that the condition mszl —1
implies the connectivity of G(X,,)
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Proof. 1. Firstly we prove that for any hy < hsy the sequences ay, ny, x,, satis-
fying (i)—(iv) exist:

Fori=1,...,n; we put 2; = i"* and then we find a; such that ay he < T, <
(a1 + 1)"2. If we have selected, for an odd step k, all a;, i = 1,2,...,k — 1, x;,
1 =1,2,...,np, then we find a; such that aZ2 < 2n, < (ar + 1)"2, and then
we put z; = (ap +i—ng)"? for ny < i < nypy1, where we choose ny 1 sufficiently
large to satisfy the limits (i) and (ii). For an even step k we proceed similarly
replacing ho by hy.

2. In contrary to the independence of a; and ng41 we have

ak

(62)
oy
nk n,
This follows from (iii) and (iv), directly, e.g., from (iii) we have
ha hy 1 hao
a,;; - <ak:—1 +1”k¢—1> - (ak:‘: )"
n,t N Nk n,t
As an application of (62) we have
a—kAOforoddk%oo Ik 5o for even k — 0. (63)
N N

3. Now we prove *- — 1 as i — oo. Let i € (nk,ni+1) and let, e.g., k be
odd. Then by (iii)

h h

; 1 2 1\"7
i :(1,—> >(1—>
Tit1 ar+1+1—ng ag

and for i = ny again
h2 h2
T a 1
UL b > <1 — —)
Tnp+1 ((lk; + 1) 2 a

which implies the limit 1 as odd k — oco. Similarly for even k.

4. Let N € [ng,nk11] be an integer sequence (we shall omit the index in Ny)
for k — oo. For z € (0,1) we have

#{1 <1 < Nk—1; ;E
F(Xn,x) = N
#{nk-1 <i <ng; o= <} #{nk<z<N L <z}
N N
A B
o1 4 = 64
= o1) + 5 + 1 (64)
To compute % for odd k we use
€X; (ak_l +17— nk_1)h1 . 1 ha
— = =i —ng Ry N —ng)m —ap_
v (an N —np)hs < i —ngp_1 <z (a; + ng) ap—1
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and we have
h

(ag+ N —n)™ —ap_1)))

F“,_‘

A min(ng — ng_1, max(0, [z

= = ) 65
N N (65)
Similarly, for even k
1 hi
A min(ng — ng—1, max(0, [x72 (ag + N —ng) ™ — ax_1])) (66)
N N '
For % and odd k we use
. R h2 1
;_;: (%) <x<<=i—n<xh(ag+ N —ng)— ag
which gives
B min(N — ny, max(0, [x% (ar + N —ng) — agl])) (67)
N N '
Similarly, for even k we have
B min(N — ng, max(0, [z (ar + N — ny) — ax)) (68)

N N

In the following we will distinguish three cases

—t>0.

n n
—k—>t>0, 5 50 and — 0, and
N N N1 Ne+1

5. Now, let & — ¢t >0 as k — oo.
a) Assume that k is odd and compute the limit of 4 by (GF). We have

Tkl 5 tand if t <1 we see
ha

1 N g
ot [y N (om) e
since 5 for hy < hy is unbounded and by (62)

N P2
a a n % hi
L\N

hy
N r2 Ry
ny,

is bounded. Thus, for 0 < t < 1, we have

A
N t  forodd k— oc. (69)

al) Let for the moment ¢ = 1. We have % — 1 and

oY
2
s
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ha

R
hi Q. N — ni ! Af—1
L by + by a N
N h2 N h2
ho

assuming the limit Y% — 4, where u € [0, 00) can be arbitrary. Put v = (14-u)™1.

L hy
—zhi(1+u)™

hy
N h2
Thus for ¢ = 1 and corresponding v € [1,00) we have
A 1
— — min(l,z"1v) for odd k — oc. (70)

If N;,fl“c — 00, then

Nh2 A
N 1 for odd k — oc. (71)
b) Now, again 0 < t < 1. For even k in (G6) we have
hy
ho
x% alf; + ]\;/:2 ( B %) - —>1‘h12 t
Ni= N N N
since by (62) vy
ag ag NE\ 71 ha
m= (3)" o
hy hy
M
Thus
A 1
N xhz.t for even k — oo. (72)
c) For the limit £ as odd k — oo we compute (B7) by using Y= — 1 —¢
and
e (a—]\];—l—l—%) —%—)x%(l—t)
since by (63) we have 3 = #&3¢ — 0. Thus
B L
N — zh2 (1 —1t) for odd k — oc. (73)

d) Again by (G3)), for even k we have & = 2k %k — oo, then (assuming x < 1)

Nk

1 ra n a
x™M (—k+1f—k)f—k%foo.

N N N
Thus
B
~ 0 for even k — oo. (74)
e) Summing up (69), (72), (73) and (7)) we find, for every = € (0, 1),
1
P2 (1—t)+t forodd k—
F(Xy.2) = xj( )+ or o 00, (75)
xh2 t for even k — oo
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h
for & —t,0<t<1 For & —t=1, h?k %Uandﬂz(lJFu)ﬁ we have

NP2
applying ([0)
F(Xy,z)— min(l,xﬁ.v) for odd k — oo, (76)
and for & = — 0o we have
N ha
F(Xn,z) — co(x) for odd k — oo, (77)

where ¢o(x) =1 for x € (0,1).

6. In the case & — 0 and L — 0 we have % = o(1) and then it suffices

to compute the hmlt ~ by (IBZ) or (IBEI)

a) Assume that odd k — oo. Since Nz_vnk — 1 and by (B3) we have % =

ak % — 0 and thus
ng

x%(a—k+17%>—%%x%. (78)

b) Assume that even k — oo. In this case (by (62)) and (ii)) we have

ha ha
ag ag TL,:I (073 ag Igl
~ = TRy L — 0, then — 0.
N nrt N i Nk+1 Ng41
k k

— u. (79)
Then
Gl L %) _ 8k R (1=t
x (N +1 N N (1 -2 )u. (80)

¢) Summing up (78)) and (80) we find for every x € (0,1)

1
F(Xy,7) - {xh2 N B for odd k£ — o0, (81)
max(0,z%r — (1 — 2™ )u) for even k — oo
Ez
for 2 — 0, 2~ — 0 and for u € (0, 00) satisfying () i — 00
then
F(Xn,z) = c1(x) for even k — oo, (82)

where ¢i(x) =0 for x € (0,1).
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7. Finally, let %ﬂ — ¢ > 0. Then §¢ — 0, because (ii) nZ’il — 0. Computing
the limit £ by (©7) or (8) we find

= S

xh2  for odd k — oo, (83)
x

By

1 for even k — oo.

F(NN,Z‘)—>{

8. Now, assume that F(Xy,x) — g(z) for some sequence of N € [ny, ng41],
ie., g(x) € G(X,). Then we can find subsequence of N (denoting again as N)
h

22
Ry
such that &, Ijv _%’}_’“, n}i\i - and n’“T converge. Consequently g(z) is contained
2
in the collection of (73), (76), (77), (1), (82) and (&3).
Thus the proof is finished. O

L. Misik (2004, personal communication) found the following sequence z,,
for which ¢;(z) € G(X,,) and co(z) ¢ G(X,,) and consequently the implication
Q.7 in [9] does not hold.

EXAMPLE 6. Let x,, n =1,2,..., be an increasing sequence of positive integers
which satisfies the following conditions

k(k—1)

(i) if np = (k+1)(k—=1)127 =2 for k=1,2,..., then x,, = (k + 1)ny,
k(k—1)

(ii) if nf, = k(k—2)!127 2 then z,, = k?n/,
k
(ili) if n = 2'ng1 +7,0 < j <2np_yand 0 <i <k —1for k=1,2,..., then
Ty =Tp, (1+1)2°+ (i +3)kj (i.e., n € [ng_1,n}]),

(iv) if n € [ny,ng] for k=1,2,..., then x,, = 2,y +n —ny.

Then for the sequence of blocks

Ty Tp T
we have c1(z) € G(X,,) but co(z) ¢ G(X,)

Proof. We start with the following figure:

= - - Apa=(k+1)k
0 !z_\, 4k D2 =5k T ( )

rrrrr

Trg_1 Ting Toln, . Tok—2q, Tok-1p, , =&n!

Here for n running through [2°nj_1, 2¢7'ng 4], the x,, is equi-distributed
in (@i, ,,Toi+1,, ] with difference A;, where i =0,1,...,k — 2.

5 This and the Theorem [I3] imply that G(Xy,) ¢ {ca(x);a € [0,1]}.
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19, Using the definition of z,, we can see that % — 1 and % — 0 and thus
we have ¢1(z) € G(X,,).

2Y. On the contrary, assume that there exists increasing sequence m; < my,
1 =1,2,..., such that m} € [ng_1,nx], k = k(1), (i) i:i — 0 and (ii) :'n—LZ — 1 as
[ — oo.

a) If [27ng_1,27 T ny_4] C [m], my] for some 0 < j < k — 2, then

m; 29ny_1 1
my — 29 tln,_, 2
which contradicts (ii).
b) If [m}, my] C [29nk—1, 27" 2nj_1], then

iy T U (2

Ty Tgiten,,  (G+3)2F2 T\ j+3

1
4
which contradicts (i).
c) If [n},, ng] C [m], my], then
/ /
4] < "y
mp T g
which contradicts (ii).
d) If mj € [2872ng_1,n}) and my € [n},ngl, i.e., m = n}, + i, then (because
n, =2 my_q and x,, = Ty + 1)

xrn; Tok—2p, - Tok—2p, ) .’L'n;c (l{j — ]_) 1 1

> N .
T, T, Tok-1n, , Tm, k 2 14+ =
’".k
! /
m n 1
a4 < Tk —.
my my 1+ v
k
. . . '3 .o . . '3 . 7 . .
Furthermore, (i) implies ar 0 and (ii) implies C T — 0o which is

impossible.
e) If [2ng, 2°nk] C [m], my] then
m 2 1
my — 2%2ng 2
which contradicts (ii).

f) Finally, assume that m; € [n},ng] and m; € [ng, 2ng]. Since x9,, = 4, ,
we have
g Ewy w1
Ty Tong 4, 4
which contradicts (i). O
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6. Historical remarks [21], 1.8.23]

For every n =1,2,..., let
Xn = (xn,la cee >xn,Nn)
be a finite sequence in [0, 1]. The infinite sequence
W = (.’1,'171,...,.%'17]\]1,.’1,'271,...,.’1}27]\]2...),

abbreviated as w = (X,,)22;, will be called a block sequence associated with the
sequence of single blocks X,,, n =1,2,... We will distinguish between block se-
quences and sequences of individual blocks. For the block sequence w = ()52,
we can use the step d.f. Fy(z) defined as

Fy(a) = #{n < ijyn <z}

for x € [0,1), and F(1) = 1. For individual blocks X,,, we define

#{Z S Nn; xn,i < .’IJ}
Ny,

F(X,,x)=

for x € [0,1) and F(X,,,1) = 1.
A d.f. g is a d.f. of the sequence y, if there exists an increasing sequence
of positive integers Ny, No, ... such that

lim Fy, (z) = g(x)
k—o00

a.e. on [0, 1].
A d.f. gis a d.f. of the sequence of single blocks X, if there exists an increasing
sequence of positive integers ny,no, ... such that

lim F(X,,,z) = g(z)
k—o00

a.e. on [0, 1].

Denote by G(y,) the set of all d.f. of the sequence y,, and denote by G(X,,)
the set of all d.f. of the sequence of single blocks X,.

In the literature various types of blocks were published:

I. J. Schoenberg [I7] introduced and studied the asymptotic distribution
function (abbreviating a.d.f.) of X,, with N,,=n. For the definition see Section 2.
He gave some criteria and mentioned a result of G. P61y a that

Xn:(f,ﬁ,...,ﬁ>mod1

12 n

asa.d.l. g(xr) = __z t. E. aw k a in the monograp p. o7-60], calle
has a.d.f 1 qt. E. Hlawka in th h 57-60], called

sequences of single blocks X,,, for N,, = n, double sequences and, for general N,,,
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N,,-double sequences. As examples he included a proof of uniform distribution
(abbreviating u.d.) for

1 2 1 a
Xn:(_,—,...,ﬁ>, and Xn:(—,aﬁ,...,ﬂ),
nn n n' n n

where a1 = 1 < az < --- < gy, g.c.d. (a;,n) = 1 and ¢(n) denotes Eu-
ler’s function. U.d. for related block sequences w = (X,,)52; is given in the
monograph of L. Kuipers and H. Niederreiter [I2 Lemma 4.1, Ex-
ample 4.1, p. 136]. G. Myerson [I3, p. 172] called a sequence of blocks X,
(without any ordering in X,,) a sequence of sets. The same terminology is used
by H. Niederreiter in his book [I4]. Myerson called the associated block
sequence w (X, with some order) an underlying sequence and established crite-
ria for u.d. of X,,. The sequence of single blocks X, with N,, = n is also called
a triangular array. R. F. Tichy [25] gave some examples of u.d. of such X,.

Let x, be an increasing sequence of positive integers. Extending a result
of S. Knapowski [II], S. Porubsky, T. Saldt and O. Strauch [I5]
have investigated a sequence of blocks X,, of the type

Xn=<i,3,...,x—">.
Ty T Tn

They obtained a complete theory for the uniform distribution of the related
block sequence w = (X,,)5% 4.
As we see in this paper we have concentrated only on the sequence of blocks

Xn,n=1,2, ..., with blocks

Finally, denote by N the set of all positive integers and if a subset A C N
is given, define the ratio set R(A) as R(A) = {a/b;a,b € A}. Main result [22]:
For every A C N if the lower asymptotic density d(A) > 1/2 then the ratio set
R(A) is everywhere dense in [0, c0). Conversely, if 0 < < 1/2 then there exists
an A C N such that d(A) = v and R(A) is not everywhere dense in [0, 00).
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