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OSCILLATION CRITERIA FOR THIRD ORDER
NEUTRAL NONLINEAR DYNAMIC EQUATIONS
WITH DISTRIBUTED DEVIATING ARGUMENTS

ON TIME SCALES

TAHER S. HASSAN — SAID R. GRACE

ABSTRACT. Some new oscillation criteria for third order neutral nonlinear dy-
namic equations with distributed deviating arguments on time scales are estab-
lished. The obtained results extend, improve and correlate many known oscillation
results for third order dynamic equations.

1. Introduction

This paper is concerned with the oscillatory behavior of third order neutral
nonlinear dynamic equations with distributed deviating arguments on time scales

A
d AAY b

a(t)| | z(t) —I—/p(t, 0)x(h(t,0)) A0 +/q(t, )t (g(t,7)AT=0 (1.1)

c a

and
(a(t) <(:U”B (h1(t))—r(t)z” (hz(t)))AA>a>A+/bq(t, 7)) (g(t,7)AT =0, (1.2)

on an arbitrary time scale T C R with supT = o0, 0 < a < b and 0 < ¢ < d.
We assume that:

(i) «a, 8, v and X are the ratios of positive odd integers;
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(ii) a,r: T — [0,00), a(t) > 0 are real valued, rd-continuous functions and
/al/o‘(s)As = 00, to € T; (1.3)
to

(ii) ¢: T x [a,b] — [0,00) and p: T x [¢,d] — [0,00) are real valued, rd-con-

tinuous functions;

(iv) g: T x [a,b] — T and h: T X [¢,d] — T are nonincreasing with respect
to second variable,

g(t,7) <t and tlim g(t, ) = o0, T € [a,b],
—00
and
h(t,0) <t and tlim h(t,0) = oo, 0 € [c,d];
— 00
(v) hiy : T — T for i = 1,2, are real valued, rd-continuous nondecreasing
functions such that h;(t) < ¢ for t > tg € T and limy_,o hi(t) = o0
fori=1,2.

We recall that a solution z of the equation (II]) (respectively the equa-
tion (2))) is said to be nonoscillatory if there exists ¢y € T such that
z(t)z(o(t)) > 0 for all ¢ € [ty,c0)r; otherwise, it is said to be oscillatory.
The equation (II)) (respectively the equation (I2))) is said to be oscillatory
if all its extendible solutions are oscillatory.

Neutral differential equations appear in modelling of the networks containing
lossless transmission lines, in the study of vibrating masses attached to an elastic
bar, as the Euler equation in some variational problems. In the theory of auto-
matic control and in neuro-mechamial systems in which inertia plays an impor-
tant role; see [11].

In recent years, there has been much research activity concerning the oscilla-
tion theory and applications of dynamic equations, see [1]-[10], [13]-[18] and the
references contained therein. Particularly, the study content of oscillatory criteria
of first and second dynamic equations on time scales is rich. In contrast, the study
of oscillation criteria of third order dynamic equations is relatively less. Some
interesting results have been obtained concerning the oscillatory and asymptotic
behavior of some special cases of the equations (L)) and (L2); see [9], [12].
To the best of our knowledge, the oscillatory behavior of (1)) and (L2) have
not been studied up to now.

The purpose of this paper is to establish some new criteria for the equations
(CI) and ([2)) by using the approach to reduce the problem is such a way that
specific oscillation results for first and second order dynamic equations can be
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adapted for the third order case. In Section 2, we investigate the oscillatory be-
haviour of the equation (II]) while Section 3 is devoted to study of oscillatory
properties of the equation (L2). The obtained results extend, improve and cor-
relate many of the known oscillation results appeared in the literature that deal
with special cases of the equations (ILI)) and (2.

2. Oscillation of the equation (L))

In this section we begin with the following lemmas that are essential in the
proofs of our results. For simplicity in what follows, whenever we write “t > ¢1”
we mean “t € [t1,00) NT". It will be convenient to set

d
y(t) == z(t) —l—/p(t, )z (h(t,0))A6. (2.1)
Equation ([IT]) can be written as
b
(a(t) (yAA(t))a)A+/q(t,T):c>‘ (g(t,7))AT =0. (2.2)

a

LEMMA 2.1. Let the condition ([L3) hold and assume that x is an eventually
positive solution of the equation ([ILTI). Then there are only two possible cases for
the behaviour of y for large t > ty:

(1) y(t) >0, y™(t) > 0, y>2(t) > 0 and (a(t) (yAA(t))a)
(ID) y(t) > 0, y®(t) < 0, y22(t) > 0 and (a(t) (y22())")"

LEMMA 2.2. Let condition (I3]) hold and assume that x is an eventually positive
solution of equation (L)) and the correspondingy satisfies Case (I) of LemmalZ]].
If d

A

IN

0;
0.

IN

0<P(t) ::/p(t,H)AH <p" <1, (2.3)
then c
x(t) > (1 —p")y(t), eventually. (2.4)

Proof. Since z is an eventually positive solution of the equation (LI and
the corresponding y is satisfying Case (I) of Lemma Il Then there exists
a ty1 > tg € T such that

z(t) > 0, z(h(t,0)) >0 and y2(t) >0 for t>t; and 0 € [c,d].
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Now, 4
a(t) = y(t) — p(t 0)x(h(t,0)) A0
d
>y p(t ,0))Af
>y ( (t,0)A0 |y (t)
d
= |1 —/p(t,H)AH y (t) for t>t.
This completes the proof. O

LEMMA 2.3. Let the condition ([L3) hold and assume that x is an eventually
positive solution of the equation (ILT)) and the corresponding y satisfies Case (1)
of Lemma 2l Then fort >t €T

o) = (a0 (420)") [ [/ a5t 9

t1 t1

Proof. Since x is an eventually positive solution of the equation (1)) and the
corresponding y is satisfying Case (T) of Lemmal[ZTl Then there exists t; > to € T
such that

z(t) >0 and x(h(t,0)) >0 for ¢t >t and 6 € [c,d].
By using the fact that a(t) (yAA(t))a is decreasing for ¢ > t;, we have

yR (1) = yR (1) — (1)

/(a(s)(yAA(s))a)l/aa_l/a(s)As

t1

> (A2 0) ) fa ) as

t1

Integrating this inequality from ¢; to ¢, we obtain the desired result. O
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Let b
Q) :—/q@,r)m, 0(t):=g(t.a) and ga(t) =g(t.h). (26

a

In the following result, we employ the following auxiliary equation

92(t) w A

22(t) + (1—p) Q1) / /al/"‘(s)AsAu e (g2(1)) =0 (2.7)
t1 t1
for t > t1,t € [to,OO)T.
LEMMA 2.4. Let the conditions ([L3) and (Z3) hold and the equation (271

be oscillatory, then the equation (1) has no eventually positive solution x such

that y defined by (1) satisfies Case (I) of Lemma [Z1l

Proof. Let ty € T be sufficiently large such that x(t) > 0, z(h(t,6)) > 0 and
z(g(t,7)) > 0 for t > to, 0 € [¢,d] and 7 € [a,b] and assume that y satisfies
Case (I) of Lemma 2] Using (24) and (Z3]) in the equation (Z2)), we get

92(t) u ¢

A+ (1-p) Q1) //a_l/a(s)AsAu M(ga(t)) <0, (2.8)

t1 11

for t1 € [to,00)T, where z(t) := a(t) (yAA(t))a > 0. Integrating (2.8) from ¢
to u >t and letting u — oo, we have

2(t) > G(t,2(1)),
where

92(v) u

A
G(t,z(t) == (1 —p*))‘/Q(v) /a_l/a(s)AsAu zA/a(gg(v))Av.

t 1
Now, we define a sequence of successive approximations {w](t)} as follows:
wo(t) = 2(t),
wit1(t) == G(t,w;(t)), §j=0,1,2,...
It is easy to show that
0 <w;(t) <z(t) and wji1(t) < w,;(t), j=0,1,2,...

Then, the sequence {w](t)} is nonincreasing and bounded for each ¢t > t;.
This means that we may define w(t) := lim;_,o w;(¢) > 0. Since

0 <w(t) <w;(t) < z(t) for all j>0.
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By the Lebesgue’s dominated convergence theorem on time scale, one can easily

find
w(t) = G(t, w(t)).
Therefore,
g2() u A
wA(t) = — (1-p)* Q(t) / /al/"‘(s)AsAu oM (g5 (1),

Hence the equation (Z.7)) has a positive solution w(t). This completes the proof.

O
In the case when A = « in the inequality (28], we state the following lemma.

Lemma 2.5 ([1]). If A = a,
liﬂi‘jp gtelg{&’fgn (t,gz(t))} <1,
where
E:={£:£>0, 1—¢&n(t)ut) >0},

and a
g2(t) u

w0 = 1= Q) | [ [ asaal,
1t
then the inequality [Z8) has no eventually positive solution.
LEMMA 2.6. Let the condition ([I3)) hold and assume that x(t) is an eventually

positive solution the equation (1)) and the corresponding y satisfies Case (1)
of Lemmal[Zl Then there exists t1 € [to,00)r such that

y(t) > y2 (DAt 1) for t € (tr,00), (2.9)
where f f "
e *(s)As Au
At ty) == ﬁetl 1/a( )As

Proof. Let ty € T be sufficiently large such that z(t) > 0, z(h(t,6)) > 0 and
z(g(t,7)) > 0 for t > to, 0 € [c,d] and 7 € [a,b] and assume that y satisfies
Case (I) of Lemma 2.1l for t > t;. From Lemma [2.3] we have

YA (t) > (a(t) (yAA(t))a)l/a/al/“(s)As for t >t > to.

ty
Note that

l yA (1) r_a”%)[(a(t) (22 )") " J a7 (5)As —yA(1)]
ft As

—1/a(s JEam/a(s)As [T a=1/a(s)As

1/

)
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we have
A
ﬂ or 00
lfttl a_l/a(S)As] <0 f t € (t1,00)r.
Then
y(t) > y(t) —y(ty)

:/t j;uayf/(au()s)As /u o)A A

y> (1)
?
[ a=te(s)As iyiy
ty

= yA (t)A(ta tl)'
This completes the proof. O

ty

tu

> a” V() AsAu

For go(t) > to, we set

Q(t) = (1 —p") A (g2(t),0) Q(1).
The hypotheses of next two lemmas include knowledge of the behaviour of the so-
lution of the second order dynamic equation

(a9 (20" )+ QO (921)) = 0. (2.10)

LEMMA 2.7. If the conditions [L3) and 23)) hold and the equation 2I0Q) is
oscillatory, then the equation () has no eventually positive solution x such
that y is defined by 1)) which satisfies Case (I) of Lemma[Z]]

Proof. Let 2(t) be an eventually positive solution of the equation (), say
z(t) >0 and z(h(t,6)) >0 and z(g(t,7)) >0 for t >t; for some t; € [to, c0)r,
0 € [c,d] and T € [a,b] and assume that y satisfies Case (I) of Lemma 211
From (29), there exist a constant k1, 0 < k; < 1 and a ty > ¢; such that

y(t) > A(t, t))y>(t)  for t>ty. (2.11)
From (2.4)), we see that
z(t) > (1 —p")y(t) for t>ts, (2.12)
for some t3 > to. Hence, there exists t4 > t3 such that
y(92(t)) = A(ga(t), 1)y (92(1))  for ¢ >ty (2.13)
Using (212) and (ZI3) in the equation (Z2) we have
(o)) (=>@)") + QU (a2(1)) <. (24)
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for t > t4, where z(t) := y®(t) > 0. Integrating (I4) from ¢ to u >t > t4 and

letting u — oo, we obtain - 1/a
1 _
22 (t) > —/ (5)2* (92(s))As] . (2.15)
a(t)
t
Integrating (2I5]) from t4 to t > t4, we obtain
t 00 1/
1 _
z(t) > z(tq) +/ — /Q(s)z’\(gg(s))As Au.
a(u)
t4 u
Next, we define a sequence {wp, (¢)},,cy, by
wo(t) = 2(1), »

W1 (t) = 2(ty) —I—/ ﬁ /Q(s)z)‘ (92(s))As| Au, m € Np.

It is easy to check by induction that {w,, (t)} is a well-defined decreasing sequence
satisfying
2(ts) < wp(t) < 2(1) for t>t4s and m € Ny.

Thus, there exists a function w on [t4, 00)7 such that

lim wy, (t) =w(t) and 2(tg) < w(t) < 2(t).

m—r oo
By the Lebesgue’s dominated convergence theorem on time scale, it follows that

1/

w(t)—z(t4)—|—/ ﬁ /Q(s)wA(gg(s))As Au, (2.16)

Differentiating ([2.16) twice, we conclude that w is a nonoscillatory solution of the
equation (ZI0) with the desired property. This completes the proof of the lemma.

O
The following lemma makes use of the auxiliary equation
1 A
<A“—(t) (v2 (1)) ) +(1-p) Q) (92(t)) =0 for t>to, (2.17)

where A(t) := fttl a=1/*(s)As for sufficiently large to € (t;,00)r for some
t, € [tQ,OO)T.

LEMMA 2.8. If the conditions (L3) and [23)) hold and the equation [2I) is
oscillatory, then the conclusion of Lemma[2.7 holds.
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P roof Let x(t) be an eventually positive solution of the equation (1)), say
) >0 and x(h(t,0)) >0 and z(g(t,7)) > 0 for t > ¢; for some #; € [to, 00)r,
96 [c d) and T € [a b] and let y satisfy Case (I) of Lemma 21l Hence

t

tal/a s AA s s
y2 (1) = y* (1) +/%As > al/“(t)yAA(t)/%.@

= a/ ()PP ()A)  for t >t

An integration yields
y(t) > () + /A(u)al/%u)yM(u)Au. (2.18)

Using (24) in the equation ([2.2)), integrating from u to v > u > t; and letting
v — 00, we have

0o 1/c
AA 1 *\A A
Y= (u) > alT(u) (1 -p ) Q(S)y (92(3))A3 . (2-19)
Substituting (ZI9) into (ZI8) gives
1/c

B > y(ts) + /A(u) / (1= ) Q)5 (92(s)) As | Aw

Next we define the sequences {vy,(t)},,cn, by
Uo(t) - y@)? . - 1/a
V1 (t) = y(t1) —|—//_1(u) /(1 —p*)’\Q(s)y’\ (gg(s))As Au, m € Ng.
tl U

The remainder of the proof is similar to the proof of Lemma P 7 and is omitted.
U

Next, we present the following result.

LEMMA 2.9. Let the conditions ([L3) and @Z3) hold and assume that x is
an eventually positive solution of the equation (L) and the corresponding y
satisfies Case (II) of Lemma 21l Then either

a(t) > (1 _5p*5) y(t), (2.20)

eventually, where § > 1 is any constant with p*d < 1 and p* is as in [Z3)), or
lim; 00 2(t) = 0.
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Proof. Pick tg € T such that

z(t)>0 and x(h(t,0)) >0 for t>ty and 6 € [c,d].
Also, since y(t) satisfies Case (II) of Lemma 2.1] then there exists a constant k
such that lim y(t) = k < .
t—o00

(i) Assume that k& > 0, then we have

k <y(t) <k, forall §>1 and t > t. (2.21)
Now, d
2(t) = 5(0) ~ [t 0)a (u(t,)) 0.
and so c

x(t) > k—kp*d = (1_527 6) ko > (1—517 6) y(t) for t > t,.

(ii) Assume that k& = 0, then lim; o, y(¢) = 0. Since 0 < z(t) < y(t) on [to, c0)T,
then lim;_, o, 2(t) = 0. This completes the proof of the lemma. O

LEMMA 2.10. Let the conditions (L3) and (Z3) hold and assume that x(t) is
an eventually positive solution of the equation (L) and the corresponding y
satisfies Case (II) of Lemma 2. If

0000 ) 1/a

1
// a(a) Q(s)As| AulAv = oo, (2.22)
to v u

then lim;_, o 2(t) = 0.

Proof. Proceeding as in the proof of Lemma 2.9 we obtain either (Z20) holds
or lim;_,o 2(t) = 0. We suppose that

() > (1_p*5

Using (2.23) in the equation (2.2), we have
b

(a0 22 0)) = = fattr) (e, 1) A7
b

> y(t), for ¢t >t > tp. (2.23)

a

1 —P*5>A/q(t,7) o (9(t, 7)) AT
*0

(5
A
g—(l_ép >Q(t)y’\(gl(t)) for t>1t >ty (2.24)
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Integrating this inequality from ¢ to u >t > t; and letting u — oo, we have
1/a

o sWVa >
220z () | feer@menas) . e
Using (2.21)) in ([223)), we get
00 1/
1
YA () > ¢ @/Q(S)AS ) (2.26)

where ¢ := (l{:[%]))\/ “ Integrating (Z26) twice, we obtain

1/c

too [e'e)
1
oo > y(ty) > C// ﬁ/Q(s)As AulAv — 0o as t — o0,
a(u
t1v u

which is a contradiction. This completes the proof of the lemma. (]

LEMMA 2.11. Let g1 be a nondecreasing on [tg, o0)r, conditions (L3]) and (23]
hold and assume that x(t) is an eventually positive solution of the equation (ITI)
and the corresponding y satisfies Case (II) of Lemma 2. If

¢ 1/c

limsup/ ﬁu/Q(s) [91(2) —gl(s)]AAs Au > {C if A= a, (2.27)

t—o00 0 if A <a,
g1(t)

where Q and g1 are as in (Z0), ¢ := QW, p* and ¢ are as in Lemmal2.9, then
limy 00 2(t) = 0.

Proof. Proceeding as in the proof of Lemma 210, we obtain ([2:24]). We also
have
g1(t)

—y(91(5)) < y(91(0)~y(0r(s)) = / YA () Ar

1(t) 91(s)

< y* (91(t)) /AT = y*(q1(t) [91 () — g1(5)], (2.28)
g1(s)

for t > s > tg. Integrating ([2.24]) from u to t > u > t, we obtain
1/c

ok Ao !
2= () fow menas) - e
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Substituting (Z28)) into ([Z29), we obtain
1/c

AA 1- Ve A e
o= (20 /Q 30— 91 (9)] Ds| (—sA (@)
Integrating from g;(t) > to to ¢ gives

—y* (1) 2y () — vy (1)) =
1/c

<1_5p*5>k/a(—yA(gl(t A/a/ /Q [91(t) — 91()]"As | A

g1(t)

1/c

>
<1_ap*5>k/a/t %/ Q(s)[1(t) = 1()] s | Au. (2:30)

g1(t)
Taking limsup as t — oo of both sides of the above inequality. If A = «, the
contradiction is obvious. If A <, then the left hand side of (2230 is positive and
must decrease to zero (to prevent a contradiction to the positivity of y(t)).
This contradicts (227)) and completes the proof of the lemma. (]

LEMMA 2.12. Let the hypotheses of Lemmal211] hold with the condition ([2.27)
be replaced by

c if A=«
lim s AuAvy > ’ 2.31
l?iilip// /Q As| Auaw {0 if A<a. (2:31)

gi(t)v

Then the conclusion of Lemma 211l holds.

Proof. Asin the proof of Lemma[2.TI] we obtain (Z29]) and integrating we have

—y2(v) 2 y2 (1) — y>(v)

(=) et o) o

Integrating from g;(t) > to to ¢ yields

e > (220 [ (] /Q As) Aua.

gi(t)v
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Taking limsup as ¢ — oo gives a contradiction to the condition (23T).
This completes the proof of the lemma. O

We are now ready to present the main results in this section.

THEOREM 2.1. Let ([L3), 23), @22) and either one of the equations (27,

@I0) or @ID) be oscillatory, then every solution x(t) of the equation (L))
oscillates or satisfies lim;_, oo x(t) = 0.

Proof. Let z(t) be an eventually positive solution of the equation (L), say
z(t) >0 and z(h(t,0)) >0 and =z(g(t,7)) >0

for ¢ > ¢, for some t; € [tg,00)T, 0 € [¢,d] and T € [a,b]. Then y(t) satisfies one
of the two cases of Lemma[2Z1]l By either Lemmas 24 2T or 2.8 Case (I) cannot
hold. If Case (II) holds, Lemma 210 implies lim; ;o #(t) = 0. This proves the
theorem. 0

Next, we establish another new oscillation criteria for the equation (L.

THEOREM 2.2. Let A < «, g1 be a nondecreasing on [tg,00)r, (L) and (Z3)
hold. If either one of the equations (27), 2I0) or @ZIT) is oscillatory, and
condition Z20) or 231 holds, then every solution x(t) of the equation (LT

oscillates or satisfies lim;_, oo 2(t) = 0.

Proof. Let x(t) be an eventually positive solution of the equation (L]), say
z(t)>0 and x(h(t,0))>0 and z(g(t,7))>0

for t >ty for some t; € [tg,00)T, § € [c,d] and T € [a,b]. Then y(t) satisfies one
of the two cases of Lemma[2]l By either Lemmas 24 27 or 2.8 Case (I) cannot
hold. By Lemma 2.11] (or Lemma 2.12), Case (II) does not hold. This completes
the proof of the theorem. O

Remark 1. Our results of this section remain valid of g(¢,7) is nondecreasing
in the second variable. In this case, we replace

g1(t) by gi(t) = g(t,b)
and

g2(t) by ga(t) = g(t,a).

Remark 2. We may apply Lemma (23 to equation (Z7) with A = «. This details
are left to the readers.
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3. Oscillation of the equation ([2))

We begin with the following lemmas that are essential in the proof of our
theorems. It will be convenient to set

y(t) = 27 (ha(t)) = r(t)2” (ha(t)). 3.1)
The equation (L2 can then be written as
b

(a(t) (yAA(t))a>A—|—/q (t,7) x> (g(t, T))AT =0. (3.2)

a

LEMMA 3.1. Let the condition ([L3) hold and assume that x is an eventually
positive solution of the equation ([L2)). Then there are only three possible cases
for the behaviour of y for large t > tq:

@) y(t) >0, y2(t) >0, y*2(t) > 0, and (a(t) (y> 0
IL) y(t) >0, y2(t) <0, y*2(t) > 0, and (a(t) (yAA(t))a)Ag 0;
(IID) y(t) < 0, y2(t) <0, y®2(t) > 0, and (a(t) (y*>2 (1)) < 0

If case (I) or (II) holds, then we find
z(t) > y*P (hy'(t)) . (3.3)

Using ([3.3) in the equation ([B.2)), we have
b

—|—/q (t,7) y’\/ﬁ (hl_l ) g(t,T)) AT <0, (3.4)

a

>
—~
~
=
SN—
Q
SN—
IN

(t )
( )

A

(at) 5*2®))

and when Case (III) holds, we see that
0<z(t)=—yt) =rt)z” (hg(t)) — 2P (hl(t)) < r(t)x” (hg(t)),

2 (hy @)\
z(t) > (m) ) (3.5)

and so

)

and the equation ([B3.2]) becomes
L0
(a) (z*2®)") = /q (t,7)r 7 (hy ' o g(t,7)) 27 (hy* 0 glt, 7)) AT, (3.6)
Next, we assume that
(vi) Ci(t,7) = hitog(t,7) <t for T € [a,b], (1 is nonincreasing with respect
to the second variable and lim;_,» (1 (¢, 7) = o0;
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(vii) Ca(t,7) = hy ' og(t,7) <t for 7 € [a,b], (2 is nonincreasing with respect
to the second variable and lim;_, (o(t, 7) = 00.

Also, we set b

Q(t) IZ/Q(t,T)ATv Gt) = Gult,a), Gult) = Gt b), (3.7)

and Galt) = Galt0), Galt) 1= Galt, ). (3.8)
Now, if y satisfies Case (I) of Lemma [B.1] then ([8.4) becomes

(a0 (4>20)") + Q) (G1) <. (3.9)

where @ is as in ([2.6). When y satisfies Case (II) of Lemma Bl then (B.4])
becomes

(o) (s> @) + Q07 () <. (3.10)
If y satisfies Case (III) of Lemma B1] then ([B.6]) takes the form
(a)) (B20)) = Q1) 7 (Galt). (3.11)
where b
Q(t) = / q(t, 7)1 M7 (ot 7)) AT (3.12)

As direct consequence of Lemmas 2.4 2.6] 2771 28 210, 211 and 212

we get the following results.
LEMMA 3.2. Let the condition ([L3) hold and equation
Gt u A B

Z2(t) + Q(t) //al/o‘(s)AsAu M (@h) (92(t)) =0 for t >y, (3.13)

t1 t1

forty € [to,00)T, is oscillatory, then the equation (L2)) has no eventually positive
solution x such that y defined by BI) satisfies Case (I) of Lemma 3.

LEMMA 3.3. Let the condition ([IL3]) hold and assume that x(t) is an eventually
positive solution of the equation (L2)) and the corresponding y satisfies Case (1)
of Lemmal31l Then there exists t1 € [to,00)r such that [29) holds.

LEMMA 3.4. If the condition ([I3)) holds and the equation

(o) (=>0)) + QB (92(1)) = 0. (3.14)
where for (i (t) > to, we set

Q(t) == AMCi (1), t0)Q(1),
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is oscillatory, then the equation (L2) has no eventually positive solution x such
that y is defined by B satisfies Case (I) of Lemmal3 1l
LEMMA 3.5. If the condition (L3) hold and the equation

1 aA
( OO @) =0 r 126 @19

where A(t ft a=1%(s)As for sufficiently large ty € (ti,00)r for some
t1 € [to, )T, is osczllatory, then the conclusion of Lemma[3] holds.

LEMMA 3.6. Let the condition ([I3)) hold and assume that x(t) is an eventually
positive solution of the equation ([L2) and the correspondingy satisfies Case (1)

of Lemma[3 If 222) holds, then lim;_, x(t) = 0.

LEMMA 3.7. Let ¢, be a nondecreasing on [to, o0)t, the condition (I3) hold and
assume that x(t) is an eventually positive solution of the equation [L2) and the

corresponding Y satisﬁes Case (II) of Lemma[31 If
1/c

o 2 VB L if A=ap,
hgri)sogp/ /Q (1 Gi(s)] 7 As Au>{0 i A< ab. (3.16)

Ci(t)

then limy_, o x(t) = 0.

LEMMA 3.8. Let the hypotheses of Lemma[3.7 hold with the condition (3.I6) be

replaced by
1 if A=
lim sup// /Q As| AulAv > %f ab, (3.17)
t—00 0 if A<ap.
Gi(t)v

Then the conclusion of Lemma [3.7 holds.
In the following two lemmas, we consider the second order delay dynamic

equation A A -
(a) (@*®)) = A0 QW w (&), (3.18)

where ( and Q are as in ([B.8) and ([B.12)) respectively, a, a, v, A are as in the equa-
tion (ILI)) and d > 0 is a constant.

LEMMA 3.9. Let (3 be a nondecreasing on [tg, o)t and the condition (IL3) hold.

If
t EQ(t) )\’y 1 f )\
. oMYA ~1/a g YoAa=ar
| AT| As > 3.19
I?LSOSP/(CQ(S)) Q(s) /a (T)AT] As {() if A<av, (3.19)
C2(t) C2(s)

then all bounded solutions of the equation BI8) are oscillatory.
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Proof. Let w(t) be a bounded nonoscillatory solution of the equation ([BIS),
say w(t) > 0 for t > t; for some t; > tg € T. Then there exists to € [t1,00)T
such that

w(t) >0, wA(t) <0 and (a(t) (wA(t))a)A>0 for t>ts  (3.20)

Now for v > u > t9, we have

W) > wle) = w() = - [ut0)ar =~ [a0 @) (ar) (WA )) B
> (a(v) (wA(v))a)l/ : / a~'/°(r)Ar. (3.21)
For t > s > to, setting u = (2(s) and v = (3(t) in the inequality B.2ZI)) gives
Ca(t)
w(G(s) = — (a@®) (0 G))) " fao (3.22)

Ca(s)
Integrating the equation (BI8) from (»(t) > to to ¢, we obtain

~a(&() (0 (G(0)) = a)(w A<>) a(G0) (w* (G(0)

= /d (Eg(S))A/’Y Q(s)uw™ (Ga(s)) As. (3.23)

Ca(t)
Using (3:22) in (B:23), one can easily see that
~a(&®) (v* (@)
S & () o
> (a@o) (e @) ) [a@e) 0w | fatemar| as
Ca(t) 10
or ) 1_% t () Ay
[—a(Cg(t)) (wﬁ(@(t))” > [a(G@) Q6 | fammar| as
C2(t) 2(s) (3.24)

Now take the limsup as ¢t — oo of both sides of the above inequality. If A = a~y
the contradiction is obvious. If A < a7y the left hand side of ([3:24]) is positive
and must decrease to zero (to present a contradiction to the positivity of w(t)).
This contradicts (BI9) and completes the proof of the lemma. g
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LEMMA 3.10. Let (; be a nondecreasing on [tg,o0)r and the condition (B.I9)
in Lemma[3.9 be replaced by
/ / d=Ye if A
. 1 > ANy A e = a7,
lim su — T T)AT| As > 3.25
t—>oop/ a(s) /((2( )) Q) {O if A<ay. ( )
C2(t) s

Then the conclusion of Lemmal3Z9 holds.

Proof. Let w(t) be a bounded nonoscillatory solution of the equation ([B.IS),
say w(t) > 0 for t > t; > tg € T. As in the proof of Lemma B3 we obtain
B20) for t > to for some ty € [t1,00)T. Integrating BIF)) from u >ty to t > u,

we have
t

alt) (w2 ()"~ au) (0 )" = [d(() " Qs (Ga(s)) As,

u
or

—uP ) > w (Gb) ﬁ /d(@(s))””c)(sms

" t 1/
— A — 1 [ )\/'Y ~
w(gg(t)) > wav (1)) m (G2(s)) 7 Q(s)As | Au,
Ga(t) w
or
¢ ¢ 1/
25 1 - Ny A
w(l a'y) (Cz(t)) Z/ m/d (CQ(S)) /’y Q(S)AS AU
C2(t) u
Taking the limsup as t — oo of both sides of the above inequality, we again
obtain a contradiction as in the previous lemma. O

We are now ready to establish the main results of this section.

THEOREM 3.1. Let A < avy, A < af, CAl and Ca, i = 1,2 be nondecreasing
on [tg,00)r and the condition (L3) hold. If either one of the dynamic equations
BI3), BI4) or BIH) is oscillatory, the condition BI6) or (the condition
B.17)) holds and the condition [B.I9) or (the condition [B.23)) is satisfied with
0 < d < 1, then every solution x(t) of the equation ([L2)) oscillates or satisfies
limy_ o0 x(t) =0.

Proof. Let z(t) be an eventually positive solution of the equation (L2),
say z(t) > 0 and z(hi(t)) > 0, i = 1,2 and z(g(t,7)) > 0 for t > t;
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for some t; € [tp,00)r and 7 € [a,b]. Then y(¢) defined by (B satisfies one
of the three cases of Lemma [BI] and satisfies the equation [B2). If Case (I)
holds, then (B3] holds. Now using ([3.3) in the equation ([B.2]), we obtain the in-
equality (39). By either Lemma [32] Lemma B4 or Lemma [3.1] Case (I) cannot
hold. Similarly, when Case (IT) one can easily obtain the inequality (B.I0), and
by Lemma B.7] or Lemma [3.8] Case (II) cannot hold. Finally, if Case (III) holds,
we let 0 < z(t) = —y(t) and proceed as above to obtain the inequality (BII)).
It is easy to check that z satisfies

A1) >0, 2A@4)>0, 2221 <0 and (a(t) (zM(t))“)A >0,

for t >ty > t,. Now, there exists a constant d € (0,1) such that

2 (&) > d L)z (G) for t>t3>ts. (3.26)
Using (320) in (310, we get
(at) (=>>0)') = 0 (4 002> (@) for ¢ >,

(a(®) (wA(t))a)Az (@ G®) Oy (G(t)  for t> 1y,

where w(t) := 22 (t). Proceeding as in the proofs of Lemma B9 and Lemma 310,
we arrive at the desired conclusion completing the proof of the theorem. 0

Remark 3. We may note that Theorem [Z] is also applicable to the equa-
tion (L2). The details are omitted.

When p (t,6) = 0 in the equation (1) or 8 = 1, r(t) = 0 and hy(t) =t in the
equation (L2), both equations are reduced to

(a(t) (mAA(t))a> A—|—/q(7f, )z (g(t, 7)) AT = 0. (3.27)

a

In this case we have the following new result.

THEOREM 3.2. Let A < a and ([L3)) hold. If either one of the equations (271
with p* =0, @I0) or @I7) with p* = 0 is oscillatory and the condition (Z21)
or (the condition ([Z31))) holds, then every solution x(t) of the equation (B.21)
oscillates or satisfies limy_,o x(t) = 0.

Proof. The conclusion follows from Theorem or [3.1] and is omitted. O
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4. General remarks

(1) The results of this paper are presented in a form that is essentially new

and of a high degree of generality.

(2) We note that there are many criteria in the literature of first and second

order dynamic equations and so by applying these results to the equations
&), I0) and (ZI7), we can obtain many oscillation results, more that
those known in the literature. Here we omit the details.

(3) The results here are valid for various type of time scales, e.g., T = R,

T =27, T = hZ with h > 0, T = ¢ with ¢ > 1, T = N2, etc. (see [2]).

(4) We note that our results on the asymptotic behavior of solutions are ap-

plicable to the equations (II) and (L2) if g(¢t,7) < t, 7 € [a,b] while
our oscillation results are applicable to the equations ([Il) and (L2)) if
g(t,7) <t, 7 € [a,b]. Thus as it has been known, there is the delay in the
equations ([LT)) and (L2]) which can generate oscillations.

(5) Our results of Section 2 are new and our results of Section 3 include, extend

and improve the results in [9] and [12].

(6) Finally, it would be of interest to consider the equations (1) and (L2) try

(1]
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to obtain some oscillation criteria if other appropriate conditions
on the functions p(t,0), 0 € [c,d], r(t), etc.
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