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ABSTRACT. The paper deals with the time switching hybrid systems described
by nonlinear control equations with nonlinearity of a sector form. The estimation
of the solution of the control system at any moment is established through the
method of Lyapunov function. Both cases, stable and unstable control systems are
considered. The final estimation of the solution of the hybrid system is obtained
from the composition of perturbations of the separate control systems using the
condition of solution continuity in the points of switching.

1. Introduction

One of the problems of motion stability is the problem of absolute stability.
In technical control systems, the control function is the function of one variable,
which has the shape of a curve, located between two lines in the first and third
quarters of the coordinate plane. The stability of the control system with a con-
trol function, located in this sector, is referred to as absolute stability [1], [9].

Two main approaches to the study of the absolute stability of control sys-
tems are known. The first one, so called “frequency method”, is connected with
the frequency conditions of absolute stability and was developed for example
in [5], [7], [8]. The other approach makes use of the Lyapunov function method
and is the universal method of research of the nonlinear dynamic systems pre-
sented in works [2], [11].

It should be noted that in real engineering systems, as a rule, there are several
modes of operation, and the transition from one to another is made when certain
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conditions are fulfilled. The systems of this kind, in the most general case, are
called hybrid systems [3], [4], [6], [T0]. Special cases, dealt with time switching in
this article, are those of the switching regulator systems. Time switching linear
systems have been described in [I3]. For systems of this type there are calculated
upper bounds for the final time.

The main goal of the paper is to find the estimation of solution of the
time switching hybrid systems which are described by nonlinear control sub-
systems. Using the estimations for separate subsystems, which are obtained
with the method of Lyapunov functions, and using the condition of continuity
of solution in the points of switching, we get the estimation of the origin hybrid
system solution at a final moment [6] depending on the initial state. The estima-
tions of solution are obtained using the Lyapunov function of Lurie-Postnikov
type [1], [5]. The final estimation is obtained from the composition of perturba-
tions for separate subsystems.

The paper is organized as follows. The formulation of the problem is presented
and explained in Section 2. Section 3 deals with the case of a stable system of the
form (). A general case, including an unstable system is considered in Section 4.
Section 5 summarizes all particular results and gives the final estimation of the
main formulated problem. The estimation of the solution of the hybrid system (B])
is established on the whole considered interval. Section 6 contains an example.
The estimation of the solution of hybrid system is calculated on three time
intervals.

2. Statement of the problem

Let us consider a general hybrid system given by a set of nonlinear control
subsystems when all of them are in the form

z(t) = —ax(t) + bf(a(t)),
)= cxlt)—pflo®). 21020, 1)

where z is the state function, o is the control, a > 0, p > 0, b, ¢ are constants,
f (o) is a continuous Lipschitz function on [tg,00) satisfying there so-called
“sector condition”. It means, there exist such constants ki, ko that

kio? < of (o) < keo?, 0 < ki < ke (2)

is satisfied. The vector function (x,0) : [tg, 00) — R? is said to be the solution
of (1) on [tg,00) if x is continuously differentiable on [tg,00) and satisfies the
equation () on the mentioned interval.
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Thus, the considered hybrid system is given by a set of 2-dimensional control
subsystems of the type (Il defined on the fixed intervals

Ti:[ti—ljti]7 Z:L,N

The moments of time t1,ts,...,t;,...,txy_1 are called switching moments. There-
fore, such a hybrid system can be described by the set of systems

E(t) = —a;x(t) + b; fi (o (1)),

O'(t)z clx(t)—plfz(a(t)), tE{tifl,ti], 1=1,..., N, (3)
where a; > 0, p; > 0, b;, ¢; are constants, f; (o), ¢ = 1,..., N are continuous
Lipschitz functions on [t;_1, ¢;] which satisfy conditions

k‘liO'QSO'fi(O')Sk'QiO'iQ, 0<k‘1i<k52i, iIl,...,N. (4)

The main purpose of the article is to find the estimation of a solution
of the hybrid system (3) depending on its initial state (z(to),o(to)), whose
estimation is

|z(to)] < 01, |o(to)| < d2,
where §1, 05 are positive and sufficiently small constants. We will calculate the
estimation of the solution ((t), o(t)) at the final moment t = ¢, if the condition

I —s) = i :
1H+10.%‘(tz s) Sgﬂox(tz—i—s),

S—r
li i — = 1 ; ;=1,...,N—1
sgfrloa(t’ s) sgﬂoa(tl +s), 1 e

of continuity solution (z(t),o(t)) at the switching moments holds.

3. The estimation of dynamics of absolutely
stable system

In this part we derive an estimation of a solution of the nonlinear control

system (Il) with continuous Lipschitz function f(o) on [tg, 00) satisfying condi-
tion (2)). We will investigate the estimation using Lyapunov function

V(x,a):x2+ﬁ/f(s)ds, B>0 (5)
0

which is known as a Lurie-Postnikov type of Lyapunov function.
We define a matrix of the form

which will be used to prove the next theorem.
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THEOREM 3.1. Let the coefficients a > 0, p > 0, b, ¢, of the system () satisfy
the inequality

ap—be>0. (7)
Then the system ([Il) is absolutely stable. Moreover, the exponential convergence
estimation of the solution (x(t), U(t)), for arbitrary fized t > tg, can be written
in the form

1 1
|z (t) | < ’.Z‘ (to) ‘ + 3 Bko ‘o’ (tO) ‘] e 2 51(50)(t—t0)7 (8)

[ 2 ko 1 _
< i £ 5 £1(Bo)(t—to)
o (8)] < 5MV%WH@J“WW€ : (9)

where

£§1(B0) =Amin (51 [50]) min {1; m} ) (10)

1
Amin (S1[50]) =3 (ac®+2ap® —bcep)

— \/(CLCQ—2ap2+bcp)2+4a202p2]. (11)

Proof. Regarding (2) it is easy to see that the Lyapunov function (B satisfies
the bilateral estimation

22 (t) + %ﬂkl 2(t) < V(x(8),0(t) < 2* () + %,@kg 2. (12)

Let us compute the full derivative of the Lyapunov function (B]) along the
solution of the system (Il). Employing the expressions of & (¢) and ¢ (t) defined
by the system (II) we get

Ly (1), 0 (1)) = 20() [—ax(t) + bf(o(t))}

dt
+B(0(t)) ez (t) = pf (o(1)].
The last formula can be rewritten in a more convenient quadratic form
2a —b— % Be z (t)
1
—b— 3 Be Bp f(a)

Let us assume that there exists such positive constant /5 that the matrix S; [5]
is positive definite. In accordance with Silvester criterion the mentioned matrix

d

= V(a®).0(t) = (2 ®). (1))
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is positive definite if and only if the inequalities

1 2
a >0, Zaﬂp—[b—i—iﬂc} >0 (13)
hold.

Now, in view of condition (2)), the full derivative of the Lyapunov function
satisfies the inequality
d

SV (@(0),0(0) < ~huin (S118]) [2(0) + F(0(0)]

< —Amin ($1[8]) [22(t) + kT 02(1)] (14)

where

N | —

T\
Amin (S116]) = 5 [ (2a+ Bp) — \/(2a — Bp)* +4 <b+ B 50) (15)

is the smaller root of the characteristic equation

2a— A —b—lﬁc
det (S, [8] — AT) = ) 2 |=o.
—b—5Bc  Bp—A

The convergence estimation of a solution of the system () can be obtained
from the estimation of V(x(t), U(t)). Our calculation procedure is split into the
following two steps:

1. At first, we rewrite the right part of bilateral inequality (I2)) to the form
1
—z?(t) < =V (z(t),0(t)) + 5 Bk o?(t)

and we use it to modify the inequality (I4]). We get

d

EV(:c(t), o(t))

< Amin (S118]) | =V (2(t),0(t)) + %[31@ 02(15)} — Amin (S1[8]) k3 0* (1)

= min (S BNV (2(8), 0(8)) — Auain (S115]) {kf - %ﬁkg} 2(0).
From this, under assumption
k?—%ﬂkz>0, (16)

we get the differential inequality
d

%V(:c(t),a(t)) < =Amin (S118)V (2(t),0(t)).

201



MIROSLAVA RUZICKOVA — OLENA KUZMYCH — DENYS YA. KHUSAINOV

Integrating the obtained differential inequality from ¢y to ¢ we have
V(x(t),0(t)) < V(z (t) , o (to)) exp{—)\min ($118)) (¢ — to)}. (17)

2. On the other hand, we rewrite the right part of inequality (I2) to the form
2
—o%(t) < BT[—V(x(t),a(t)) + 22 (t)]
2

and using it we also modify the inequality (I4]). We get

d

—V t
LV (w(t), o(1)

< in (S118]) (1) + A (S [ o [V (20), 0 (1)) + ()]

B ko
2k¢ 2 2
L \min (S V(z(t), o(t)) — Amin (S 1— L0 2%(¢
A SV (@(0), 7(0) ~ Amin($113) |1 L] 20
Hence, if the condition
_2KE (18)
B ko
holds, we obtain the differential inequality
d 2k%

ZV (w(t), o(t) < - BklAmm(Sl[m) (x(t), o(t)).

Integrating it, also from ¢y to ¢, we get

k2
V(z(t),a(t)) < V(x(to),o(to)) exp { ﬂkl Amin (S1[8]) (¢ — to)} . (19)
Both obtained inequalities (I7) and (I9]), can be written in one relationship
V(x(t), (1)) <V (x(to), o (to)) exp{—&1 (8) (t — to) }, (20)

where we have denoted

A (S116]) it B < 2L,
&(8) = { 1 ‘

2

Consequently, substituting the relationship (20) into the bilateral inequality (I2])
we have

(z(to), o (to)) exp{—&1(B)(t —to) }

z2(tg) + % Bkao?(ty) exp{—& (Bt — tO)}v
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whence we obtain the convergence estimation of solution
1
lz (t)] < l|x(to) |+ 56]6‘2 o (to) |1 e 3 6B (t—to)

2 k
o ()] < l [zt |+ k—i ’a(to)‘] e~ (B)(t—to)

Finally, we are left to discuss the value of the parameter § > 0. We find
such maximum value § that the inequality (I3)) is satisfied. The problem of find-
ing of the optimal value § is equal to the problem of finding the conditional
extremum of the function

@(ﬂ)zQ,@up—(b—F%ﬂC)Q (21)

with the restricted condition 8 > 0. From the necessary condition for extremum
of the function ® (8) we have the value

2(2ap—>bc
By = (+) (22)
and substituting this optimal value of 8 to the (2I)) we get
dap(ap—"bc)
o) =——5— (23)

which implies the condition of absolute stability (7). The condition (IIJ) is ob-
tained from substituting (22]) into (IH). O

4. The estimation of dynamics if conditions of absolute
stability are not satisfied

Let the system (I]) have such coefficients that the condition (7)) does not hold.
In this case we use the Lyapunov function with the exponential multiplier e7t:

Vst = |2+ 8[f)ds| . 60 (24)
0
and the matrix Sy [3,7] of the form
2a — 7 —b— %Bc
Sz [B,7] = —b—lﬂ 3 _’Y_]ﬁ : (25)
2 7€ PRz
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THEOREM 4.1. Let the system (I) have such coefficients that the condition
[@) does not hold or a < 0. Then the exponential estimation of the solution
(z(t),0(t)) of the system (M) for arbitrary fized t > to can be written in the form

|x(t)| < [|x(t0)| + %51% |a(t0)|] e—% 52(5,7)(t—t0)7 (26)
o)) < /5 lat)] + \/E Jo(to)]| &2 2ol (27)

= |V Bk k1 ’

where
2

& (B,7) = min {1, Z—:;} Amin (S2[8,7]), v < min{2a, 7}, (28)

2
S Y R S YA o @;@], 2

\/[(2(17)5(0;—%)}Q+4<b+%6c)2}. (30)

Proof. The Lyapunov function ([24)) with the exponential multiplier, the anal-
ogy as the Lyapunov function (), satisfies the inequality

et [xQ(t) + %BklaQ(t)] <V(z(t),0(t),t)
<ert [xQ(t) + %51@;2(75)} . (31)
Let us compute the full derivative of the Lyapunov function along the solution

of the system (I). It can be written in the form

Dy (a(t), o(t),1)

1
et w»[ )

— 2 Bp
o’(t)

+ z*(t) +5 f(s (32)
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Since from the condition (2)) it follows that
o(t)
k1

/ Fs)ds = 5 P (o10).
0

using this, and the assumptions 8 > 0, v < 0, we transform (32]) to the form:

d
Ly (a(t),0(0).1 1
2a — —b—3 Be 2(t)
:_e'yt x()vfo'() .
CONICD) L B@_;_:;) (f(a(t)))

We need to determine the constants 3, so that the matrix Sy [3, 7] is positive
definite. Applying the Silvester criterion we get conditions

2a — v >0,
s2a—(p- )~ (b1 Lse) >0 (33)
a—7){p 2k7 5 c )
whence we have
v < 2a,

2
F(B,7) = ('g—%) 72—B<p+ ak—?>v+ 2a3p — (%L%Bc)] > 0.

Because the relationship

2
1
F(577)|7:2a = - <b+ §BC> <0
is valid for v = 2 a, the value v must satisfy the condition

Y <71,
where ~y; is the smaller root of the equation F' (3,+) = 0, given by (29)).

The full derivative of the Lyapunov function (24) is further modified to the
form d

2V (2(1).0(1).t) < —€" Ain(S:[5.7]) [ﬂc?(t) + f? (U(t))}v

or, using the condition ([2)), we get
d
SV (#(1),0(0),1)
< =i (S208,71)2%(1) — O Auin (218, A)KEGAW). (34)
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The convergence estimation of the solution of the system (Il can be ob-
tained from the estimation of V(x(t), J(t)), which is analogous to the proof of
Theorem [3.1] Our calculation procedure is also split into the following two steps:

1. First, the right part of the inequality (31)) is rewritten to the form

1
—ea? (t) < —V(z(t),o(t),t) + e'yt§ By o ()
and, with respect to this, putting it into (34]) we obtain

GV @(0,0(0) < Aain($2152) |-V (#(010(0).1) + €715 a0

— " X\ in (52 1B, ’Y]) kio?(t)
= — )\min (52 [Ba ’7]) V(%(t), U(t)’ t)
— e’yt)\min (52 [Ba ’7]) |:k% - % Bk2:| 02 (t) '
Provided that

1
2

— Bk
>252

we get

Ly (200 0(0).6) < D (Sa18.A)V (a(0).0 (1))

Integrating the last differential inequality from ¢y to t we state claim
V(2(t), 0(t), 1) < V(x(to), oto), to) exp{—)\min(Sg 18,7]) (t — to)}. (35)

2. Now, the right part of the inequality (3I]) is rewritten to the form

t 2 ¢ 2 o
—elo?(t) < _BTV( z(t),0(t),t) + ¢ T (),
and putting it into ([B34]) we obtain
jtv( ),0@),t) < =€ Amin(S2[8, 7] )2* ()
2
Fhuin (821891 JE [V (0 ()., 000), 1) + 7520
_ 2 (818 AV (2 (0), 00,
- ka min \ P2 0 70( )a )
- (5215 7]) [1- 3200,
’ B k2
Under the assumption
1-— 2—k% >0
Bka

206



THE ESTIMATION OF THE DYNAMICS OF INDIRECT CONTROL SWITCHING SYSTEMS

we get

%V(m(t),a(t), t) < —Z,—];; Amin (S2[8,7]) V (x(t), 0 (1), t),

and integrating the last differential inequality from ¢y to ¢ we have
V(z(t),o(t), t)
2 k?
< V(.’L‘(to),d(to)7 tO) €xp _% /\min(SQ [ﬂvV])(t_tO) . (36)
Again using the bilateral inequality (B3I we get
1
et |22 (t) + 3 ﬂk102(t):| < V(xz(t),o(t),t)
< V(l‘(to); U(to)a tO) exp{_EQ(ﬁv ’Y) (t - tO)}
1
< et [$2(to) t3 5k202(t0)} exp{—&(8,7)(t — to) },

whence the proved statement (27), (28) follows.
Finally, note that the )\min(Sg 8, 'y]) in the form (30) we obtain as the smaller
root of the characteristic equation

2a—v—A —b—%ﬁc
det (S2[B,7] — M) = 1 vy 0.
-o-g0e o (o-gi) -

5. The estimation of hybrid control system
with time switching

In the main part of the article we consider the hybrid dynamic system (B])
composed of nonlinear control subsystems each of which is defined on the fixed
interval T; = [t;—1,t;], ¢ = 1,..., N. We assume that f; are continuous Lipschitz
functions at the appropriate intervals and satisfy the sector condition (). The
estimation of the solution of separated subsystems derived in the previous parts
is used to establish the estimation of the solution of the hybrid system (3] at
the moment of time ¢ = ty.

We will use denoting

&1,i(Bi) if 38; such that S;[3;] > 0,
&,i(Bi, vi) if 3 B; such that Si[B;] >0

in the formulation of the next theorem.

0i(Bi,vi) = {
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THEOREM 5.1. The estimation of the final state of the hybrid system [B) at the
moment of time t = tyx can be written in the form

a(tn)| < [Rﬁ<ﬂ>|x<to>| +R{Vz(5)|0(to)|]

1 N
x exp{—§Zt9i (Bis i) ( —til)}, (38)
lo(tn)] < [R%(ﬂ)!x(ton +R§Vz(ﬂ)!0(to)\]
1 N
X exp {—5 Z 97;(67;,’71') (ti - ti—l)} 5 (39)

where RN (B), RY,(8), R (B), RY,(B) depend on the system parameters and on
the number of iterations.

Proof. Let us start to consider the first time interval ¢ty < ¢t < t;. At the
moment of time ¢ = ¢, in accordance to Theorem [3I] we have the estima-
tion

|2 (t1) | < [en]e(to)| + eralo(to)[] =2 Prmmt=to), (40)

’O’(tl) ’ < [(,021’1‘(750)’ —+ @22’0()50)“ —2601(B1,71)(t1— to) (41)

where i _m ‘F _\/g
Y11 =1, @i2= B 2, Y21 = Bk P22 = Ty

Now, let us consider the second time interval ¢; < ¢t < t5. Repeating the
process at this interval we come to estimate

()| < [pu1]2(tr)] + pra]o(tr)|]e 2 22—t

= [RY|z(t)] + Riplo(t:)[] e 2 %22 =10, (42)
0 (t2)] < [par](t1)] + paslo(ty)]] e F 020210

= [Ryilz(t2)] + Réﬂ"(h)ﬂe_%%(trtl) (43)

for the moment of time ¢ = t5.
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Taking the inequalities ([@0), (&1]) into account, we get
2(t2)| < [ion1 [pnrla(to)| + przlo(to)]
+ 10 [<p21|x(t0)| + <p2g|a(t0)|ﬂef%ez(tzftl)féel(trto)
= [(pr1p11 + P12921) |2 (t0)]
+ (p11012 + @12@22”0(’50)”6_%92(t2_t1)_%91(t1_t0)

= [Rla(to)| + Riglo(to)]| e 32t =500s=m0),

o(t2)] < [sa1 [pala(to)] + p1lo(to)]]

+ o2 [ |2 (t0)| + w22|g(t0)”i|67%92(7527751)*%91(?517750)
= [(@21@11 + pa2p21) |2 (to)|
+ (219012 + @22@22)|0(t0)|}67%92(t27t1)7%91(t17t°)
= (B3| (to)| + Raao(to) e 222t =200,
Repeating the process farther, we obtain the formulas (B8], (B89). O

6. Example

In this Section we illustrate the obtained results in an example. Let us consider
the hybrid system (B]) at three intervals with the end points:
to=0, t1 =12, t3=52, t3=5b
and coefficients:

a] = 1, bl = 01, Cc1 = 02, kll = 02, l{,‘gl = 03, P1 = 1 for O <t< 12,
A = 0.5, b2 = 0.2, Cy = 0.2, ]{512 = 0.1, ]{522 = 0.3, P2 = 1 forl2<t < 52;
as = —0.57 b3 = 0.2, C3 = 0.2, ]{513 = 0.1, ]{523 = 0.3, p3 = 1 for 52 <t S 55.

It is clear that the points t; = 12, to = 52 are two switching moments.
We estimate the solution of the system (3] at the final moment

ts = Hb
if the initial state of the system satisfies the conditions
[z(to)] =1, |o(to)| = 1.

We divide our calculations into three steps in relation to each subsystem.
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1. First time interval
At the first time interval 0 < ¢ < 12, the hybrid system (3 has the form
&t = —x+0.1f(0), (44)
& =02z — fi(0),
where the function f satisfies the inequality
0.20% < f1 (0)o <0.3 o2,

and the condition (7))
aipr —bicg=1-0.02>0

holds. The estimation at the moment ¢; = 12 is obtained from Theorem 311 i.e.,
formulas (®)), ([@). First we choose such optimal number /3¢ that the value of the
function Amin (S [B10] ) (see 22)) will be maximum. Because

(2aip1 —bicr)
2
51

2
Bio = =50 x 1.98 = 99

then the Lyapunov function has the form

[

V(z,0) = z? +99/f(s) ds.

0
Applying (II) and (I0)), we have

Amin (S1[Br0]) = 25 {(0.04 +2-0.01) — /(0.04—2 1 0.01)2 + 0.16} —0.97,
1 k%l C%
ko1 (2a1 p1 — b1 )

€(B10) = Amin (S1[B10)) min{ } = 0.0026.

Finally, we obtain the estimation of solution using the formulas (&), (@)

1 _1 _
|x(12)\ < lx(to)H‘ 551016210(750)] e~z 1(P10)(1270)

= [1+3.85 x 1]¢~ 2 X0:002612-0) _ 4 7773

|$(t0)| + %|U(t0)|‘| eilz £1(B10)(12—-0)
11

2
lo(12)] < l Biok11

= [0.3178 x 1 + 1.2247] ¢~ 2%0:0026(12-0) — 1 5783
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2. Second time interval
At the second time interval 12 < ¢ < 52, the system (B]) has the form
& =—0.52+0.2f3(0),
& =02z — foo),
where the conditions () and (7))
0.10% < fy (0)o < 0.302,
ag p2 —byca =0.5—-0.04=0.46 >0

are fulfilled. For estimation at the initial point of the second interval we already
have

l(12)] < 4.7773,

lo(12)] < 1.5183.

In order to calculate the estimation of the solution at the moment t5 = 52,
we repeat the calculations according to Theorem Bl Successively, we obtain

2(2 ag P2 — bg Cg)

2
5

P20 = =48,

g

V(.Z‘,O') = 2% + 48/ f(s) ds,

)\min (Sl [/820]) ’

1
= 0_2{(0.5 x0.224+2x0.5x 1?2 —-0.2x0.2x1)

—/(05x0.22 -2x0.5x124+0.2x0.2x 1)24+4 x 0.52 x 0.22 x 12}
= 0.47,

1 k3c?
" k2(2a2p2 — bacs)

€(B20) = Amin (S1[B20)) min{ } = 0.00066.

Using formulas (), (@) we obtain the estimation of solution

|2(52)] < ||=(12)| + %,820 ko |a<12>|] =% £(B0)(52-12)

= [4.7773 + 2.6833 x 1.5183] ¢~ 2 X0:00006(52-12) _ g 7356

‘0(52)‘ <

k
Boo k12 |z (12) | + k—?z ’0(12)‘] o~ 3€(B20)(52-12)

= [0.6455 x 4.7773 4 1.7321 x 1.5183] ¢~ 2 X0-0006(52-12) _ 5 5388
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3. Third time interval
The system (3]) has the form
i =05z +02f(0), &=02z— fi(0),

and the condition
0102< fy (0)o <0.3 o2,

is fulfilled. But the condition (7))
as p3 — bscs3 = —0.5—-0.04=-0.54<0

is not satisfied, therefore, in this case we use Theorem [£.Il We choose the optimal
number f#3g =1 >0, so .

V(z,0) =2+ [ f(s)ds.
0

Using (29) we have v, = —0.4556, and taking into account the last result, by (28]

we get
v < min{2as,v1} = min{2(—0.5), —0.4556 } = —1.1.

In accordance with the relation (B0) we can find the optimal value of the function
Amin (Sz (B30, 7]) = 1.1845 and in accordance with (28)) & (830,7) = 0.0071.
Consequently, the estimation of the solution is obtained from the formulas

@6), @0

|(55)]

IN

1
l|$(52)| + 5 ﬂ30k23|o'(52)|‘| eil? &1(B30,7)(55—52)

[8.7356 + 0.3873 x 5.6388] ¢~ 2 ¥0-0071(55-52) _ 10 8,

IN

|o(55)]

k
|2(52)] + 1723,0(52”1 o= % €1(B20.7)(55-52)
13

2
/830 k13
[4.4721 x 8.7356 + 1.7321 x 5.6388]¢ 3 X0-0071(55-52) _ 48 31,
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