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Abstract 

The article describes the creation of the normal cycloidal curve by rotation of the point about the normal of the 

circle on the spherical surface and binormal cycloidal curve created by rotation of the point about the binormal 

of the previous cycloidal curve. Cycloidal cyclical surfaces are created by moving circles along the curves lying 

in the normal plane of the curves. Described cycloidal cyclical surfaces are projected on the spherical surface. 

Varying parameters of the curves are generated different ornaments on the spherical surface. 
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1. Introduction 

Let the three-dimensional Euclidean space E
3
 is determined by the Cartesian coordinate 

system  zyx0 ,,, . Let the spherical surface   of radius r and centre in the origin 0 is 

determined by the parametrical equations 

 

urz

vury

vurx

sin

sincos

coscos







,  2,0,,2,2 vu . (1) 

Let c is the circle on this spherical surface determined by the vector function  

      2,0,1,0,sin,cos vvrvrvr . (2) 

Let  tbn0 ,,,  be the Frenet-Serret moving trihedron of the circle c, where n is the principle 

normal, b is binormal and t is tangent of the circle c at the point c0   with the unit vectors in 

the coordinate system  zyx0 ,,,  [1] 
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Frenet-Serret moving trihedron  tbn0 ,,,  is represented by the regular square matrix [2] 
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Figure 1: Frenet-Serret moving trihedron  tbn0 ,,,  of the circle c 

 

In Fig.1 is displayed spherical surface  , circle c with Frenet-Serret moving trihedron 

 tbn0 ,,,  and cyclical surface   created by the circle  r0c  ,  moving along the circle c 

and lying in the normal plane determined by the principal normal n and the binormal b of the 

circle c at the point 0 .  

Then the vector function of the cyclical surface   is 

        vuvvu McrP .,  ,  2,0u ,  2,0v , (7) 
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0´ c 
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where  vr  is vector function of the circle c expressed in equations (2),  vM  is the 

transformation matrix of the coordinate system  tbn0 ,,,  into the coordinate system 

 zyx0 ,,, , (Eq.6) and    1,0,sin ,cos ururu c ,  2,0u  is the vector function of the 

circle c .  

2. Creating of the normal cycloidal curve c1 of the circle c 

Point  1,0,0,P 11 d  in the coordinate system  tbn0 ,,, , c0   rotates about the normal n of the 

circle c with angular velocity vm1 , the orientation is determined by the parameter 1sgn  and 

creates the cycloidal curve 1c  which is expressed by vector function 

   1,sinsgn,coscossin,sincoscos1,,,)( 1111111111 vmdvvmdvrvvmdvrzyxv 1r ,(8) 

for parameter  2,0v .  

Cycloidal cyclical surface 1  is created by the movement of the circle  11 ,r0c   along the 

cycloidal curve 1c  and lying in the normal plane determined by the principal normal n  and the 

binormal b  of the curve 1c  at the point 0  . 

Let  tbn0  ,,,  be the Frenet-Serret moving trihedron of the cycloidal curve 1c , where n  is 

the principle normal, b  is binormal and t   is tangent of the curve 1c  at the point 1c0   with 

the unit vectors  

      

 





v

v
tttv zyx

1

1,,

r

r
t , (9) 

        

   








vv

vv
bbbv zyx

11

11,,

rr

rr
b , (10) 

        vvnnnv zyx tbn  ,, . (11) 

Matrix  

  

     
     
     





























1000

0

0

0

1
vtvtvt

vbvbvb

vnvnvn

v
zyx

zyx

zyx

M  (12) 

29



Tatiana Olejníková   

 

 

represents the transformation of the coordinate system  tbn0  ,,,  (the moving trihedron of 

the curve 1c ) into the coordinate system  tbn0 ,,,  (the moving trihedron of the circle c). 

Then the vector function of the cyclical cycloidal surface 1  is 

        vmuvvu 11111 ., McrP  ,  2,0u ,  2,0v , (13) 

where  v1r  is vector function of the cycloidal curve 1c  expressed in equations (8),  vm11M  

is the transformation matrix (Eq.12) and    1,0,sin ,cos 111 ururu c ,  2,0u  is the vector 

function of the circle 1c  moving along the curve 1c  and lying in its normal plane. [4], [6] 

 

            
 

                                   Figure 2                                                            Figure 3 

 

In Fig.2 are displayed spherical surface  , cyclical surface   and cycloidal cyclical surface 

1 , determined by parameters 15r , 61 m , 51 d , 35.0r , 1sgn 1  , 5.01 r . 

If we project every point  1,,,X 1111 zzx  of the cycloidal curve 1c  on the spherical surface   

by using the central projection with centre of the spherical surface, then we obtain points 

 1,,,X 1111 zyx   which create the cycloidal curve 1s  on the spherical surface  . Then 

transformation betveen coordinates is determined by the equations  
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Then cycloidal cyclical surface 1   on the spherical surface   is created by the movement of 

the circle  11 ,r0c   along the cycloidal curve 1c  and lying in the normal plane determined 

by the principal normal n  and the binormal b  of the curve 1c  at the point 0  .  
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In Fig.3 are displayed spherical surface  , cyclical surface   and cycloidal cyclical 

surface 1   determined by the same parameters as in the Fig.2. 

In Fig.4 are displayed spherical surface  , cyclical surface   and cycloidal cyclical 

surface 1  , determined by the same parameters as in the Fig.2., except 1sgn 1  . 

In Fig.5 are displayed spherical surface  , cyclical surface   and cycloidal cyclical surface 

1  , with same parameters as in the Fig.4., except 81 m . 

 

             
 

                                  Figure 4                                                          Figure 5 

 

3. Creating of the binormal cycloidal curve c2 of the curve c1 

Point  ,0,0,1P 22 d  in the coordinate system  tbn0  ,,, , 1c0   rotates about the binormal 

b  of the cycloidal curve 1c  with angular velocity vm2  and orientation determined by the 

parameter 2sgn  and creates the cycloidal curve 2c  with vector function 

    1,,,1,,,)( 0101101011010112222 zzyyxx tznxztznxytznxxzyxv r , (15) 

where parameter  2,0v  and 

 vmdzvmdx 222012201 sinsgn,cos  . (16) 

Cycloidal cyclical surface 2  is created by the movement of the circle  22 ,r0c   along the 

cycloidal curve 2c  and lying in the normal plane determined by the principal normal n   and 

the binormal b   of the curve 2c  at the point 0  .  
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Let  tbn0  ,,,  be the Frenet-Serret moving trihedron of the cycloidal curve 2c , where n   

is the principle normal, b   is binormal and t   is tangent of thecurve 2c  at the point 2c0   

with the unit vectors  
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represents the transformation of the coordinate system  tbn0  ,,,  (the moving trihedron of 

the curve 2c ) into the coordinate system  tbn0  ,,,  (the moving trihedron of the curve 1c ). 

[8], [9] 
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Figure 6: Transformations of the coordinate systems 

 tbn0  ,,,   tbn0  ,,,   tbn0 ,,,   zyx0 ,,,  

 

In Fig. 6 are displayed transformations of the coordinate system  tbn0  ,,,  (the moving 

trihedron of the cycloidal curve 2c ) to the coordinate system  tbn0  ,,,  (the moving 

trihedron of the cycloidal curve 1c ),  tbn0  ,,,  to the  tbn0 ,,,  (the moving trihedron of 

the circle c) and  tbn0 ,,,  to the coordinate system  zyx0 ,,, . 
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The vector function of the cyclical cycloidal surface 2  is 

        vmuvvu 22222 ., McrP  ,  2,0u ,  2,0v , (21) 

where  v2r  is vector function of the cycloidal curve 2c  expressed in equations (15), 

 vm22M  is the transformation matrix (Eq.20) and    1,0,sin ,cos 222 ururu c ,  2,0u  

is the vector function of the circle 2c  moving along the curve 2c  and lying in its normal 

plane.  

 

            
 

                                   Figure 7                                                            Figure 8 

 

In Fig.7 are displayed spherical surface  , cyclical surface  , cycloidal cyclical surface 1  

and cycloidal cyclical surface 2  determined by the parameters 15r , 61 m , 51 d , 

35.0r , 1sgn 1  , 5.01 r , 12 6mm  , 32 d , 1sgn 2  , 5.02 r . 

If we project every point  1,,,X 2222 zzx  of the cycloidal curve 2c  on the spherical surface   

by using the central projection with centre of the spherical surface, then we obtain points 

 1,,,X 2222 zyx   creating the cycloidal curve 2s  on the spherical surface  . Then 

transformation betveen coordinates is determined by the equations  
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Then cycloidal cyclical surface 2   on the spherical surface   is created by moving circle 

 22 ,r0c   along the cycloidal curve 2c  and lying in the normal plane determined by the 

principal normal and the binormal of the curve 2c  at the point 0  .  
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In Fig.8 are displayed spherical surface  , cyclical surface  , cycloidal cyclical surface 1   

and 2   determined by the same parameters as in the Fig.7. 

4. Creating the ornaments on the spherical surface by using normal and 

binormal cycloidal cyclical surfaces 

We can create various ornaments on the spherical surface by the changing of the parameters 

of the cycloidal curves 21, cc  as a determining cuves of the cyclical cylindrical surfaces 1  

and 2  and their projected surfaces 1   and 2   on the spherical surface  . 

 

       
 

                  Figure 9                                      Figure 10                                   Figure 11 

 

In Fig.9 are displayed spherical surface  , cyclical surface  , cycloidal cyclical surface 1   

and 2  , determined by the same parameters as in the Fig.7 except 1sgn 1  , 1sgn 2  , in 

Fig.10 are changed parameters 1sgn 1  , 1sgn 2   and in Fig.11 are changed parameters 

81 m , 12 8mm  , 1sgn 1  , 1sgn 2  . 

 

   
 

                     Figure 12                                    Figure 13                                 Figure 14 
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In Fig.12 are displayed spherical surface  , cyclical surfaces 1 , 2  created by using the 

circles cc 21 ,  determined by vector functions  

      2,0,1,sin,sincos,coscos1 vrvrvrvr ,  

      2,0,1,sin,sincos,coscos2 vrvrvrvr ,  

cycloidal cyclical surfaces 1

2
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1 ,    and 2

2
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Determined by the parameters 15r , 61 m , 51 d , 35.0r , 1sgn 1  , 5.01 r , 

32 d , 12 6mm  , 1sgn 2  , 5.02 r , 5 . 

 

   
 

                     Figure 15                                  Figure 16                                 Figure 17 

 

In Fig.14 is changed parameter 81 m , in Fig.15 is changed parameter 1sgn 2  , in Fig 16 

is changed parameter 71 d , in Fig.17 are changed parameters 81 d , 4 , in Fig.16 is 

change parameter 62 d . 

Conclusion 

By using of the mathematical apparatus we can create spatial ornaments as an example of the 

utilization of mathematics in design. The design is also needed in addition purposeful and 

aesthetic. 

The described method of the modeling of cyclical cycloidal surfaces on the spherical surface 

shows a simply way to modeling of different interesting ornaments on the spherical surface by 

changing of parameters. 
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In this paper was used rotations about the coordinate axes of the moving trihedrons of the 

curves lying on the spherical surface. 
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