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ABSTRACT

In the paper, there has been determined an exponential element in the discrete model of the non-
classical Bittner operational calculus for the nth-order forward difference.
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FOUNDATIONS OF THE BITTNER OPERATIONAL CALCULUS

The Bittner operational calculus [1-4] is a system
CO(LOs Ll 1) Sv qu Sqa Q)J (1)

where L° and L! are linear spaces (over the same scalar field ") such that L' c £°.
A linear operation § : L' — L° (denoted as S € .Z (L', L)), called a derivative, is
a surjection. Moreover, Q is a set of indices ¢ for the operations 7, € 2% L' and
sq € Z(L", L"ysuchthat ST,f = f,f € L and syx = x — T, Sx,x € L'. T, and s, are
called integrals and limit conditions, respectively. The kernel of §, i.e. Ker § is called
a set of constants for the derivative S. It easy to check that the limit conditions s,
are projections of L! onto the subspace Ker S.

The condition L' ¢ L' enables iterating of integrals. In order to create de-
rivatives of higher orders, using induction, we determine in turn a sequence of
spaces 1", n € N1in such a way that

L'i=f{xel':Sxel ).

Then
.cltc'c...cLl cL?
and
Sy = [,
where

LU LY358":=50850...08, meNy:=NU{0}, neN.

n—times
Assume that the only solution to an equation
Sx=Ax, A€l (2)
with a limit condition
sqx =0

isx=0.

1 N denotes a set of natural numbers.
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If the equation (2) with a limit condition
s¢x=c, ceKerS§ (3)

has a solution for ¢ # 0, then we call it an exponential element (with a A-exponent)
and denote it as exp(4, g, ¢).

[t is easy to notice that the exponential element is uniquely determined and
exp(0,q,¢c) = c.

If we define the objects (1), then we mean a representation or a model of the
operational calculus.

OPERATIONAL CALCULUS MODELS FOR THE FORWARD DIFFERENCE

Let I' := C be a field of complexes and L9=L":=C(Ny, C) be a linear space
of complex sequences x = {x(k)}rep,2 with a usual sequences addition and sequences
multiplication by complex numbers.

In [1, 2, 4] Bittner considered a discrete representation of the operational
calculus with a derivative understood as a forward difference A, i.e.

Sax = Ax = {xtk+ 1) — x(k)},
to which there corresponds one integral
0 for k=0

k-1
> ox(i) for k>0 °
i=0

TA,())C = k e Ny

and one limit condition

sp0x 1= {x(0)}.

Later there appeared, officially mentioned in [5], a model with integrals

ko—1
— > x(i) for k<ky
i=k
TajpX = 0 for k=ky , kel
k=1
> x(i) for k>ky
i=kg

2 In the operational calculus, we differentiate between a symbol of a function and a symbol
of a function value at a point. In particular, {x(k)} means a sequence, while x(k) - its value for a given
k € MNy. This denotation is derived from J. Mikusifiski [7]. In what follows, provided it does not
cause ambiguity, we will skip the { } brackets.
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and limit conditions

Sk X = {x(ko)},

where ky = g € Q := Np. This model was generalized in [6], where it was proved
that to the so-called forward difference with the base b = {b(k))}

Sa,x = Apx = {x(k + 1) = b(k)x(k)}3
there correspond the below integrals

x(k) }

TA],,k(}x = {e(k)}TA,k(){m

and limit conditions

e(k)

T )}sA o)),

Shj ko X = {
k=1
where e(k) := [] b(i), e(0) := 1.
i=0

Another generalization of the models considered in this paper was done in
[9]. It was shown that to the n'*-order forward difference

Sa,x = Apx = {x(k + n) — x(k)}, (4)

where 7 is a given natural number, there correspond integrals

-1 k-1 ko—
1
Th, joX = {— Z[ Z - x(i) — Z 7 x(i) ] } (5)
n j=0 =0
and limit conditions
n=1 kp+n—1
X 1= {—Z > ). )
j i=ky

where

E0,E1y .-y En-1

are n'" roots of unity, i.e.

2] 2] S
£j=c05.£+isin£, je0O,n—-1:={0,1,...,n—-1},
n n

while ‘i’ denotes the imaginary unit.

3 {b(k)} is a sequence such that &(k) # O for each k € Iy, while {b(k)x(k)} means a term-
wise (Hadamard) multiplication of &, x sequences.
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It was also shown that the operations

SapaX = Appx = {x(k +n) — bx(k)}* (7
and
k
Tyt 1= {e(k)m\,,,ko{%}, ()
)
St = lelsn, o S0 | ©
where

k
{e(k)} := (b} € Ker Sy, .
satisfy the fundamental operational calculus formulas, i.e.
SA/J.H TA[:.nsk()x =X, TA/J.H:k()SAbJ:x =X-= SAI).J)sk()x'

It is easy to verify that a solution to the Cauchy problem

xtk+1)—x(k) = Axk), Ae€C\{-1} — Sax = Ax

1
w(ko) = cigs i €C\ (0} wax=c =l A0

is the sequence x = {expp(4, ko, c)(k)} = {(1 + /l)k”"”cku}, which is an exponential
element for the forward difference Sa (cf. [4]).
A generalization of (10) is an initial value problem
x(k + n) — bx(k) = Ax(k), AeC\{-b) (11
x(ko + €) = cryrer  Crore €C.EE0 N -1, (12)
where |cg, | + |cgg+1] + .-+ lcky4n—1] > 0.

The above IVP defines an exponential element in the model with the forward
difference (7).

EXPONENTIAL ELEMENT FOR A HIGHER ORDER FORWARD DIFFERENCE

We shall prove that the sequence

n—1 ko+n-1

c= @i = {3 b T el (13)

=0 i=ko

is a solution to the equation (11) and that it satisfies the initial conditions (12).

4 b # (0 is a given complex number.
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Since 8?*” I = 8’;4 for j € 0,n — 1 and i, k € M, hence for each & € N we obtain

n—-1 kg+n-1

x(k + 1) = Z Z kih 4+ )b+ )T ¢ = (b + Dx(k),

j=0  i=ky
which means that (13) is a solution to (11).

As

8k()+ff!'
0

k()+ffl'

+ E] ko+l—i — O

+---+&
n-1

fori # ky + £, whereiekyp,kp+n—-1land£€0,n-1,so0

1 n—1 kp+n—1

LU+E‘-
xtko +6) = ~ Z Z kot i 4 )
j=0 i=ko
-1 ko+n—1
] A ko +x’l
IS o S )
j=0 i=ko
i#ko+£
1 kotn—1 kop+{—i
= Cryrt + — Z (M 4 0 TN+ )T € = ey
i=ko
itko+{

which signifies that (13) satisfies the initial conditions (12).

Hence, from (12), on the basis of (9) and (6), there follows a limit condition

b’f n=1 kg+n—1
SAp ko X = { Z Z .F/‘ b7 e } {c(k)} = c € KerSa,, . (14)
J=0  i=ko

From (14), we get in turn the initial conditions (12), because

0Hr n—1 ko+n-1 b kott fst ko+n—1
n _ A i i
clhko + €) = — Z Z ko+l=ip, < i (b T Crort s";“# b cr-)

J=0  i=ko J=0 i=ko

i#ko+{
k0+!" ko+n—1

= Chyst + Z ( ko+l—i 11<u+f*t +. +8Rn+é’ :)b " i = Chyet.

i=ko
i#tko+(

Therefore, the conditions (12),(14) are equivalent.

Thus, we have shown that the sequence x = {expﬂb‘n(/l, kg, ¢)(k)} given by (13)

is an exponential element in the operational calculus model with the derivative Sa, .
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The sequence (13) is determined by the limit condition (14) or the initial condi-
tions (12).

An arbitrary constant ¢ = {c(k)} € Ker S4,, shall be called a (b, n)-periodic sequence.
So, for a given (b, n)-periodic sequence we have
clk+n) = bek), keNy.
If we present the {b, n)-periodic sequence as
(k) = br&k), k€ No,
then {¢(k)} must be an n-periodic ((1, #)-periodic) sequence, i.e. {¢(k)} € Ker Sa,.
Therefore, (b, n)-periodic sequences take the form of

¢ = {c()} = (br(apeh + aret + -+ + a,185_ ), (15)

where ap, a1, ..., a,-) are arbitrary complexes.

An exponential element x = {exp,, (4, ko, c)(k)}, where a constant c is of the

form (15), constitutes a solution to the problem (11),(12) with initial conditions

x(kog +€) = c(ky + €) = b™n (aosg"“ +a|a';c°+[ +o 4 an_lsi‘?‘flf , (e0n-1.

An exponential element is a (b + A, n)-periodic sequence.

Example 1.

Let us consider an operational calculus model with the difference A, = A;,
where » is a given natural number. Let us also assume that with ky = 0, the initial
conditions (12) take the form of

cg=n, fe€ O,n——l
Then, the limit condition (14) is a constant sequence
¢ ={nj,
which can be identified with the number .

Hence, on the basis of (13), for A = 1 and n = 1,2, 3 we specifically get ex-
ponential sequences

{expy, (1,0, D)(K)} = (251 ={1,2,4,8,16,...),

fexpy, (1.0.2)(0) = 27 (14 V2+ (=1 (=1+V2))} =(2.2.4,4,8.8,16,16,32.32,.. ),
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- ; : 3 3 2k
(expa, (1,0,3)(k)} = {2‘72(1 + V2 + VE+ (=1 + V2)(1 +2V2) cos T’T
e 2k “
+ V3(=1 + V2)sin T”)}
={3,3,3,6,6,6,12,12,12,24,24,24,48,48,48,96,96,96,.. .},
whose graphs are presented in fig. 1 below.

It is easy to notice that for any n € Ny we have
{expy, (1,0.m)(K)} = {n - 21},

where | r] denotes an integer part (floor) of the number r € E.
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Fig. 1. Graphs of the exponential sequence {exp, (I,0,7)(k)} forn =1,2,3

EXPONENTIAL ELEMENT IN A SPACE OF RESULTS

The problem (11),(12) can be presented as
Sap, X = Ax (16)
SAp ko X = €, (17)

where the constant ¢ € Ker §,,, has the form of (14).
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The problem (16), (17) is equivalent to an integral equation

(1 - /lTA;)‘,,,k[])x =q, (18)
where / means the identity operation defined on 0= C(Ng, C).

Since for ¢ = 0 we get x = (), then the operation I — ATy, , 4, is an injection.
Itis easy to check that Ty, , 4, is also an injection.

Let (L") be a multiplicative semigroup of injective endomorphisms of L’,
which is generated (for a given ko € Ny) by the operations 7y, , and I — ATy, ,

forany A € C\ {-b}.
It is obvious that the semigroup #(L") is commutative.
Let us consider ordered pairs
&:=[xUl, xelL’ Uenl?
and the equality relation
def 0 0
([ Ul=[y,V]) = (Vx=Uy), xyel’, UVenl),
which is of equivalence type.

This relation divides the set of all considered pairs into equivalence classes,
which are called results [2, 4].

A result is also an arbitrary representative £ of a given class. For such a rep-
resentative the fraction symbol

Q=

is used.

The set of results Z(LY, 7(L")), together with the operations

v

x+y _ Vx+ Uy (x)
u v’ vv -’

= %, X,y € L0, vel, UVe (L"),
constitutes a linear space over the field " of complexes C.

The sequences of 2. can be treated as results, since
U.
X Fx x={xk) € L%, U e (L)
is an isomorphism.
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[t is not difficult to verify that the results of the form

¢

TA[:.nakﬂ
do not belong to L for each ¢ € Ker Sy, \ {0} [4].
From this it follows that Z(L°, (L)) \ L’ is a nonempty set.

The elements ¢ € L and £ € Z(L°, (L") \ L are called a regular result and
a singular result, respectively [8].
Let R be an endomorphism of I’ commutative with the operations from

the semigroup 7(L"). The operation

X Rx
—)i= = el e m(L’
p(v) gy el GVenty
is called an operator and denoted as p = % [2,4].
Thus, an operator is the endomorphism of the results’ space Z(L°, n(L%)).

The operator py := %‘:", where U € JT(LO), is identified with the endomorphism R.

An operator given by the formula

1
TA».»J\'()

Pko = Pay ko 1=

is called the Heaviside operator [4].

From (18) we obtain a form of an exponential element as a result

c

X=——.
1 - ATA[}.H-"((I

It is a regular result, which can also be presented as

Pk

{expa,, (4, ko, )(k)} = -1 ek} (19)
Example 2.
Using Mathematica®, we shall solve the IVP
x(k+6)+6x(k+3)—16x(k) =0, kel (20)
x0)=1, x(1)=0, x(2) =0, x(3) =1, x(4) =0,x(5) = -1. (21)
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A. Applying the following code

sol=RSolve[{y[k+6]+6y[k+3]-16y[k]==0,y[0]==1,y[1]==0,y[2]==0,
y[38]==1,y[4]==0,y[5]==-1}.y[K].K];

X[k_]:=y[K]/.Flatten[sol];

FullSimplify[ComplexExpand[x[K]]]
Table[FullSimplify[x[k]],{k,0,20}]

we get a solution to the considered problem:

T 2% 2k
xk) = 3 2“*“”3[4(9 2283 — 1+ V3sin T’T +(1+18-2)cos Tﬂ)
. k k
+22”‘+”f3(5 (=1 + V3sin ?’T +7cos ?ﬂ)] k € N (22)

as well as its consecutive terms for k € 0, 20:
1,0,0,1,0,-1,10,0,6,-44,0,-52,424,0, 408, -3248,0, —3280, 26272, 0, 26208.

B. We shall now determine a solution to the problem (20),(21) in a respective results’
space using Mathematica® for all auxiliary calculations.

If we present the equation (20) as
(x(k + 6) — 2x(k + 3) + x(k)) + 8(x(k + 3) — x(k)) — 9x(k) = 0, k € Ny,
we can solve the problem in a model with the derivative
Sx =Spx = {x(k + 3) — x(h)}.
Then, instead of (20), we get
S2x+85x-9x=0, (23)
where x = {x(k)}.
To the initial conditions (21), on the basis of (6) and with k3 = 0, there cor-

respond in turn the limit conditions

1 .
SpX =cC = {g(aﬁ+aff +£§)} =1{1,0,0,1,0,0,...}

,me NOs (24)

|1 for k=3m
"1 0 for k+#3m

soSx=d = {—%(3’5—2 k2 ko2 } ={0,0,-1,0,0,~1....)

:{—1 for k=3m+?2 m e Ny, (25)

0 for k#3m+2

where sy means sy, 0 and
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. L i3 1 i3
€ =1 = 3 ) » €2 = 5 5

If Ty means the integral (5) for &y = 0, then the problem (23)-(25) is equiv-
alent to the equation

x+ 8Tox — 9T§x =c+8Toc + Tyd,
that is
(I +9T0)I —To)x = (I + 8Tp)c + Tod. (26)
Let the results’ space Z(L°, 7(L")) be determined by the space L =C(1, C)
and the semigroup m(L") containing the operations
To, I +9To, 1 —Ty.
In Z(L°, n(L)) a solution to the equation (26) is the result

(I +8To)c + Tod
(I +9T0)I =Ty’

that is

ll()(p +9I(c—d)+ 1(9“4))_

It is a regular result, because on the basis of (19) we obtain
|
(k) = (expm( 9,0, — d)(k) + exp, (1,0,9¢ + d)(k)) k € No.

Using the form (13) of the exponential element, we also have

_ L k/3( 2"_”) <k+n/3(, .
x(k) = _120[36 21T + 2 cos 3 +2-2 I + 2sin
(4k + l)n)]

6

(4k + l)zr)

+(—2)"(5 + 8 cos 2]3‘—” — 2sin . keN,. (27)

In Mathematica®, we can easily verify that the formulas (22) and (27) pre-
sent the same solution to the problem (20),(21). Namely, after running the code

X1=...;
X2=...;
FullSimplify[x1==x2, Assumptions->Element[k,Integers] && k>=0]

where ‘.. mean the right sides of (22) and (27), respectively, we obtain the logical
value True.
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CIAG WYKLADNICZY
W MODELU RACHUNKU OPERATOROW
DLA ROZNICY PROGRESYWNE] RZEDU n

STRESZCZENIE

W artykule wyznaczono element wyktadniczy w dyskretnym modelu nieklasycznego rachunku
operatorow Bittnera dla réznicy progresywnej rzedu n.

Stowa kluczowe:

rachunek operatoréw, pochodna, pierwotne warunki graniczne, rdznica progresywna, ciag wyktadniczy.
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