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Abstract: Geostatistical methods make the analysis of measurement data possible. This article presents the problems directed to-
wards the use of geostatistics in spatial analysis of displacements based on geodetic monitoring. Using methods of applied (spatial)
statistics, the research deals with interesting and current issues connected to space-time analysis, modeling displacements and defor-
mations, as applied to any large-area objects on which geodetic monitoring is conducted (e.g., water dams, urban areas in the vicinity
of deep excavations, areas at a macro-regional scale subject to anthropogenic influences caused by mining, etc.). These problems
are very crucial, especially for safety assessment of important hydrotechnical constructions, as well as for modeling and estimating
mining damage.

Based on the geodetic monitoring data, a substantial basic empirical material was created, comprising many years of research re-
sults concerning displacements of controlled points situated on the crown and foreland of an exemplary earth dam, and used to assess
the behaviour and safety of the object during its whole operating period. A research method at a macro-regional scale was applied to
investigate some phenomena connected with the operation of the analysed big hydrotechnical construction.

Applying a semivariogram function enabled the spatial variability analysis of displacements. Isotropic empirical semivariograms
were calculated and then, theoretical parameters of analytical functions were determined, which approximated the courses of the
mentioned empirical variability measure. Using ordinary (block) kriging at the grid nodes of an elementary spatial grid covering the
analysed object, the values of the Z* estimated means of displacements were calculated together with the accompanying assessment
of uncertainty estimation – a standard deviation of estimation σk. Raster maps of the distribution of estimated averages Z* and raster
maps of deviations of estimation σk (in perspective) were obtained for selected years (1995 and 2007), taking the ground height 136
m a.s.l. into calculation. To calculate raster maps of Z* interpolated values, methods of quick interpolation were also used, such as
the technique of the inverse distance squares, a linear model of kriging, a spline kriging, which made the recognition of the general
background of displacements possible, without the accuracy assessment of Z* value estimation, i.e., the value of σk. These maps are
also related to 1995 and 2007 and the elevation.

As a result of applying these techniques, clear boundaries of subsiding areas, upthrusting and also horizontal displacements on
the examined hydrotechnical object were marked out, which can be interpreted as areas of local deformations of the object, impor-
tant for the safety of the construction.

The effect of geostatistical research conducted, including the structural analysis, semivariograms modeling, estimating the dis-
placements of the hydrotechnical object, are rich cartographic characteristic (semivariograms, raster maps, block diagrams), which
present the spatial visualization of the conducted various analyses of the monitored displacements.

The prepared geostatistical model (3D) of displacement variability (analysed within the area of the dam, during its operating
period and including its height) will be useful not only in the correct assessment of displacements and deformations, but it will
also make it possible to forecast these phenomena, which is crucial when the operating safety of such constructions is taken into
account.
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1. INTRODUCTION

Because of the complexity of estimating parame-
ters in multidimensional space, special data handling
techniques are needed to render the scale and structure
of the investigated continuous regionalized phenom-
ena monitored based on the measurements taken in

selected points. Due to the great variation in the meas-
ured values of the analysed parameter (i.e., a regional-
ized variable) one cannot use a mathematical function
to describe this variable, whereas the classic statistical
methods poorly extract the essential information re-
lating to the complex structure of the phenomenon in
space. Thanks to the acquisition of reliable informa-
tion about the distribution of parameters in a meas-
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urement space the investigative methodology used
a few tens of years ago to estimate gold (Au) deposits,
and recently increasingly often employed in different
fields of science and sectors of national economy, can
be exploited [7]–[10], [12], [16]–19]. The methodol-
ogy comprises a set of statistical techniques (based on
random function theory) which take the spatial and
temporal location of data into account in a measure-
ment data analysis. The premises of geostatistics en-
able not only a typical statistical approach, but also the
qualitative description of measurement data and the
presentation of their quantitative-qualitative structure
in the investigated measurement space. Geostatistics
is a branch of applied (spatial) statistics. Its principal
premise are regionalized variables whose values are
mutually correlated. Conventional deterministic solu-
tions require many simplifications and the derived
models are less accurate. Geostatistical methods offer
new possibilities, especially when the geometry and
description of the investigated object or area are com-
plicated.

Initially, geostatistics was used only in geology
and mining, useful mineral deposit exploration, the
evaluation of the spatial characteristics of deposit
parameters, and ore content forecasting. The first such
studies were conducted in South Africa. Their theoreti-
cal foundations had been substantially developed in
France. The theory and examples of the application of
the methods can be found in many works, e.g., [1]–[3],
[5]–[8], [24]. Both theoretical geostatistical research
(e.g., in economics) and experimental geostatistical
studies in wide spectrum of Earth sciences, such as:
geology and hydrology, mining, environmental pro-
tection, oceanography, fishery, forestry, geochemistry,
metrology, epidemiology, the power industry as well as
geodesy and cartography, are being conducted. Many
cartographic works dealing with the application of
particular geostatistical methods have been published
[14], [15]. Studies in the field of environmental pro-
tection, dealing with, e.g., the consequences of mining
operations, deserve special attention. One should men-
tion estimates of soil, water and air pollution in the
direct vicinity of industrial facilities [8]–[13], [18].
Geostatistical techniques are also applicable to various
higher and satellite geodesy analyses. The present
example is the proposal to estimate the local vector
gravitational field of the Earth and to plot (based on
the numerical terrain model) maps of gravimetric
anomalies, of gravity force gradients and of the den-
sity of topographic masses [4], [22]. The combined
use of geodetic measurements and results of geologi-
cal surveys in the analysis of spatially correlated data
should help to accurately describe such natural phe-

nomena widely extending in space and time as the
current movements of the Earth’s crust [22], [23], and
to model and forecast post-mining deformations.

As an effective instrument for processing and han-
dling the information contained in databases, geosta-
tistics seems to be a proper tool for aiding research in
the Geographic Information System (GIS). The devel-
oped (2D and 3D) maps enable the quick access to
various analytical information [12]–[14].

This paper proposes wider use of geostatistical
techniques in the spatial analysis of a displacement
field obtained from the geodetic monitoring of areas
and buildings subjected to anthropogenic influences, as
an example serving a case of the earth dam of a large
water reservoir located in the SW part of Poland (the
Lubin-Sieroszowice area), i.e., a case in which the
modelling and forecasting of the scale of the consid-
ered phenomenon is especially relevant.

Selected results of spatial analyses based on geo-
detic databases containing displacement values regis-
tered over many years of monitoring this hydrotechni-
cal structure are reported.

Earlier results of the geostatistical studies of the
displacements of the reservoir were presented in con-
ference paper delivered at the Gdańsk University of
Technology, at the VII National Scientific Conference:
Inspiration-Integration-Implementation in 2014 [20]
and in conference paper at the XI Wroclaw Scientific-
Technical “Hydro-Engineering Problems”, organized
by Wroclaw in Świeradów-Zdrój in 2017 [21].

2. RESEARCH METHODS

This paper proposes research methods to study phe-
nomena monitored through geodetic measurements.
The methods have been applied (on an unprecedented
scale) to a macroregion where a large hydrotechnical
facility is located. Generally speaking, the methods
derive from the investigations of the displacements of
various civil engineering structures (chimneys, cool-
ing towers, masts, weirs and hydraulic power plants)
conducted in the Water Construction Hydraulic Engi-
neering and Geodesy Unit of the Institute of Geotech-
nics and Hydrotechnics at Wrocław University of
Science and Technology in years 1995–2008. Such
structures are being subjected to variable external
conditions (e.g., solar radiation and temperature) and
loads (the water rise head on weirs, the action of wind
on tall structures, etc.).

Thanks to the geodetic monitoring of the hydro-
technical structure, vast amounts of basic empirical
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data, including the results of geodetic surveys of the
displacements of check points (CPs) located on the
crown and foreland of the structure’s earth dam, are
available.

The data obtained from the geodetic monitoring
have been used to continuously evaluate the behaviour
and operational safety of the structure by various su-
pervision and research teams working on the site.
Even though geodetic monitoring covers point loca-
tions, it is recommended to characterize the distribu-
tion of the values of the investigated parameters in the
unsampled areas and identify critical subareas with
highly varying values of horizontal displacements and
subsidences, indicative of the possible occurrence of
local deformations of the structure.

Thematic databases, containing values of the coordi-
nates X, Y and Z of the check points (CPs) and their total
horizontal displacements: uxc (along the X-axis) and uyc
(along the Y-axis) and resultant displacements uc (uxc
+ uyc) as well as vertical displacements uzc (along the
Z-axis), for the years 1990–2009 constituted the basis
for spatial analyses of the above parameters variation in
2D and 3D (X–Y, X–Y–Z, X–Y–T ). Selected results of
such studies are shown in the conference paper [20].

The geostatistical investigations were carried out
using the isotropic variogram and directional vario-
gram functions, the ordinary kriging estimator and
quick interpolation techniques. As a result, averages Z*
of the displacements of the hydrotechnical structure
were estimated. Prior to the geostatistical computations
the data on the original displacements, coming from
the geodetic monitoring of the CPs were subjected to
analysis.

The spatial analyses were carried out in the fol-
lowing stages:
 preparing 3D databases in two computational ver-

sions: (1) coordinates X, Y, Z (elevation) and (2) co-
ordinates X, Y, T (time axis showing displacements
of check points on the dam crown and forefield)
for the years 1978–2009;

 evaluating the basic statistics and analysing the
histograms of the monitored displacements;

 modelling the isotropic variograms of the empiri-
cal displacements and their approximation by the
means of analytical theoretical functions (geosta-
tistical models);

 cross-validating (verifying) the adopted theoretical
models of the isotropic variograms, including evalu-
ating estimation errors in the check points by the
means of ordinary (point) kriging;

 estimating displacement averages Z*, using ordi-
nary (block) kriging and quick interpolation tech-
niques (the inverse distances squared technique,

the linear model kriging and the spline model
kriging);

 plotting raster maps of the distributions of esti-
mated displacement averages Z* and estimation
standard deviations k in time space, i.e., in the
successive periods of the hydrotechnical struc-
ture’s service life;

 assessing the scale of the spatial and temporal
variation of the displacements (on the different
elevation levels of CPs on the structure over the
years 1990–2009);

 assessing the effectiveness of the methods of esti-
mating displacement averages Z*, including deter-
mining mean estimation and interpolation errors.

3. BASIC STATISTICAL
EVALUATION

Original data on the displacements of the check
points on the hydrotechnical structure, monitored in
the years 1990–2009 were subjected to basic statisti-
cal evaluation. The basic maps show the locations of
CPs on the dam’s crown and foreland in a particular
measurement period, in 2D (X, Y) and 3D (X, Y, Z)
(Figs. 1a, 1b).

As an example, the results of estimating the dis-
placement distribution histograms (Figs. 2a, 2b, 2c),
including the fit of the Gaussian models to the histo-
grams (Figs. 2d, 2e, 2f), are shown for the year 2007.

The histograms of horizontal displacements uxc
and uyc (Figs. 2a, 2b) exhibit right-hand asymmetry
(the respective positive skewness coefficients are: g1 =
+1.008 and g1 = +2.007), but the distribution of dis-
placements uyc in the E direction is characterized by
a twice higher value of coefficient g1, which indicates
a considerable variation in this parameter and the oc-
currence of large positive displacements.

The left-hand asymmetry of the histograms of ver-
tical displacements uzc (negative skewness coefficient
g1 = –1.189) expresses the character of the displace-
ments, among which negative values (indicating con-
siderable subsidences of the CPs on the structure)
predominate.

The histogram of displacements uyc is much slen-
der (kurtosis: g2 = 7.28) (Figs. 2b, 2h), while the other
displacement distributions are much flatter.

The basis statistical parameters of the hydrotech-
nical structure’s horizontal and vertical displacements
in the CPs, monitored in the years 1990–2009, are
presented in Table 1. An analysis of the original dis-
placements for the particular years shows that hori-
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Fig. 1. Base maps of the displacements of the PK control points in the object: (a) in the X, Y flat layout,
(b) in the X, Y, Z spatial layout during the sample period of observations (2007)
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Fig. 2. (a), (b), (c) Histograms of horizontal displacements distributions uxc (skewness coefficient g1 = + 1.008; kurtosis coefficient g2 = 5.38),
uyc (g1 = +2.007; g2 = 7.28) and vertical displacements uzc (g1 = –1.189; g2 = 4.18); (d), (e), (f) The results of Gaussian model fitting to uxc,

uyc and uzc displacements histograms; (g), (h), (i) Histograms of uxc, uyc and uc displacements distributions with the fitted theoretical models (2007)
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zontal displacements uxc assumed mainly positive
values (in the N direction), ranging from +27.0 a.u.
(arbitrary units) in 1990 to +263.0 a.u. in 2006. The
negative values of the displacements (in the S direction)
ranged from –8.0 a.u. in 1990 to –74.0 a.u. in 2008. In
the case of horizontal displacements uyc, positive val-
ues predominated (in the E direction), ranging from
+93.0 a.u. in 1995 to +581.2 a.u. in 2009. The negative
values of the displacements (in the W direction) were
lower, ranging from –29.0 a.u. in 2000 to –206.2 a.u. in
2009. The high values of negative vertical displace-
ments uzc (subsidences of the CPs) stand out, particu-
larly in the years 1990, 2007, 2008 and 2009, ranging
from –884.5 a.u. (1990) to –852.4 a.u. (2009). The
positive values of uzc (uplifts of the CPs) were low,
ranging from 0,0 a.u. in 1990 to +78.0 a.u. in 2007.

A high variation in the displacements over the years,
as evidenced by the high variation coefficients (V),
is observed. In the case of total horizontal displace-
ments uxc, particularly high values of V (504–779%)

were obtained for the years 2003 and 2005, which can
be ascribed to the high maximum displacement val-
ues. Coefficients V were also high for total horizontal
displacements uyc in the years 2003 and 2006, but they
reached lower values (234–260%) than for displace-
ments uxc. High values of horizontal displacements uyc
were recorded in many of the years considered (2005,
2007–2009). Much lower variation coefficients V
(about 100–130%) were noted for total horizontal
displacements uzc over the years considered, but they
also indicated a considerable variation in subsi-
dences.

4. MODELLING OF DISPLACEMENT
SEMIVARIOGRAMS

The principal stage in geostatistical research is
a structural (variographic) analysis of the variation of

Table 1. Basic statistics of monitored displacements of the hydrotechnical facility

Analyzed variable
in years

Size
n

Mean
value

Xśr [a.u.]

Minimal
value

Xmin [a.u.]

Maximal
max.

Xmax [a.u.]

Standard
deviation
S [a.u.]

Variability
coefficient

V [%]
1990 79 5.57 –8.00 27.00 8.54 153
1995 110 –8.73 –56.00 54.00 18.70 –214
2000 131 4.78 –31.00 40.00 14.99 314
2003 153 4.37 –58.00 115.00 34.06 779
2005 156 3.05 –31.00 56.00 15.39 504
2006 158 36.54 –54.00 263.00 61.74 169
2007 165 11.79 –33.00 86.00 20.82 176
2008 145 14.08 –74.00 104.00 25.80 183H

or
iz

on
ta

l (
co

m
bi

ne
d)

di
sp

la
ce

m
en

t u
x c

2009 161 13.11 –72.00 131.94 27.37 209
1990 79 43.44 –33.00 366.00 82.79 190
1995 110 15.02 –36.00 93.00 22.83 152
2000 131 56.16 –29.00 437.00 97.47 174
2003 153 10.02 –43.00 97.00 26.06 260
2005 156 59.59 –204.40 489.00 116.77 196
2006 158 11.50 –78.00 101.00 26.94 234
2007 165 59.77 –206.20 513.00 122.31 205
2008 145 54.61 –206.20 539.20 106.13 194H

or
iz

on
ta

l (
co

m
bi

ne
d)

di
sp

la
ce

m
en

t u
y c

2009 161 63.24 –206.20 581.20 115.88 183
1990 79 –111.71 –884.50 0.00 146.70 –131
1995 110 –94.85 –395.70 17.20 100.36 –106
2000 131 –117.11 –467.40 25.90 117.49 –100
2003 153 –115.78 –490.30 33.20 126.66 –109
2005 156 –119.74 –501.10 65.00 130.56 –109
2006 158 –130.78 –507.10 78.00 134.42 –103
2007 165 –140.24 –741.80 78.00 143.68 –102
2008 145 –130.03 –797.29 41.20 137.36 –106

V
er

tic
al

  (
to

ta
l)

di
sp

la
ce

m
en

t u
z c

2009 161 –138.62 –852.45 21.98 139.89 –101
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a particular parameter, performed using the variogram
function [1], [6]–[8], [24]. Empirical displacement
variograms are calculated and their shapes are ap-
proximated with theoretical functions. As a result of
the fitting, the so-called geostatistical models reflect-
ing the structure of the variation in the investigated
regionalized variables (horizontal and vertical dis-
placements) are obtained. Thanks to the approxima-
tion the determination of the values of the adopted
models’ geostatistical parameters is possible.

The form of the variogram function for a discrete
regular survey grid is calculated from G. Matheron’s
formula:




 
hn

i
iih

k
ZZ

n
h

1

2)(1)(2 

where:
2(h) – a variogram,
 (h) – a semivariogram (half-variogram),

,iZ  ihZ 
  – values of the regionalized variable in

points spaced at a distance equal to vector h


,
nh – the number of survey points spaced at a dis-

tance equal to vector h


.
As a part of this research the isotropic semivario-

grams of total horizontal displacements uxc and uyc,

resultant displacements uc (uxc + uyc) and vertical dis-
placements uzc were modelled, which means that all
the point data from the monitoring of displacements
were taken into account.

In most cases, complex theoretical model struc-
tures (Tables 2–3) were adopted. Figure 3 shows ex-
emplary isotropic semivariograms of resultant hori-
zontal displacements uc and vertical displacements uzc
for monitoring covering the years: 1995, 2005 and 2007,
together with their theoretical models. The parameters of
the models, i.e., sill variances C = Co + C  and influ-
ence (correlation) ranges a for the displacements reg-
istered in the years: 1995, 2005 and 2007, are shown
in Tables 2–4.

The isotropic displacement variograms differ in
their patterns. The semivariograms of horizontal dis-
placements uc and vertical displacements uzc, moni-
tored in 1995, show a clear tendency for function γ(h)
to increase with distance h (Figs. 3a, 3b), particularly
visible in the case of subsidences uzc. No such trend
can be seen in the semivariograms of these displace-
ments, calculated for the years 2005 and 2007 (Figs. 3c,
3d, 3e, 3f).

The values of displacements uc and uzc were found
to be highly correlated in all the considered years,
which means long influence range a, amounting to sev-
eral hundred a.u., varying from about 200 a.u. to 950
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Fig. 3. Isotropic empirical semivariograms of total horizontal displacements uc (uxc + uyc) and vertical displacements uzc,
approximated by the means of theoretical models: (a), (b) 1995; (c), (d) 2005; (e), (f) 2007
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(Tables 2–4). Only in the case of displacements uzc for
1995 and uyc for 2007 long influence range a, evident in
the semivariogram reached over 2400 a.u. and 1200 a.u.,
indicating large-scale changes along vertical axis (Z)
and in the direction (E).

More pronounced nugget effect C0 and higher val-
ues of sill variance C for displacements uc, uyc and uzc
(Tables 3 and 4) are reflected in the exemplary semi-

variograms, in particular, for the uzc, showing sharp
variations in parameters uc and uzc in the years 2005
and 2007 (Figs. 3c, 3d, 3e, 3f). The much higher value
of nugget effect C0 in the years 2005 and 2007, com-
pared to 1995, indicates a higher (very high) percent-
age of the random component in the total variance (C)
in displacement values, which means hard to predict
displacements.

Table 2. Geostatistical parameters of theoretical models of empirical semivariograms of displacements
for the Earth dam of hydrotechnical facility, 1995

Analyzed (total)
displacement

1995

Nugget
effect

C0

Partial
variance

C’

Total
sill

variance
C=C0+C’

Range
of influence

a [a.u.]

Type of
model

Horizontal
uxc

[a.u.]
97.348 9.407

81.883 188.638 508.83
508.83

spherical,
gamma,
nugget
effect

Horizontal
uyc

[a.u.]
270.513 1614.540

1672.190 3557.243 395.95
956.49

Bessel-K,
Bessel-J,
nugget
effect

Horizontal
combined

uc(uxc+ uyc)
[a.u.]

212.753 545.983
129.124 887.860 778.49

586.89

spherical,
spherical,

nugget
effect

Vertical
uzc

[a.u.]
4779.967 6989.701

2898.825 14668.493 2424.79
585.96

spherical,
spherical,

nugget
effect

Table 3. Geostatistical parameters of theoretical models of isotropic empirical semivariograms of displacements
for the Earth dam of hydrotechnical facility, 2005

Analyzed (total)
displacement

2005

Nugget
effect

C0

Partial
variance

C’

Total
sill

variance
C = C0 + C 

Range
of influence

a [a.u.]

Type
of model

Horizontal
uxc

[a.u.]
265.908 213.580

109.025 588.513 508.84
508.84

Cauchy,
gamma,
nugget
effect

Horizontal
uyc

[a.u.]
4532.070 8968.060 13500.130 579.14

exponential,
nugget
effect

Horizontal
combined

uc(uxc+ uyc) [a.u.]
5144.815 2787.990

4458.197 12391.002 248.68
651.03

spherical,
spherical,

nugget
effect

Vertical
uzc

[a.u.]
10435.454 9748.588

81.494 20265.536 192.11
412.27

spherical,
spherical,

nugget
effect
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5. RESULTS OF CROSS VALIDATION

The correctness of the fit between the theoretical
models and the empirical semivariograms was verified

by cross-validation, consisting in the use of ordinary
(point) kriging to calculate estimated averages Z* of
displacement in each check point, assuming a unique
or moving kriging neighbourhood. In the considered
case, data representing the whole sample (point) popu-

Table 4. Geostatistical parameters of theoretical models of isotropic empirical semivariograms of displacements
for the Earth dam of hydrotechnical facility, 2007

Analyzed (total)
displacement

2007

Nugget
effect

C0

Partial
variance

C 

Total sill
variance

C = C0 + C 

Range
of influence

a [a.u.]

Type
of model

Horizontal
uxc

[a.u.]
325.415

227.564
257.448
187.151

997.578
508.85
508.85
508.85

exponential,
Bessel-J,
Cauchy,

nugget effect
Horizontal

uyc
[a.u.]

3115.240 15219.500
1100.210 19434.950 356.56

1203.92

exponential,
spherical,

nugget effect
Horizontal
combined

uc(uxc + uyc) [a.u.]
3084.305 10297.345

2368.705 15750.355 312.02
178.69

cubic,
spherical,

nugget effect
Vertical

uzc
[a.u.]

11879.102 6439.963
7548.084 25867.149 223.84

364.84

spherical,
spherical,

nugget effect

(a) 

 71500  72000  72500  73000  73500  74000  74500 
Y [m]

 7000 

 8000 

 9000 

 10000 

 11000 

X 
[m

]

Size: (real)uc/01-12-07/
Color: (real)uc/01-12-07/

 0  100  200  300  400  500 
Z*: uc/01-12-07/ (Estimates)

 0 

 100 

 200 

 300 

 400 

 500 

Z:
 u

c/
01

-1
2-

07
/ 

(T
ru

e 
va

lu
e)

rho = 0.847

 0  100  200  300  400 
Z*: uc/01-12-07/ (Estimates)

-5 

 0 

 5 

(Z
*-

Z)
/S

*

rho = 0.034

-5  0  5 
(Z*-Z)/S*

 0.0 

 0.1 

 0.2 

 0.3 

 0.4 

 0.5 

Fr
eq

ue
nc

ie
s

Nb Samples: 165
Minimum:    -3.99485
Maximum:    5.07695

Mean:       0.0131003
Std. Dev.:  0.874047

Legend
X-Validated
Outliers
Not X-Validated

N/A

530.00
496.88
463.75
430.63
397.50
364.38
331.25
298.13
265.00
231.88
198.75
165.63
132.50
 99.38
 66.25
 33.13
  0.00

Isatis



Geostatistical investigations of displacements on the basis of data from the geodetic monitoring of a hydrotechnical object 67

lation, i.e., a unique neighbourhood, were taken into
account when estimating averages Z*. Mean estima-
tion errors (Z* – Z), expressed in the form of stan-
dardized mean errors (Z* – Z)/S (S – standard devia-
tion), were determined by comparing the Z* values
with the original Z values in the CPs. As an example,
the distributions of the standardized errors and the
results of fitting the Z* values to the Z values for
resultant horizontal displacements uc and vertical
displacements uzc, measured in 2007, are shown in
Figs. 4a and 4b.

Tables 5 and 6 present exemplary cross valida-
tion results for the years 1995 and 2007. The calcula-
tions were based on test data for the number of check
points: n = 110 and n = 165. The variances of the
standardized errors did not exceed the assumed stan-
dardized value of 1.0 (Tables 5 and 6), which indi-
cates that the approximation was performed cor-
rectly, i.e., proper theoretical models were adopted

to represent the shapes of the empirical displace-
ment variograms.

The results of the cross-validation calculations
should be taken into account in the further parameter
(displacement) estimation procedures.

The indication of the correctness of fit between the
theoretical models and the empirical semivariograms
were mostly the high coefficients of correlation (r)
between the original Z values and the estimated Z*
values, determined for the years 1990–2009 (Table 7).

From 2005 the correlation coefficients (r) gener-
ally tended to increase for all kinds of displacements.
This can be explained by the increasing number of
check points on the hydrotechnical structure in the
years that followed, which certainly could affect the
results of calculations (higher values of coefficient r).
As the amount of measurement data increases, so do
the possibilities of modelling the empirical semivario-
grams of displacements.
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Fig. 4. The results of the cross-validation for the assumed theoretical model of the isotropic empirical semivariogram
of total horizontal displacements uc, 2007 (a) and total vertical displacements uzc, 2007; (b), for the earth dam of the analyzed facility,

using the unique “kriging” neighborhood: the base map of the analyzed displacements; the graph of the dependence
of the actual (true) values of Z and estimated values Z*; the histogram of standardized error values distribution (Z* – Z)/S*;

graph of dependence of standardized error values (Z* – Z)/S* and estimated averages Z*



B. NAMYSŁOWSKA-WILCZYŃSKA, J. WYNALEK68

Table 5. The results of the calculations connected with cross-validation procedure for the assumed theoretical models
of isotropic empirical semivariograms of displacemenets for the Earth dam of the analyzed hydrotechnical facility,

using the unique kriging neighborhood; tested data, 1995

Tested data_1995 (unique kriging neighborhood)
Analyzed
parameter

Size
n error

average
error

variance

standardized
error

average

standardized
error

variance
Horizontal (total)

displacement
uxc [a.u.]

110 –0.142 150.519 –0.006 0.899

Horizontal (total)
displacement

uyc [a.u.]
110 0.131 362.599 0.004 1.000

Combined (total)
displacement

uc(uxc + uyc) [a.u.]
110 0.600 322.910 0.014 1.000

Vertical (total)
displacement

uzc [a.u.]
111 –2.329 3564.138 –0.014 0.588

Table 6. The results of calculations connected with cross-validation procedure for the assumed theoretical models
of isotropic empirical semivariograms of displacements for the dam of the analyzed hydrotechnical facility,

using the unique kriging neighborhood; tested data, 2007

Tested data_2007 (unique kriging neighborhood)
Analyzed
parameter

Size
n Error

average
Error

variance

Standardized
error

average

Standardized
error

variance
Horizontal (total)

displacement
uxc [a.u.]

165 0.379 401.965 0.008 0.823

Horizontal (total)
displacement

uyc [a.u.]
165 1.733 3862.659 0.010 0.551

Combined (total)
displacement

uc(uxc + uyc) [a.u.]
165 2.330 3863.930 0.013 0.554

Vertical (total)
displacement

uzc [a.u.]
165 –2.729 9196.064 –0.009 0.475

Table 7. The results of cross-validation; correlation coefficients r study between values of original values Z
and estimated averages Z* of displacements, in the years of 1990–2009

Correlation coefficients r between original values of displacements Z
and estimated values Z* in analyzed yearsAnalyzed

parameter
1990 1995 2000 2003 2005 2006 2007 2008 2009

Horizontal (total)
displacement uxc [a.u.] 0.53 0.61 0.47 0.60 0.67 0.73 0.67 0.73 0.75

Horizontal (total)
displacement uyc [a.u.] 0.61 0.86 0.67 0.71 0.79 0.85 0.86 0.88 0.89

Horizontal (combined)
displacement uc(uxc+uyc) [a.u.] 0.33 0.82 0.71 0.69 0.78 0.82 0.85 0.86 0.88

Vertical (total)
displacement uzc [a.u.] 0.55 0.81 0.64 0.69 0.73 0.76 0.76 0.81 0.86
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6. ESTIMATION TECHNIQUES

The following techniques of estimating and inter-
polating displacement averages Z* were used in the
spatial analyses:
 ordinary block kriging,
 quick interpolation techniques (the inverse dis-

tances squared technique, the linear model kriging
and the spline model kriging).
Unlike the quick interpolation techniques, esti-

mation by the means of the ordinary block-kriging
method is based on the variogram function used to
investigate the spatial structure of the displacements.
The modelling of variograms by the means of theo-
retical functions leads to the calculation of the geo-
statistical parameters describing the correlation of
the investigated variables, i.e., influences range a,
sill variance C and nugget effect C0. Based on this
the random variable share and the non-random vari-
able share in total variance C of the considered kind
of displacements can be determined [1], [6]–[8],
[24].

The general linear weighted estimator of the mean
value of a parameter has the form:

)()(
1

0
*

i

n

i
i xZwxZ 



 ,

where wi – a kriging weight coefficient (the weight of
the i-th observation (measurement)),

The ordinary block kriging variance is expressed
by the formula:



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n

i
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2 ),(),(  ,

where:
),( ASi  – the mean semivariogram value between

check (estimating) points Si and points in calculation
block A within which the mean parameter value is
estimated,

),( AA  – the mean semivariogram value be-
tween all the check point combinations in calcula-
tion block A,

 – a Lagrange multiplier.
The ordinary point kriging variance is expressed

by the formula:


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n

i
iik xxwx

1
00

2 ),()( 

where:

 – a Lagrange multiplier,
),( 0xxi  – the mean semivariogram value be-

tween check points xi and estimated position x0 during
estimation.

For point-kriging the formula is simpler, i.e., with-
out term ),( AA , since the semivariogram value in
the point is equal to zero.

Displacement averages Z* were estimated and
the accuracy of the estimates of this variable in the
nodes of the adopted elementary grid was evaluated
using the selected estimation and interpolation
techniques [7]. In addition to averages Z*, the esti-
mation techniques yielded estimation standard de-
viation (k) values. In the case of the quick inter-
polation techniques, only interpolated Z* values
were calculated.

A spatial (3D) elementary grid was adopted for
the CPs on the hydrotechnical structure. The ele-
mentary grid block dimensions were: 5 + 0 a.u.
along the X-axis, 100 a.u. along the Y-axis and
1 a.u. along the Z-axis. The number of elementary
blocks amounted to 52, 82 and 60 for X-, Y- and
Z-axes, respectively. The total number of elemen-
tary blocks taken into account in the (3D) estima-
tion of averages Z* was n = 255840. The unique
kriging neighbourhood (the area of search for check
points) with regular 10  10  5 block discretization
was adopted.

6.1. ESTIMATION
USING ORDINARY KRIGING

After applying of estimating techniques the ordi-
nary block-kriging technique was used to estimate
displacement averages Z* and estimation errors (esti-
mation standard deviations k) in the nodes of the
adopted elementary grid, taking into account the val-
ues of the geostatistical semivariogram models’ pa-
rameters.

The CPs location height on the hydrotechnical
structure, i.e., 136 m a.s.l., constituted the Z-axis.
Raster maps of the distributions of averages Z* for
horizontal displacements (uxc, uyc, uc) and vertical
displacements (uzc), and estimation standard devia-
tions k (in perspective view) were plotted in the rec-
tangular Cartesian coordinate (X, Y) system.

In this paper, selected estimation results for total
resultant horizontal displacements uc (Figs. 5a, 5b and
7a, 7b) and vertical displacements uzc (figs 6a, 6b and
8a, 8b), measured in the years 1995 and 2007, are
presented.
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Thanks to the use of ordinary block-kriging, di-
stinct boundaries of horizonal displacements (Figs. 5a
and 7a) and vertical displacements (Figs. 6a and 8a)
were demarcated on the hydrotechnical structure
being investigated. The zones visible on the maps of

the distributions of averages Z*, comprising the hi-
ghest estimated Z* values, correspond to the location
of CPs on the hydrotechnical structure and can be
interpreted as subareas of local deformations, critical
to its safety.

(a)      (b) 

Fig. 5. The results of the estimation of horizontal displacements uc (uxc+uyc):
(a) averages values Z* of displacements, (b) standard deviation of estimation k of displacements, 1995

(a)      (b) 

Fig. 6. The results of the estimation of vertical displacements uzc:
a) averages values Z* of displacements, b) standard deviation of estimation k of displacements, 1995

(a)      (b) 

Fig. 7. The results of the estimation of horizontal displacements uc(uxc+uyc):
(a) averages values Z* of displacements, (b) standard deviation of estimation k of displacements, 2007
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An analysis of the spatial distributions of the esti-
mated Z* values shows that horizontal displacements uc
in the considered years varied greatly. In 1995 they
reached 100 a.u. while in 2007 they were much larger,
exceeding 400 a.u. (Figs. 5a and 7a). Vertical displace-
ments (subsidences) uzc did not vary so much, remaining
on a similar level in the two years, i.e., –300 a.u. in 1995
and –350 a.u. in 2007 (Figs. 6a and 8a).

The values of estimation standard deviation k for
the two kinds of displacements in the selected years

were, on the whole, low. Standard deviations k for
resultant horizontal displacement uc ranged from sev-
eral a.u. in 1995 to a few tens of a.u. in 2007. (Figs. 5b
and 7b) while for the CP subsidences they reached up
to a few tens of a.u. in the two years (Figs. 6b and 8b).

6.2. QUICK INTERPOLATION TECHNIQUES

In the next step, quick interpolation techniques
(the inverse distances squared technique, the linear

(a)      (b) 

Fig. 8. The results of the estimation of vertical displacements uzc:
(a) averages values Z* of displacements, (b) standard deviation of estimation k of displacements, 2007

(a) (b) 

Fig. 9. The results of interpolation of vertical displacements uzc:
(a) squared inverse distances, (b) linear model kriging,

(c) spline model kriging, 1995 (c) 
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model kriging and the spline model kriging), which
do not require empirical variogram models, were
employed. The unique neighbourhood of searching
for samples was adopted. Estimation performed by
the means of these techniques is much less labour-
intensive and the obtained raster images of the distri-
butions of averages Z* enable one to quickly get an
approximate idea (background) of the variation of
the studied parameter. In this case, it is possible
to interactively calculate the value of k in a point
in the analysed area. Raster maps of the interpolated
Z* values of displacements uzc in 1995 and 2007 are
shown in Figs. 9a, 9b, 9c and 10a, 10b, 10c, respec-
tively.

In the raster maps showing the results of the inter-
polation calculations it can be noticed that the zones
of displacements (Figs. 9a, 9b, 9c and 10a, 10b, 10c)
lose their pocket structure and become less distinct.
This effect is most pronounced in the case where the
smoothed-kriging model was used. In this case, the
subareas of displacements are fuzzy and the ranges of
values Z* markedly differ from those of monitored
displacement values Z, which indicates that they were
overestimated (Figs. 9c and 10c).

Comparing the appropriate distributions for the two
years considered, it can be noticed that the ranges of

the Z* values of vertical displacements (subsiden-
ces) uzc, calculated using respectively the inverse dis-
tances squared technique (Figs. 9a and 10a) and ordinary
block-kriging (Figs. 6a and 8a), are very similar. The
other interpolation results, obtained using the linear
model kriging and spline model kriging techniques,
concerning the size and shape of the distinguished
zones, considerably differ from the estimated Z* values
(Figs. 9b, 9c and 10b, 10c).

The quick interpolation techniques enable getting
a general idea (background) of displacements, without
evaluating the accuracy of estimation of interpolated
values Z* for the nodes in the adopted spatial grid.
The interpolation standard deviation can be evaluated
only in a particular point.

7. COMPARISON OF METHODS USED

The global statistics on the geostatistical pa-
rameters: horizontal displacements uc and vertical
displacements uzc of the investigated hydrotechnical
structure, obtained using ordinary block kriging and
the quick interpolation methods, are presented
against the background of the original data for the

(a) (b) 

(c) 

Fig. 10. The results of interpolation of vertical displacements uzc:
(a) squared inverses distances, (b) linear model kriging,

(c) spline model kriging, 2007
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year 2007 in Table 8. Although the measured dis-
placement values Z and the mean estimated and in-
terpolated values Z* cannot be directly compared,
they give one an idea which of the spatial analysis
methods best reflect the distribution of displacements
on the structure.

The values of averages Z* for the two types of
displacements (calculated using a 3D grid with
255840 nodes), closest to the original horizontal
and vertical displacement values Z (from the geo-
detic monitoring covering 165 CPs), were obtained
when the ordinary block kriging technique and the
inverse distances squared interpolation technique
were used.

The spline model kriging yields the most divergent
results of the interpolation of displacement parameter
values Z*.

A comparison of displacement averages Z*, cal-
culated using respectively the quick interpolation

methods and the ordinary kriging technique, for the
year 1990 shows that particularly highly over estimated
interpolated values Z* are obtained when the spline
model kriging was used (Figs. 11a and 11b).

An analysis of the spatial distribution of aver-
ages Z* of horizontal and vertical displacements
(uc, uzc) (Figs. 11a and 11b) shows that the averages
differ considerably depending on the estimation tech-
nique used.

The inverse distances squared interpolation tech-
nique yielded displacement values Z* closest to the
averages Z* yielded by the ordinary kriging technique,
whereas the ranges of interpolated displacement val-
ues Z* determined using the other techniques of esti-
mating averages were much wider. Particularly over-
estimated values Z* were yielded by the spline model
kriging (Figs. 11a and 11b, Tab. 8), which was clearly
reflected in their distributions visible in the raster
maps (Figs. 9c and 10c).

Table 8. A comparison of basic statistics of estimated averages Z*
and interpolated values Z* of displacements; 2007;

ordinary kriging and techniques of quick interpolation

Analyzed total
displacement;

2007

Geostatistical
parameter

Size n;
Number of

grid nodes N

Mean
value

Xśr [a.u.]

Minimal
value

Xmin [a.u.]

Maximal
value

Xmax [a.u.]

Standard
deviation
S [a.u.]

Variability
coefficient

V [%]
Original data Z 165 81.26 0.00 522.28 113.08 139

Estimated
average Z*

(ordinary block
kriging)

255840 37.02 8.80 343.68 14.33 39

Interpolated
average Z*

(inverse squared
distances)

71.74 4.82 430.54 26.20 37

Interpolated
average Z*

(linear model kriging)
19.15 –16.12 479.20 21.61 113

H
or

iz
on

ta
l c

om
bi

ne
d 

 u
c (

ux
c+

uy
c)

Interpolated
average Z*

(spline model kriging)

255840

–9.20 –333.32 699.55 100.17 –1089

Original data Z 165 –140.24 –741.80 78.00 143.68 –102
Estimated average Z*

(ordinary block
kriging)

255840 –92.32 –344.12 –17.04 18.36 –20

Interpolated
average Z*

(inverse squared
distances)

–130.05 –426.19 8.45 31.30 –24

Interpolated
average Z*

(linear model kriging)
–37.07 –500.72 85.78 70.65 –191

V
er

tic
al

 u
z c

Interpolated
average Z*

(spline model kriging)

255840

127.82 –803.92 1120.56 311.14 243
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8. CONCLUSION

The geostatistical investigations, including model-
ling and estimation, resulted in a rich cartographic
representation (in the form of variograms, raster maps,
block diagrams, etc.) of the displacements of the in-
vestigated hydrotechnical structure, on the basis of
which a 3D geostatistical model of the variation of the
displacements (presented against the area, over the
time of service of the structure, with the dam height
taken into account) was developed.

Based on data Z coming from the geodetic monitor-
ing of the investigated structure a spatial visualization of
estimated values Z* of the displacements was obtained.

The use of ordinary kriging resulted in the demar-
cation of the boundaries of zones of horizontal dis-

placements and vertical displacements (subsidences
and uplifts) on the structure.

The advantage of ordinary kriging over the quick
interpolation techniques can be explained by the fact
that it yielded the averages Z* of the displacements
together with the estimation uncertainty, i.e., values
of estimation standard deviation k calculated in the
nodes of the spatial elementary grid covering the
investigated structure. It should be noted that in the
case of ordinary kriging the parameters in indicated
point locations can be determined interactively, es-
pecially when the geometry of the structure is to
change or when the grid of check points needs to be
extended. Such possibilities also exist when some of
the quick interpolation techniques, e.g., the linear
model kriging or the spline model kriging, are used,
but this can be applied to calculations in selected

(a) 

(b) 

Fig. 11. The distributions of horizontal uc (a) and vertical uzc (b) displacements Z* of control points PK,
on the dam, dependently on used techniques of the estimating of averages values Z* – 1995
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point locations only, not in the nodes of the spatial
elementary grid.

The investigations have shown that the geostatisti-
cal techniques can be an effective tool in geodesy.
They can be used to carry out spatial analyses of the
displacements of any small- and large-area structures
(weirs, dams, urbanized areas in the neighbourhood of
deep excavations, macroregion-size areas subjected to
anthropogenic influences resulting from, e.g., mining,
etc.). Such analyses are vital for the assessment of the
safety of important hydrotechnical structures.
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