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Abstract: The effect of magnetic field dependent (MFD) viscosity on thermal convection in a horizontal ferromagnetic fluid layer
has been investigated numerically. A correction is applied to Sunil et al. [24] which is very important in order to predict the correct
behavior of MFD viscosity. Linear stability analysis has been carried out for stationary convection. The MFD viscosity parameter &
as well as the measure of nonlinearity of magnetization M;, both have a stabilizing effect on the system. Numerical results are also
obtained for large values of magnetic parameter M, and predicted graphically.
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1. INTRODUCTION

Ferrofluids, also known as magnetic fluids, are
colloidal suspensions of nanosized ferromagnetic par-
ticles stably dispersed in organic or non-organic car-
rier fluids, such as water, kerosene, hydrocarbon.
When exposed to an external magnetic field they be-
have paramagnetically, with susceptibilities y usually
large for liquids [9]. Due to this property, magnetic
fluids have vast applications, e.g., liquid cooled loud
speakers, novel zero leakage shaft seals used in com-
puter disc drives, energy conversion devices, liquid
sealing in chemical and biochemical reactors and
medical sciences [12].

Hydrodynamics of ferrofluids began with the
fundamental work of Neuringer and Rosensweig [11]
and the subsequent researches by Rosensweig and co-
researchers, which are included later in his famous
book (Rosensweig [18]). Finlayson [3] studied con-
vective instability of a ferrofluid layer heated from
below in the presence of a uniform vertical magnetic
field and obtained the critical temperature gradient for
the onset of instability. Lalas and Carmi [5] investi-
gated the thermoconvective stability of ferrofluids by
neglecting the buoyancy effect. Auernhammer and

Brand [1] studied the influence of rotations on the
thermal convection of a magnetic fluid. For further
details of investigations in ferroconvection one may
be referred to Rudraiah and Shekar [19], Siddheshwar
[22], Zebib [30], Vaidyanathan et al. [28], Lange [6],
Suslov [26], Sunil and Mahajan [25], Prakash et al.
[13], [15], [16]. The study of the thermal convection
of ferrofluids in a porous medium also attracted con-
siderable interest due to its importance in the con-
trolled emplacement of liquids or the treatment of
chemicals and the emplacement of geophysically im-
ageable liquids into particular zones for subsequent
imaging. Vaidyanathan et al. [27] investigated the
thermal convection of a ferrofluid layer saturating
a porous medium in the presence of a vertical mag-
netic field using the Brinkman model for the case
of shear free boundaries. Nanjundappa et al. [10]
studied the buoyancy driven ferromagnetic convection
in a porous layer using the Darcy—Brinkman model
with fluid viscosity different from effective viscosity.
Lee and Shivakumara [7] derived the criterion for the
onset of penetrative convection in a horizontal layer of
a ferrofluids saturated porous medium in the presence
of a magnetic field via the internal heating model.
Kefayati [4] studied the heat dissipation effect of
a ferrofluid on a natural convection flow in a partially
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heated cavity in the presence of an external magnetic
field outside the cavity using the Lattice Boltzmann
Method (LBM). Sekar et al. [20] investigated the
Soret effect with regard to thermoconvective instabil-
ity in a ferrofluid layer using the Brinkman and Darcy
models. Mojumder et al. [8] investigated the magneto-
hydrodynamic convection in a half-moon shaped cav-
ity filled with a ferrofluid.

The convection in ferrofluids gained much im-
portance due to their astounding physical proper-
ties. One such property is the viscosity of ferroflu-
ids. The effect of a homogeneous magnetic field on
the viscosity of a fluid with solid particles possess-
ing intrinsic magnetic moments was investigated by
Shliomis [21]. Vaidyanathan et al. [29] studied the
effect of MFD viscosity on ferrofluid-inducing con-
vection in a sparsely distributed porous medium
heated from below for stationary and oscillatory
modes using the linear stability theory. Sunil et al.
[23] also investigated the combined effect of MFD
viscosity and rotation on ferrothermohaline convec-
tion saturating a porous medium in the presence of
dust particles. Recently Prakash and Gupta [14] have
obtained upper bounds for the complex growth rate
of oscillatory motions in ferromagnetic convection with
MEFD viscosity in a rotating fluid layer. Prakash [16]
also derived a sufficient condition for the validity of
the principle of the exchange of stabilities for ferro-
magnetic convection with MFD viscosity in a rotat-
ing porous medium.

It is worth mentioning here that in the above cited
papers on MFD viscosity these researchers carried out
their analysis by considering MFD viscosity in the

form = (1 + S.E), where #4 is fluid viscosity in

the absence of magnetic field B and & is the varia-
tion coefficient of viscosity. They decompose u into
components 4, 4, and g which is technically not
correct because u being a scalar quantity cannot be
decomposed in such a manner. Although they investi-
gated a very important problem in ferrohydrodynam-
ics, their results cannot be relied upon due to this
wrong assumption. Recently Prakash and Bala [17]
have rectified the above problem for ferromagnetic
convection with MFD viscosity in a rotating sparsely
distributed porous medium and derived upper bounds
for the complex growth rate. Currently considerable
emphasis is placed on Sunil et al. [24]. Keeping in
view the above facts the basic equations are reformu-
lated accordingly and then a mathematical and nu-
merical analysis is carried out to rectify the weak-
nesses in the existing results and predict the correct
solution to behavior to the problem.

2. MATHEMATICAL FORMULATION
PHYSICAL PROBLEM

Consider the infinite horizontal layer of thickness d
of an electrically nonconducting Boussinesq ferro-
magnetic fluid confined between two boundaries z = 0
and z = d, heated from below in such a way that the

y4

uniform temperature gradient £ = is maintained

(see Fig. 1). The fluid is assumed to have variable
viscosity = (1 + 5 .E), where g4 is the viscosity of
the fluid in the absence of the applied external mag-
netic field. The variation of viscosity o is assumed to

be isotropic, = & = & = 0;. Both boundaries are
assumed to be free and perfect conductors of heat.

4
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Fig. 1. Geometrical configuration

The basic governing equations for the present
problem are given by [24]:

V.§=0. (1)
po[g—‘jw.vq}:—vﬁ + PR +V.(HB)+ iV°G , (2)
(oM DT
PoCr _/JOH'[_} ]_
oM DH 2
+ pu T — —=KVT+9, 3
Ho (8TJ o VTS ®
V,H
p=pll+a(l, =T)], “)

where G = (u, v, w), P, H,u=m(+ 6.B), g =

0,0, -g), Cyu, t, T, M , Ky, ¢, a and p denote,
respectively, the velocity, pressure, magnetic field,
variable viscosity, acceleration due to gravity, heat
capacity at constant volume and magnetic field, mag-
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netic permeability, temperature, magnetization, thermal
conductivity and viscous dissipation containing second
order terms in velocity, the coefficient of volume ex-
pansion and density of the fluid. p, is the density of
the fluid at some reference temperature 75.

For a non-conducting fluid with no displacement
current, the Maxwell’s equations are given by

V.B=0, VxH=0, (5)
B=pu,(H+M), (6)

It is assumed that the magnetization is aligned
with the magnetic field, but a dependence on the mag-
nitude of the magnetic field is allowed and the tem-
perature is

M="—-MH,T). (7

|

The linearized magnetic equation of state is
M=M,+yH-H,)-K,(T-T) (®)

where M, is the magnetization when a magnetic field
oM

is H, and temperature Ty, y =
P o x (8H

j is magnetic
Hy . Ty

susceptibility and K, = —[aﬂj is the pyromag-
Ho Ty
netic coefficient.
The basic state is assumed to be the quiescent state
and is given by

4=q,=0, p=p,(2), P=F(2),

T=T,(z2)=—p+T,, H, =[H0—Kz—ﬂzj12,
I+ y

M, =[M0 _fz_ﬁzjk H +M,=H, +M,. (9)
+ X

The Perturbed State Solutions are thus given by

a:qb+qa p:pb(z)+p7 P:})b(z)_'_Pa

T=T,(z)+0, H=H,(z)+H,

M= M,(z)+ M, ﬂ:%.

(10)
where ¢' =W/, Vv, w), o, P, 0, H' and M' are in-
finitesimal perturbations in velocity, density, pressure,

temperature, magnetic field intensity and magnetiza-
tion.

Substituting equation (10) into equations (1)—(8)
and using equation (9), one obtains the linearized
perturbation equations in the folowing form

ou' o ow
ox Oy Oz
ou' OP'

OH'
—=——+tu,(M,+H =
Pog, o u,(M, +H,) .

=0, (11)

+;u1[1+5:u0(H0+M0)]V2u'5 (12)

o' oP OH |
p,—=——"—+u,(M,+H z
’ ot oy (Mo +H,) Oz

+ g1+ S, (H, + M)V, (13)

ow  oP' OH'
Po . u,(M,+H,) .

2 ’
_luoKZﬂH; + IUOKZﬂe +poga9,
a+x)

+uulvzw,+lumu15(Mo +H0)V2W,, (14)

—-u,T K
Pe Holy o

00 B (acp'j
ot ot

2
V20 + [M—Mjwz (15)

I+y

where p. = poCyy + tKoH, and @ is the perturbed
magnetic potential.

H +M =1+ y)H.-K,0,

H}+M}=(l+%JH,~' (=12,  (16)

o

where it was assumed that K, fd < (1 + y)H,, as the
analysis is restricted to physical situations, in which
the magnetization induced by temperature variations
is small compared to that induced by the external
magnetic field.

Now u' and V' are eliminated between Eqs. (12)

and (13) by operating Eq. (12) by 82 and (13) by
X

ai, respectively, adding the resulting equations and
V

using Eq. (11), we obtain

of(aw) (o> 8% ),
Pol = |7zt 57 |
ol ez ) Lo oy
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o o> &2
—u (H +M )—| —+— |
/uo( ] o)az[axz ]

_ﬂ1[1+5ﬂ0(H0 +Mo)]

ow'
Vi 17
. (17)

Now eliminate P’ between Egs. (14) and (17), we
obtain
0 2.0 82 2.1
po_v w =ﬂ1[1+5ﬂ0(H0+M0)]_2(v W)
ot Oz

+ /’llé‘ll’l() (Ho + ‘]‘40)V12 (VZW,) + ,ulvlz(vzw/

2 2
+p,gaV 0 — KooV + PRV g
oz +p
2 2
where V; = 6—2+8—2 .
ox~ Oy
Now Egs. (5) and (17) yield
o' M, _, 06’
1+ —1+—2|Vi¢'—K,—=0, (19
( Z)Gzz ( Hoj 19 275, (19)

Now the perturbations w', &' and ¢’, are analyzed
into two dimensional periodic waves and the distur-
bances characterized by a particular wave number &
are considered. Thus it is assumed to all quantities
describing the perturbation a dependence on x, y and ¢
of the form

(W,’ 6,7 ¢')(x’ y’ Z’ t)

=[W'(2),0'(2), §"(2)]expli(k,x + k,y) +nt], (20)

where k. and k, are the wave numbers along the x and y
directions, respectively, k = ,ka + kj is the resultant

wave number and 7 is constant which can be complex
in general.

On using Eq. (20) in Egs. (18), (15) and (19) and
nondimensionalizing the variables by setting

=2, w*=iw", Dzdi,
d v dz
1
2 2
¢*:(1+;()K1aR2¢ , O__nd ,
Kopefvd v
1
2 4
0* — KlaR /!’ :ﬁ’ R= gO!ﬂd Pc , (21)
Pcpvd Po VK,

2
5=, (1+ ), My =—t0RB
(I+ x)agp,
M()
) 1+
S _ 0
2 = B - ’
1+ 1) pc 1+
2
a=kd, l’r:&, azﬂ,
K, v

we get the following nondimensional equations (drop-
ping the asterisks for convenience):

(D* —a*){(1+M,)(D* —a*)—o}w

1

=aR*>{(1+M,)0 — M,D¢}, (22)
(D> —a’>—P)0+M,oP.D¢
1
=—(1-M,)aR>w, (23)
(D> —a*>-M)¢=D6. (24)

Since, M, is of very small order [3], it is neglected
in the subsequent analysis and thus equation (23)
takes the form:

1

(D* -4 - Po)0 =—aR>w. (25)

The constant temperature boundaries are consid-
ered to be dynamically free. Hence the boundary con-
ditions are:

w=0=0=D*w=D{ =Dgpatz=0andz=1, (26)
(both of the boundaries are free)

In Egs. (22)(26), z is the real independent vari-
able such that 0< z < 1 represent the two boundaries.

d . . _ .
= - is the differentiation along the vertical coor-
z

dinate, &* is square of the wave number, P, > 0 is the
Prandtl number, R > 0 is the Rayleigh number, M, > 0
is the magnetic number which defines the ratio of
magnetic forces due to temperature fluctuation to
buoyant forces, M3 > 0 is the measure of the nonline-
arity of magnetization, M, > 0 is a non dimensional
parameter which defines the ratio of thermal flux due
to magnetization to magnetic flux, o = o, + ig; is
a complex constant in general such that o, and o; are
real constants and in consequence the dependent vari-
ables w(z) = w,(z) + iw;(2), 6(z) = 6,(z) + i6:(z) and
#(2) = ¢.(2) + i¢g(z) are complex valued functions of
the real variable z such that w,.(z), wi(z), 6.(2), 6(z),
#.(z) and ¢ (z) are real valued functions of the real
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variable z. It may be further noted that Egs. (22)—(26)
describe an eigenvalue problem for ferromagnetic con-
vection with MFD viscosity.

3. MATHEMATICAL ANALYSIS

Following the analysis of [3], the exact solution
satisfying the boundary conditions (26) is given by:

w=Asinrz, 6=Bsinrxz,

¢=—£cos7zz, D¢=Csinrz, 27
Vs
where A, B, C and D are constants. The substitution
of above solutions in Egs. (22), (24) and (25) yields
a system of three linear homogeneous algebraic equa-
tions in the unknowns A, B, C and D. For the exis-
tence of the non-trivial solutions of this system, the
determinant of the coefficients of A, B, C and D must

vanish. This determinant on simplification yields:

Vol +Wo+X =0, (28)
where
V=(x"+a"M,)Pk?>, (29)
W=k*(z*> +a’M)[1+P.(1+M;)], (30)
X =k®(z* +a*My)(1+ M)
(3D

—Ra*[7* +a*M;(1+ M))],

and k* = (7% +a°).

The condition for steady convection is obtained by
putting o; = 0 in Eq. (28), which on simplification
yields:

R = (1+x)’ (1+ M)A+ xM5)
x(1+xM;(1+M,))

, (32)

2

R a

where R] = — and = —
T T

the modified Rayleigh number R, as a function of the
dimensionless wave number x, magnetic parameters M,
and M; and MFD viscosity parameter o.

The classical results for Newtonian ferromagnetic
fluids can be obtained as the limiting case of the pres-
ent study by setting 6= 0 in Eq. (32). We receive

_ (I+x)(1+xMy)
Cx(1+xM(1+ M)’

. Relation (32) expresses

(33)

which is the expression for the critical Rayleigh num-
ber in classical ferromagnetic Rayleigh—-Bénard con-
vection [3].

Setting M5 = 0 in Eq. (33), we obtain

B (7[2 +L12)3
=T 2

R
a

which expresses the Rayleigh number for ordinary
fluids [2].

4. RESULTS AND DISCUSSION

The dispersion relation (32) is analyzed numeri-
cally by using the software scientific work place. In
Fig. 1, R, is plotted against wave number x for M, = 1
and M; = 25 and 6= 0.01, 0.03, 0.05, 0.07. It is clear
that MFD viscosity has a stability effect on the onset
of convection as the Rayleigh number increases with
the increase in the MFD viscosity parameter. In Fig. 2,
R, is plotted against wave number x for M; = 1 and
0=10.09 and M; =1, 2, 3 and 4. It is clear that mag-
netic parameter M; postpones the onset of convection
in the presence of MFD viscosity and thus M; has
a stabilizing effect on the onset of convection.

Table 1. Rayleigh numbers for §=0.01, 0.03, 0.05, 0.07

Wave | Rayleigh Rayleigh Rayleigh Rayleigh
no. number R, | number R, | number R, number R,

x |(for 6=0.01)|(for 6= 0.03)|(for 6= 0.05)| (for 6=0.07)
1 5.098 7.1373 9.1765 11.216
2 8.521 11.929 15.338 18.746
3 13.422 18.79 24.159 29.528
4 19.628 27.480 35.331 43.183
5 27.108 37.951 48.794 59.637
6 35.848 50.187 64.526 78.865
7 45.845 64.182 82.52 100.86
8 57.095 79.933 102.77 125.61
9 69.598 97.438 125.28 153.12
10 83.354 116.69 150.04 183.38

700

600 -

500 -

400 -

300 A

200 A

100 A

Ry
0

0 2 4 6 8 10 12 14 16 18 20 22

Fig. 2. Variation of Rayleigh number (R;),
with wave number (x) for M, = 1, M5 =25, 6=0.01, 0.03, 0.05
and 0.07 for curves I, I, IIl and IV, respectively



44 J. PRAKASH et al.

Table 2. Rayleigh numbers for M3 =1, 2, 3, 4

Wave | Rayleigh Rayleigh Rayleigh Rayleigh
no. number R, | number R; | number R, number R,
X (for M3 =1) | (for M3 =2) | (for M3=3)| (for M3=4)
0.5 5.5181 5.31 5.3578 5.508
1 5.8133 5.664 5.8057 6.0444
1.5 7.0964 7.0238 7.276 7.6282
2 8.829 8.85 9.2319 9.72
2.5 10.905 11.038 11.571 12.217
3 13.288 13.555 14.26 15.087
3.5 15.963 16.385 17.284 18.315
4 18.924 19.522 20.638 21.894
4.5 22.165 22.962 24.316 25.821
5 25.684 26.702 28.317 30.092
35
v
30 A
25
20 4
15 4
Ry 0
5 -
0 T
0 0.5 1 1,5 2 25 3 3.5 4 45 5 5.5

Fig. 3. Variation of Rayleigh number (R;),
with wave number (x) for M1 =1, 6=0.09 and M3 =1, 2, 3, and 4
for curves I, I1, III and IV, respectively

When M, is very large, Eq. (33) yields the results
for magnetic mechanism and we get the magnetic
thermal Rayleigh number (=RM;) for stationary
mode as

_ (L xM)(1+ M) (1 +x)°

N 2
XM,

(34)

To find the minimum value of N with respect to
wave number x, Eq. (34) is differentiated with respect
to x and equated to zero which resulted in the follow-
ing polynomial equation:

(1+ 6M;)(1+ x)*[x(3(1 + xM ;)

+M,(1+x))-2(1+x)A+xM;)]=0.  (35)

The above equation is solved numerically by using
the software scientific work place for various values
of M; and ¢, and the minimum value of x is obtained
each time, hence critical value N, of N is obtained.

The values of N obtained in this manner for vari-
ous values of M; and & are given in Tables 3 and 4,
respectively. The critical wave numbers characterizing
the marginal state are also given. The results obtained
in this table are illustrated in Figs. 4 and 5.

N, Curve &

I 0.01

5 I 0.03
I 0.05
v 0.07

0

0 5 10 15 20 25 30
_—
M;

Fig. 4. Variation of critical magnetic Rayleigh number (V,),
with the departure of linearity in the magnetic equation of state (M3)
for 6=0.01, 0.03, 0.05 and 0.07 for curves I, II, III and IV

Figure 4 represents the graph of N, versus M; for
various values of J. Figure 4. shows that magnetic
parameter M; prepones the onset of convection for the
smaller values of ¢, i.e., it has a destabilizing effect on

Table 3. Critical magnetic thermal Rayleigh numbers and wave numbers
of unstable modes at marginal stability for the onset of stationary connection

Magnetization Critical N.=(RM,). | N.=(@RM;). | N.=(RM). | N.=(RM),

M, wave no. x. | (for 6=0.01) | (for 6=0.03) | (for 6= 0.05) | (for = 0.01)
1 1.00 16.16 16.48 16.8 20.365
4 0.7215 9.902 10.664 11.425 12.187
7 0.64867 9.0199 10.2 11.38 12.56
10 0.6131 8.7592 10.352 11.944 13.537
13 0.59157 8.7024 10.705 12.707 14.709
16 0.57706 8.7386 11.149 13.560 15.971
19 0.56658 8.8251 11.643 14.461 17.279
22 0.55864 8.9421 12.167 15.392 18.617
25 0.55241 9.0788 12.71 16.342 19.973
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Table 4. Critical magnetic thermal Rayleigh numbers and wave numbers
of the unstable modes at marginal stability for the onset of stationary convections

Coefficient Critical N.=(RM)). | N.=RM;). | N.=(RM)). | N.=(RM;).

of viscosity 6 | waveno.x. | (forMz=1) | (for M3=3) | (forM3=15) | (for M3=7)
0.01 1.00 16.16 16.48 16.8 17.12
0.03 0.76759 10.629 11.248 11.867 12.486
0.05 0.68990 9.4742 10.376 11.279 12.181
0.07 0.64877 9.0199 10.2 11.38 12.56

the flow, whereas for the higher values of J the pa-
rameter M; has a dual role.

18
16 - ‘T/"
14 I
vim I
12
10
8 1 Curve M,
I 1
6 1 II 3
: m s
4 v 7
2
0 T T T
1] 0.02 0.04 0.06 0.08

Fig. 5. Variation of critical magnetic Rayleigh number (V,),
with magnetic field-dependent viscosity (o) for M; =1, 3, 5, and 7
for curves L, 11, IIT and IV, respectively

Figure 5. represents the graph of N, versus ¢ for
various values of M;. This graph shows that MFD
viscosity postpones the onset of convection. Thus in
the present problem MFD viscosity and magnetic
parameter M; has an opposing contribution to the
stability of the system. It is worth mentioning here
that the result obtained here and the result obtained by
[24] (certainly using the wrong assumption regarding
MFD viscosity) shows almost the same behavior but
the values of critical Rayleigh number R;¢ and critical
magnetic Reynold number N, obtained here are defi-
nitely higher than those of [24].

5. CONCLUSIONS

The effect of MFD viscosity was studied on a fer-
romagnetic fluid layer heated from below by using
linear stability analysis. A correction is applied to [24]
wherein MFD viscosity 4 = (1 + 6.B) was com-

posed of components which is otherwise not permis-
sible as g is a scalar quantity. Thus the results ob-
tained in the present communication are on a correct
footing and show the correct behavior of the problem.
Further, the values of R,¢c and N, are definitely higher
than those of [24].
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