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Abstract: The study is aimed at analysing thermal convection in a compressible couple stress fluid in a porous medium in the pres-
ence of rotation and magnetic field. After linearizing the relevant equations, the perturbation equations are analysed in terms of nor-
mal modes. A dispersion relation governing the effects of rotation, magnetic field, couple stress parameter and medium permeability
have been examined. For a stationary convection, the rotation postpones the onset of convection in a couple stress fluid heated from
below in a porous medium in the presence of a magnetic field. Whereas, the magnetic field and couple stress postpones and hastens
the onset of convection in the presence of rotation and the medium permeability hastens and postpones the onset of convection with
conditions on Taylor number. Further the oscillatory modes are introduced due to the presence of rotation and the magnetic field
which were non-existent in their absence, and hence the principle of exchange stands valid. The sufficient conditions for non-

existence of over stability are also obtained.
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1. INTRODUCTION

The theory of couple-stress fluid has been formu-
lated by Stokes [17]. The theory, according to Stokes
allows for polar effects such as the presence of cou-
ple-stresses and body couples. The theory has been
applied to the study of some lubrication problems.
According to the theory, couple-stresses are found to
appear in noticeable magnitudes in fluids with very
large molecules. Since the long chain hyaluronic acid
molecules are found as additives in synovial fluid,
Walicki and Walicka [19] modelled synovial fluid as
a couple-stress fluid in human joints. One of the ap-
plications of couple-stress fluid is, therefore, its use in
the study of the mechanisms of lubrication of synovial
joints, which has become the object of scientific
research. A human joint is a dynamically loaded
bearing, which has articular cartilage functioning as
the bearing and synovial fluid as the Iubricant. When
a fluid film is generated, squeeze-film action provides
a considerable protection to the cartilage surface. The
shoulder, hip, knee and ankle joints are loaded with
synovial fluids of the human body and these joints
have a low friction coefficient and negligible wear.

A good account of the effects of rotation on the
layer of Newtonian fluid heated from below has been
given by Chandrasekhar [3]. Brakke [2] explained

a double-diffusive instability that occurs when a solution
of a slowly diffusing protein is layered over a denser
solution of a more rapidly diffusing sucrose. Nason et
al. [7] found that this instability, which is deleterious
to certain biochemical separations, can be suppressed
by rotation in the ultracentrifuge. For the thermal con-
vection problem, the Boussinesq approximation has
been used, which is well justified in the case of in-
compressible fluids. The thermal instability of a fluid
layer with maintained adverse temperature gradient
when heated from below, plays an important role in
geophysics, interior of the Earth, oceanography and
atmospheric physics, etc. The use of Boussinesq ap-
proximation has been made throughout, which states
that the density may be treated as constant in all the
terms in the equation of motion except the external
force term. Sharma [10] has considered the effect of
rotation and magnetic field on the thermal instability
in compressible fluids. The fluid has been considered
to be Newtonian in all the above studies. Sharma and
Sharma [12] have studied the couple-stress fluid
heated from below in porous mediums. An electrically
conducting couple-stress fluid heated from below in
a porous medium in the presence of a magnetic field
and rotations have been studied by Sunil et al. [18].
The use of magnetic field is being made for the clini-
cal purposes in detection and cure of certain diseases
with the help of magnetic field devices/instruments.
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Sharma and Thakur [13] have studied the thermal
convection in couple-stress fluid in porous medium in
hydromagnetics. Sharma and Mehta [11] studied the
thermosolutal convection in compressible rotating
couple stress fluid and found that the couple stress
viscosity postponed as well as hastened the onset of
convection depending on rotation parameter. Rudraiah
and Chandrashekara [9] studied the effect of couple
stress on the growth rate of Rayliegh—Taylor instabil-
ity at the interface in the finite couple stress fluid in
which they found that the effect of couple stress pa-
rameter reduces the growth rate considerably when
compared to their classical growth rate in the absence
of the couple stress. Kumar [5] found that in the ab-
sence of rotation, medium permeability has the desta-
bilized effect, whereas magnetic field and couple
stress parameter have stabilizing effect. Banyal [1]
studied a mathematical theorem on set of the station-
ary convection in the couple stress fluid. Singh and
Mehta [15] studied the effect of uniform vertical mag-
netic field and rotation in a layer, electrically con-
ducting stress fluid in a porous medium and observed
that the rotation had postponed the onset of convec-
tion, whereas medium permeability and couple-stress
parameter had postponed as well as hastened the onset
of convection. Rana [8] studied the onset of thermal
convection in couple-stress fluid in hydromagnetics
saturating a porous medium and established the stabi-
lizing character of couple-stress parameter.

The study is motivated by a model of synovial
fluid. The synovial fluid is a natural lubricant of joints
of the vertebrates. The detailed description of the joint
lubrication has very important practical implications.
Practically all diseases of joints are caused by or con-
nected with a malfunction of the lubrication. The ex-
ternal efficiency of the physiological joint lubrication
is caused by more mechanisms. The synovial is due to
the content of the hyaluronic acid, a fluid of high vis-
cosity (a gel). A layer of such fluid heated from below
in the presence of magnetic field may find applica-
tions in physiological processes such as in magnetic
therapy and physiotherapy.

When the fluids are compressible, the equations
governing the system become quite complicated.
Spiegel and Veronis [16] have simplified the set of
equations governing the flow of compressible fluids
under the following assumptions:

(1) that the depth of the fluid layer is much smaller than
the scale height as defined by them, if only motions
of infinitesimal amplitude are considered and

(i1) the fluctuations in density, temperature and pres-
sure introduced by the motion, do not exceed their
static variations, in non-linear investigations.

Under the above assumptions, it was found that the
equations governing convection in a compressible fluid
are the same as those for incompressible fluids except
that the static temperature gradient is replaced by its
excess over the adiabatic one and ¢, is replaced by c,,.

With growing importance of non-Newtonian flu-
ids, the present paper attempts to study the compressi-
ble, magneto-rotating, couple-stress fluid heated from
below. The motivation for the present study are the
decade old contradictions between theory and experi-
ment (columnar instability) and the fact that the
knowledge concerning fluid-particle mixture is not
commensurate with their scientific and industrial im-
portance. Further, motivation for this study is its use-
fulness in chemical technology, industry and biome-
chanics (e.g., physiotherapy) where compressibility of
a fluid is an important aspect.

2. FORMULATION OF THE PROBLEM
AND PERTURBATION EQUATION

Here, we consider an infinite, horizontal, incom-
pressible, electrically conducting couple-stress fluid
layer of thickness d, heated from below so, that the
temperatures and densities at the bottom surface z = 0
are Ty and p, and at the upper surface z = d are T,
and p,, respectively, and that a uniform temperature

gradient {:

yA

J is maintained. The gravity field

g=1(0, 0, —g), a uniform vertical magnetic field H =

(0, 0, H) and a uniform vertical rotation Q= (0,0,0)
act on the system. This fluid layer is flowing through
an isotropic and homogenous porous medium of po-
rosity € and medium permeability k.

Let p, p, T, 1, tte and g =(u, v, w) denote the fluid
density, pressure, temperature, resistivity, magnetic
permeability and filter velocitym respectively. Then
the momentum balance, mass balance and energy bal-
ance equations of couple-stress fluid through porous
medium (Stokes [17], Joseph [4], Chandrasekhar [3])
are given by

1[‘3—‘%1@-%}=—V(ﬁ—1|ﬁxf|2j
& &£ Py 2

ot
/
+g(1+5—pJ—i[v—’u—V J(j
Po ky Po
L He (v iy B2 (Gx ), (1)
4rp, &
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V-g=0, )
EL Gvyr=| p-E fwrviT,  (3)
ot c,
V-H=0, 4)
‘9%[ =(H-V)j+enV*H , (5)
d 0 . .
where —=—+¢& '¢-V stands for the convective
dt ot
derivative.
The equation of state is

p=poll —a(T-TH)l, (6)

where the suffix zero refers to values at the reference
level z = 0. In writing equation (1), use has been made
of Boussinesq approximation, which states that the
density variations are ignored in all terms in the equa-
tion of motion except the external force term. The
kinematic viscosity v, couple-stress viscosity 4, mag-
netic permeability g, thermal diffusivity x; electrical
resistivity 77, and coefficient of thermal expansion «
are all assumed to be constants. Here, £ = ¢ +

1-29 (&j is a constant, while p;, ¢, and py, ¢,
pocv

stand for density and heat capacity of the solid (po-

rous matrix) material and the fluid, respectively,

and 7 =(x, y, 2).
The basic motionless solution is
§=(0,0,0), T=-pz+T,, p=po(l+apz). (7)

Here, we use the linearized stability theory and the
normal mode analysis method. Assume small pertur-
bations around the basic solution, and let dp, dp, 6,
q =(u,v,w)and h= (hy, hy, h.) denote respectively the
perturbation in fluid density p, pressure p, tempera-
ture 7, velocity g = (0, 0, 0) and the magnetic field

H = (0, 0, H). The change in density 8p, caused mainly
by the perturbation #in temperature, is given by

Sp=—ap.0. ®)
Then the linearized perturbation equations of the
couple-stress fluid reduce to
~ /
193 _ —i(vap)—g*ae—i[v —“—vz}y
g0t py ky Po

FHe (V< + 2GR0, )
4rp, &

V-G=0, (10)
%{ﬁ—é}wwze, (11)
ot c,

V-h=0, (12)

g%: (H-V)§+enVih . (13)

3. THE DISPERSION RELATION

Analyzing the disturbances into two-dimensional
waves and considering disturbances characterized by
a particular wave number, we assume that the pertur-
bation quantities are of the form

w, &, 0, &, &]
=[M2), K(2), O(2), Z(2), X(2)]
xexp(ikx + ik,y + nt), (14)
where k,, k, are wave numbers along x-and y-di-

rections, respectively, k (= 4k, + kj ) is the resultant

wave number, and » is the growth rate which is, in

ov  Ou
general, a complex constant. Let ¢ =——— and
Ox Oy
oh,  oh ..
=———= stand for the z-component of vorticity
ox Oy

and current density, respectively. W(z), K(z), O(z), Z(z)
and X(z) are functions of z only.

Using expression (14), equations (9)—(13) in non-
dimensional form transform to

2
(Dz—az){5+i—£(D2—a2)}W+g“d a’®
14

¢ B K
3
2y M e apr_o ()
ve 4rp,v
9L Fp_ayz
¢ B F
_| £t DX+[ZQdJDW, (16)
4rp,v Ve
(D> —a* - p,o)K = —(H—deW, (17)
en
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(D> —a* - p,o)X = —(H—dez, (18)
en
2 2 d’ 8
(D" —a” —Epo)O=——=-(G-1), (19)
k c »
nd® d
where we have put a =kd, c= —,and D = —. p,
14 dz
=Y 1s the Prandtl number, P; = % 1s dimensionless
K
c
medium permeability, G =-2— is dimension com-
g

pressibility parameter, p, = Y s the magnetic Prandtl
n

!

number, and F :Lz

pPd v
stress viscosity.
Consider the case where both the boundaries are
free as well as perfect conductors of heat, while the
adjoining medium is also perfectly conducting. The
case of two free boundaries is a little artificial (realis-
tic in stellar atmosphere), but it enables us to find
analytical solution and to make some qualitative con-
clusions. The appropriate boundary conditions, with
respect to which equations (15)—(19) must be solved
are

is the dimensionless couple-

W=DW=0, DZ=0, @=0,atz=0and I,

DX=0, K=0on aperfectly conducting boundary.
(20)

Using the above boundary conditions, it can be
shown that all the even order derivatives of /¥ must
vanish for z = 0 and 1 and hence the proper solution of
W characterizing the lowest mode is

W= W, sin 7z,

e2y)

where W, is a constant.

Eliminating @, X, Z and K between equations
(15)—(19) and substituting the proper solution W =
Wysin zz in the resultant equation, we obtain the dis-
persion relation

. 2
R, —G (—HXJ ﬂ+L+7[F(1+x)
G-1 X & P P

1+xj(1+x+iEplal)
(+x+ip,0))

><[1+x+iEp10'1]+Q1(
X

(1+x+iEpo)(1+x+ip,0))
+TAl 5
ioc, 1 7n°F .
{(81+P+ » (1+x)(1+x+zp201)+Q1j}
(22)
4 H24? 22
where R = ga,b’c:’ , O HHd T, = 2Qd2 ,
VKT dmp,vnen ‘ evr
2
x= a—,i0'1= %,andP=7z2P;
T V4

Equation (22) includes the effects of magnetic
field, rotation, couple-stress and medium perme-
ability on the couple-stress fluid heated from below
in a porous medium in the presence of uniform ver-
tical magnetic field and uniform vertical rotation.
In the absence of rotation (7, =0), the dispersion

relation (22) reduces to that by Sharma and Thakur
[13].

4. THE STATIONARY CONVECTION

When the instability sets in as stationary convec-
tion, the marginal state will be characterized by o= 0.
Putting o= 0, the dispersion relation (22) reduces to

G l+x)\ [1+x 7#°F )
R{G_J( - j“ T R }+Ql}
LT (1+x)?

A .
l l+x 7z°F 2

Equation (23) expresses the modified Rayleigh
number R; as a function of the dimensionless wave
number x and the parameters Q,, G, P, Fand T - For

fixed F, G, T 4o 01, let G be also kept constant. Then

we find that
R, = G R,
G-1) "

where R, and R. denote critical Rayleigh number in

(23)

24

the presence and absence of compressibility.
To study the effects of rotation, magnetic field,
couple-stress parameter and medium permeability, we
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. dR, dR, dR, dR,
examine the nature of ——, ——, — —
dr, ’ dQ,’ dF dpP
analytically.
Equation (23) yields
dR, _[ G } (1+x)°P (25)
dT, | G-1|x{(1+x)+7°F(1+x)’}+PQ,’
dR, _[ G }[1+x}
dg, [G-1]\ x
1+ x)P’T
a1 WOPTh 1 )
{Ad+x)+7°F(1+x)" + PO, }
@_[ G }7[2(1+x)3
dF | G-1 xP
1+ x)P’T
a1 WOPTy 1 (o)
{A+x)+7°F(1+x)" + PO,}
@{ G }(1+x)2{1+7r2F(1+x)}
dF | G-1 xP?
1+ x)P*T
x|1- (2) A Sl (@28)
{A+x)+ 7" F(1+x)" + PQ,}

It is clear from equation (25) that, for a stationary
convection, the rotation postpones the onset of con-
vection in a couple-stress fluid heated from below in
a porous medium in the presence of magnetic field.

It is evident from equation (26) and equation (27)
that, for a stationary convection, the magnetic field
and the couple-stress postpone the onset of convection
in the absence of rotation and also postpone the onset
of convection in the presence of rotation if

T, < {1+ x)+7°F(1+x)* + PO}’

! (1+x)P? - @)

whereas the magnetic field and the couple-stress has-
ten the onset of convection if

7 A0+ F1+x)°+ PO}
4 1+ x)P? '

(30)

It is evident from equation (28) that, for a station-
ary convection, the medium permeability hastens the
onset of convection in the absence of rotation and also
hastens the onset of convection in the presence of
rotation if

A0+ 7’ F1+x)" + PO}

T
A (1+x)P?

b

whereas the medium permeability postpones the onset
of convection if

AW+ +2°FA+x)* + POV

T
4 1+ x)P?

B

The dispersion relation (23) is analysed numeri-
cally. In Fig. 1, R, is plotted against x for 7, = 100,

200, 300; P =2, F =2 and Q) = 2. It is clear that the
rotation postpones the onset of convection in a cou-
ple-stress fluid heated from below in a porous me-
dium in the presence of magnetic field as the Ray-
leigh number increases with increase in rotation
parameter. In Fig. 2, R, is plotted against x for Q; = 2,
4,6; P=10, F=2and T, = 0. Here, we also find that

the magnetic field postpones the onset of convection
in the absence of rotation for all wave numbers as the
Rayleigh number increases with an increase in mag-
netic field parameter.
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Also in Fig. 3, R, is plotted against x for O =2, 4,
6,8, P=10, F=2 and TA1 = 100. Here we find that
the magnetic field hastens the onset of convection in

the presence of rotation for small wave numbers only
as the Rayleigh number decreases with an increase in
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magnetic field parameter and postpones the onset of
convection in the absence of rotation for higher wave
numbers. In Fig. 4, R, is plotted against x for F =1, 2, 3,
01=2,P=20and TA1 = (. Here, we also find that the

couple-stress postpones the onset of convection in the
absence of rotation for all wave numbers as the Ray-
leigh number increases with an increase in couple-
stress parameter.
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In Fig. 5, R, is plotted against x for F =1, 2, 3,
01=2,P=20and TA1 = 100. Here, we also find that

the couple-stress hastens the onset of convection in
the presence of rotation for small wave numbers as the
Rayleigh number decreases with the increase in cou-
ple-stress parameter and it postpones the onset of con-
vection in the absence of rotation for higher wave
number. In Fig. 6, R, is plotted against x for P = 20,
30,40, O, =2, F=2 and TAl = (0. It is clear that the

medium permeability hastens the onset of convection

in the presence of rotation for all wave numbers as the
Rayleigh number decreases with an increases in me-
dium permeability parameter.
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In Fig. 7, R, is plotted against x for P = 20, 30, 40,
50, 0,=2,F=2and T, =100. Here we find that the

medium permeability postpones the onset of convec-
tion in the presence of rotation for small wave num-
bers as the Rayleigh number increases with an in-
crease in medium permeability parameter and medium
permeability hastens the onset of convection in the
presence of rotation for higher wave numbers as the
Rayleigh number increases with an increase in me-
dium permeability parameter.
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5. STABILITY OF THE SYSTEM
AND OSCILLATORY MODES

Here, we examine the possibility of oscillatory
modes, on a stability problem due to the presence of
rotation and magnetic field. Multiplying (15) by W,
which is the complex conjugate of W, and using
(16)—(19) together with the boundary conditions (20),
we obtain

2
Fl+[1+p 2, | 82 G |p
£ vB | G-1

x[1; +EP16*I4]+ Sl B (s "‘on'*[e)
4rp,v

2 *
L HEM g ot e d?| |14 RS 1+ F
4rp,v g

(€2))

where

1
I, =j(|D2W|2 +2a° | DW | +a* | W )z ,
0
1
12=j(|DW|2 +a* | W P)dz,
0
1
I :I(|D®|2 +a*|®P)dz,
0
1
1=[(eMd:,
0
1
I =j(| DK | 424> | DK |? +a* | K [")dz,
0
1
16=j(u)1<|2 +a® | K [)dz,
0
1
I =j(|DZ|2 +a’ | ZP)dz,
0
1
I,={(2 Pz,
0

1
I=[(DX P +a* | X P)dz,
0

1
Lo=[(1X P)ds . (32)
0

The integrals 1), ..., Iio are all positive-definite.
Putting o= o, + ioy where o,, oj are real and equating
the real and imaginary parts of equation (31), we ob-
tain

7 2 2
o, |- i Epl, +ﬂpz(lé +d2[10)+d_l8
£ vp 4rp,v £

2
R [L},
T Y/ Ko

2
+ M (. +d219)+d—(18 +FL |,
47pev b

(33)

2
io|l 89 G \p g
£ vB | G-1

& d?
_/‘e_npz(jé _dzllo)__jgj =0,
47p,v &

(34

It is evident from equation (33) that o; is either
positive or negative. The system is, therefore, either
stable or unstable. It is clear from equation (34) that o;
may be either zero or non-zero, meaning that the
modes may be either non-oscillatory or oscillatory.
The oscillatory modes are introduced due to the pres-
ence of rotation and the magnetic field, which were
non-existent in their absence.

6. THE CASE
OF OVERSTABILITY

Here, we discuss the possibility of whether insta-
bility may occur as overstability. Since we wish to
determine the critical Rayleigh number for the onset
of instability via a state of pure oscillations, it suffices
to find conditions for which (22) will admit of solu-
tions with oy real. Equating real and imaginary parts
of equation (22) and eliminating R, between them, we
obtain

A + Ayef + A, + 4, =0, (35)

where we have put ¢, = 0'12, b=1+xand
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P e P

4 -2 2
AO:|:7Z F {1+Ep17r F}b8+

1

42
' F
+{—2QI(3Ep1 -p)+—

2 2
i l+3Ep17rF +2Q17rF bo
P e P &P
T
i}+ { QX B, }}b
£ P

GEp, —2p,) +%(3Ep1 —p2) +Q_1+—

27 F E
{2 |

P3
+{

T’ FQ!
PZ

2
+{%(3EP1 —-2p,)+ 0T, (Ep, +p2)}b3 + {le(Epl _pz)}b2:|

4 2
A :%HlJr—Eplﬁ F}bz + {—Epl }b} (37)
& & P P

Since o7 is real for overstability, the values
c1 = o of equation (35) are positive, so the product
of the roots of equation (35) is positive but this is
impossible if 4y > 0 (since product of the roots of

4,

equation (35) is e and A3 > 0). 4y > 0 is therefore
3
a sufficient condition for the non-existence of over
stability.
From equation (36) it is clear that 4, is always
positive if

Ep>p, and T, < E}fl (38)
ie.,
3 d 2

En>kx and x<FE , 39
" ( k J ( 0n j (39)

which imply that

3 d 2
kK <min| En, E ve (—) . (40)
k ) \2Qr

The condition is therefore a sufficient condition
for the non-existence of overstability, the violation
of which does not necessarily imply the occurrence of
overstability.

7[25' 2, 3Epn’F y7
P ¢ P

(36)

7. CONCLUSION

The effects of magnetic field, rotation, medium
permeability and couple stress parameter on couple
stress fluid heated from below have been investigated.
The main conclusions are:

(I) For a stationary convection, the magnetic field
and the couple-stress postpone the onset of con-
vection in the absence of rotation and also post-
pone the onset of convection in the presence of
rotation. Whereas, for a stationary convection,
the medium permeability hastens as well as post-
pones the onset of convection in the absence of
rotation and also in the presence of rotation.
The oscillatory modes are introduced due to the
presence of rotation and the magnetic field,which
were non existent in their absence.
(IID) It is clear that the effect of compressibility is to
postpone the onset of instability.
(IV) A sufficient condition for the non-existence of
overstability, the violation of which does not
necessarily imply the occurrence of overstability.

(ID
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