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Abstract: Thermal instability in a horizontal layer of Oldroydian visco-elastic fluid in a porous medium is investigated. For po-
rous medium the Brinkman—Darcy model is considered. A linear stability analysis based upon perturbation method and normal mode
technique is used to find solution of the fluid layer confined between two free-free boundaries. The onset criterion for stationary and
oscillatory convection is derived analytically. The influence of the Brinkman—Darcy, Prandtl-Darcy number, stress relaxation pa-
rameter on the stationary and oscillatory convection is studied both analytically and graphically. The sufficient condition for the va-

lidity of PES has also been derived.
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1. INTRODUCTION

The onset of thermal convection in a horizontal
layer of fluid saturated by a porous medium is re-
garded as a classical problem due to its wide range of
applications in geophysics, agricultural product stor-
age, enhanced oil recovery, packed-bed catalytic re-
actors and the pollutant transport in underground.
Many researchers have investigated thermal instability
problems by taking different types of fluids. A de-
tailed account of the thermal instability of a Newto-
nian fluid, under varying assumptions of hydrody-
namics and hydromagnetics has been given by
Chandrasekhar [1]. Lapwood [2] has studied the con-
vective flow in a porous medium using linearized
stability theory. The Rayleigh instability of a thermal
boundary layer in flow through a porous medium has
been considered by Wooding [3]. McDonnell [4] sug-
gests the importance of porosity in the astrophysical
context. A good account of convection problems in a
porous medium is given by Vafai and Hadim [5], Ing-
ham and Pop [6] and Nield and Bejan [7]. It is found
that the acceleration term in the Darcy equation is not
commonly used as the value of the Prandtl-Darcy
number may vary between 10>~10% depending on the
nature of the porous medium. For traditional porous
media applications, this value may be very large, thus
providing justification for neglecting the acceleration

term in the Darcy equation. However, there are some
modern porous media applications, such as the situa-
tion involving fractured porous media, in which the
value of the Vadasz number is of order unity or even
smaller, thereby justifying the inclusion of the accel-
eration term. Thermal instability in Brinkman porous
medium has been studied by Kuznetsov and Nield [8],
Chand Rana [9] for nanofluids and found that Brink-
man porous medium plays an important role in insta-
bility of fluid layer.

The above literature deals with the study of fluids
as Newtonian fluids. In technological fields there ex-
ists an important class of fluids, called non-Newtonian
fluids, which are also being studied extensively be-
cause of their practical applications, such as fluid film
lubrication, analysis of polymers in chemical engi-
neering, etc. An experimental demonstration by Toms
et al. [10] has revealed that a dilute solution of methyl
methacrylate in n-butyl acetate agrees well with the
theoretical model of Oldroyd [11]. The problem of
convective instability of visco-elastic fluid heated
from below was first studied by Green [12]. Vest and
Arpaci [13] have investigated the problem of oversta-
bility in a horizontal layer of fluid. Bhatia and Steiner
[14] have studied the problem of thermal instability of
Oldroydian visco-elastic fluids. Sharma [15] has
studied the effect of rotation on thermal instability of
a visco-elastic fluid in a nonporous medium. Sharma
and Kumar [16], Prakash and Chand [17] studied the
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thermal instability of an Oldroydian visco-elastic fluid
in a porous medium. Recently, Chand [18], [19],
Chand and Kango [20], Chand and Rana [21], Thakur
and Rana [22], Chand and Rana [23] studied the ther-
mal instability of various types of elastic viscous flu-
ids in a porous medium.

In the present paper, an attempt has been made to
study the thermal instability of Oldroydian visco-
elastic fluid in a Brinkman—Darcy porous medium.

2. FORMULATION OF PROBLEM

Consider an infinite horizontal layer of Oldroydian
visco-elastic fluid of thickness “d” bounded by plane
z =0 and z = d in porous medium of porosity & and
medium permeability &;. Fluid layer is acted upon by
gravity force g (0, 0, g). The layer is heated from be-
low and surfaces z = 0 and z = d are maintained at
constant Ty and T (T > T}), so that uniform tempera-
ture gradient is maintained.

The fluids described by the constitutive relations

P;k = Pik _51';]’” )

d d
1+1— |p, =2ul 1+ A — le, ,
( dtjplk lu( /lodt)etk
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where p),, p,.e;,0, and p" denote respectively

the normal stress tensor, shear stress tensor, rate
of strain tensor, Kronecker delta and scalar pres-

d . . .
sure. Here, — 1is the convection derivative, A the

relaxation time and (4o < A) is the retardation time.
If Ay = 0 the fluid is Maxwellian visco-elastic; while
Ao # 0, then fluid is referred to as Oldroydian visco-
elastic fluid and A = Ay = 0, then fluid is known as
Newtonian viscous fluid.

Heated from below

Fig. 1. Physical configuration of the problem

Letp, q (u,v,w), p, T, a, i, i, and x be the pres-

sure, Darcy velocity, density, temperature, thermal
coefficient of expansion, viscosity, effective viscosity
and thermal diffusivity fluid, respectively.

The equation of motion, continuity and heat conduc-
tion for Oldroydian visco-elastic fluid in the Brinkman
porous medium are

[1+,12j£ﬂ=(1 +/t%j(—Vp+pg)

ot )& dt
—(1+/102) v e, (1
ot k,
V-g=0, (2)
E%+(q-V)T=KV2T, 3)

where E =8+(1+8)p5—% and p,, C; p,, C, stand for
Po

density and heat capacity of fluid and solid matrix,
. 1
respectively, and i=g+—(q-V) stands for con-
dt ot ¢
vection derivative.
The equation of state is

p=pl-a(T-Ty)l, “)

where the suffix zero refers to values at reference
level z =0, i.e., pg, Ty stands for density, temperature
at lower boundary z = 0.

We assume that temperature is constant at the
boundaries, so boundary conditions are

w=0,T=T, at z=0 and w=0,T=T, at z=d.
(5)

The steady state solution is

AT

q:(oaoao)a T:To_7za
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3. PERTURBATION EQUATIONS

Let ¢' (', v/, w'"), T', p' be the perturbation in
Darcy velocity ¢ (initially zero), temperature 7 and
pressure p, respectively. Substituting these in equa-
tions (1)—~(3) and neglecting higher order terms of the
perturbed quantities, we get the linearized perturba-
tion equations as
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Introducing non-dimensional variables as
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[Dashes (") are suppressed for convenience]
Equations (6)—(8) in non-dimensional form can be
written as

1 0 \0q
~[1+r 2 1+ F<|(—Vp+RaT
Va(+ 6tj6t (+ j( p+RaTe,)]

€))
[1+F ](Daqu 9,
V.g=0, (10)
oT
B —w= VT, (11)

where the non-dimensional parameters are given as

Pr= A is the Prandtl number,

PoK

k.

Da = ye is the Darcy number,
~  pk . .
Da = e is the Brinkman—Darcy number,

ePr
Va =——- 1is the Prandtl-Darcy number,

a

Ak . .
F =—- is the stress relaxation parameter,

F = /1';;( is the strain retardation parameter,
d
Ra = pooghATd is the Rayleigh number,
VK

e, is the unit vector along z-axis.
Operating equation (9) with e, curl curl to elimi-
nate pressure term p, we have

i(nFéjﬁvz (1+F )(RaV T)
Va ot )0

(1+F )(Dav“w Viw), (12)

where Vf{ is two-dimensional Laplacian operator.
The boundary conditions are

w=0, T=0 at z=0

and w=0, T=1 at z=1. (13)

4. NORMAL MODES
AND STABILITY ANALYSIS

Analyzing the disturbances into the normal modes
and assuming that the perturbed quantities are of the
form

[w, T]=[W(z), O(z)]exp(ik x + ik, y+nt), (14)
where k., k, are wave numbers in x and y direction and
n is the growth rate of disturbances.

Using equation (14), equations (11) and (12) be-

come

KVI (+FAn( D —a)~(1+ i) Qe P —a) (I —ﬁ)]oz}
a

xW —a’Ra® =0, (15)

W+(D* —a* —nE)@=0, (16)

_d 27 o
where D = and a =,/k; +k, is the dimensionless

resultant wave number.
Eliminating @ between equations (15) and (16),
we get
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{(D2 —a’ - nE)KVi (1+ Fryn(D* — a*) - (1+ Fyn)(Da(D* —a*)* —(D* - az))ﬂ - azRa}W =0.
a

The boundary conditions of the problem in view of
normal mode analysis are

W=0, D'W=0 at z=0 and z=1. (18)

The solution of equation (19) characterizing the
lowest mode is

W =W, sinzz,

(19)

which satisfy boundary conditions (18), where W, is
constant.

Substituting solution (19) into equations (17), we
obtain dispersion relation

(J>+ nE)(l (1+ FrynJ? + (1 + Fyn)(DaJ* + Jz)j
Ra= Va

a’ ’
(20)

where J? =7* +a”.

For neutral instability #» = iw, (where w is real and
dimensionless frequency of oscillation) equation (20)
reduces to

Ra=4+iwA4, 21

(17

tion time parameter Fy vanishes with » and hence the
Oldroydian visco-elastic fluid behaves like an ordi-
nary Newtonian fluid.

The critical value of the wave number on the onset
of instability which is obtained from the condition

oa

number.

[GRaj =0, depends upon the Brinkman-Darcy

If Da = 0 the critical value of the wave number
is attained at . = &, and critical value of the Ray-
leigh number is (Ra). = 47" which is the classical
result obtained by Lapwood [2] for Newtonian
fluid.

If Da is very large as compared to the unity,
then critical value of wave number is attained at

7i2 , critical value of the Rayleigh—Darcy

277"

a =

number is (Ra),. = . This is exactly the same

result of Rayleigh—Bénard instability for Newtonian
fluid as obtained by Chandrasekhar [1].

Numerical computations are carried out for different
values of the stress relaxation time parameter F, strain

where retardation time parameter F,, Brinkman-Darcy Da
J? [ J2(1+ @*FF))(DaJ* +1)+ 0*E(F - F))(DaJ* +1)  o’E
Al =_2 22 - 5 (22)
a l+w'F Va
and
J? [ E(+w*FF,)(DaJ* +1) - J*E(F — F)(DaJ* +1) J*
4y =— 22 | (23)
a l1+w°F Va

Since Ra is a physical quantity, so it must be real.
Hence, it follows from equation (21) that either w = 0
(exchange of stability, steady state) or 4, = 0 (w # 0
overstability or oscillatory onset).

5. STATIONARY CONVECTION

For stationary convection n = 0, equation (20) re-
duces to

2 252

(Ra), = =) [(Ba@® +a¥)+ 1. (24)
a

We find that for the stationary convection, the

stress relaxation time parameter /' and strain retarda-

number and Vadaz Va. The parameters considered are
in the range (Yang et al. [23], Chand and Rana

[24]) of 10 <Va <10* (Vadaz number), 10* < Ra <10°
(thermal Rayleigh number), 10 < Da<10"' (Brink-
man—Darcy number), 10" < F <10' (stress relaxation
time parameter) and 10" < F < 10" (strain retardation

time parameter).
To study the effect of Brinkman—Darcy number on
the stationary convection, we examine the nature of

dRa analytically
dDa '

Equation (24) gives %>0, thus Brinkman—
a

Darcy number stabilizes the fluid layer.
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Fig. 2. Variation of the Rayleigh-Darcy number with wave number
for different values of the Brinkman—Darcy number

Figure 2 shows the variation of stationary Ray-
leigh—Darcy number with the wave number for dif-
ferent values of the Brinkman—Darcy number and it
is found that the Rayleigh—Darcy number increases
with an increase in the value of Brinkman—Darcy
number, thus the Brinkman—Darcy number has sta-
bilizing effect on the stationary convection. This is in
good agreement with the result obtained by Bala and
Chand [25].

6. OSCILLATORY CONVECTION

For oscillatory convection w # 0, we must have
4, =0, which gives

—Fy))(DaJ” +1)— DaJ? +1)+—
JX(F o DaJ* +1)—-J?| E(DaJ* +1 !
Va

2
a =

2
EFF,(DaJ” +1)+ JE
Va

If (F - F,)(DaJ* +1) < J{E(ﬁa]z +1)+ Vl] , the
a

oscillatory convection is not possible. Thus

(F —Fy)(DaJ* +1) < JZ[E(ﬁaJZ +1)+Vij is a suf-
a

ficient condition for the non-existence of oscillatory
convection, the violation of which does not neces-
sarily imply the occurrence of oscillatory convec-
tion.

Equation (21), with 4, = 0, oscillatory Rayleigh—
Darcy number is given as

2
(Ra)

osc :_2
a

( S+’ FR)DaS +1)+ &’ EF -F)(DaJ* +1) o’E
1+’ F* Va |
(25)

To find the oscillatory solution, we first find the
roots for w” from equation (25). If there are no positive
roots of w’, then oscillatory convection is not possible.
If there are positive roots of w’, then oscillatory Ray-
leigh—Darcy number is obtained from equation (25)
after substituting the positive value of .

Figure 3 shows the variation of oscillatory Ray-
leigh—Darcy number with wave number for different
values of the Prandtl-Darcy number and it has been
found that the Rayleigh—Darcy number increases with
increase in the value of Prandtl-Darcy number, thus
the Prandtl-Darcy number has stabilizing effect on
oscillating convection.
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Fig. 3. Variation of the Rayleigh—Darcy number
with wave number for different values
of the Prandtl-Darcy number

7. PRINCIPLE OF EXCHANGE
OF STABILITIES

Multiplying equation (15) by #" and integrating the
resulting equation over the vertical range of z, we get

1
BN BaDP WP + 282\ DWE +a| W )dz
(1+ Fn)
0

1
" (%Jj (DWW +a*W)dz
0

1 r
+- [(DWP + @ |WP)dz =—a*Ra[ W*6dz. (26)
Va 0 .
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Using equation (16), equation (26) becomes

((1+Fn) (1+Fyn) )|

TF )ij (D*WP +2a*\DWP +a*{W)*)dz (

(1+Fn) )y
+ Vi j (DWP +a*|WP)dz = aZRaj(|D@|2 +(a® +n*E) O )dz.
a 0 0

Putting n = n, + in; and equating imaginary part, we get

(F-FK) 4
—— % | Da(|D*W) +2a*DW) +a*|W|)dz
[(1+Fn)+ j (D*WP +2aDWP + ') 0
(F-F) 1 A a2 : |
+| —————— || (D] +a dz—a RaE| (|6 )dz
[(1+Fn,>2+nf ” !q WE + ) !q P
Further since W(0) = W(1), we have the Rayleigh—Ritz inequality,
1 1
j(\sz + A W)dz > I(nz +a?)\ Wdz.
0 0
Using equation (29), equation (28) becomes
(F-F,)
— % | Da(D? +2a’|D +a d
{(1+Fn)+ j (D°WP +2a"\DW)* + a*|)*)dz
n; =0.
(F_FO) 1 2 2 2 2 2
+| ————— +a dz —a”RakE | (| O] )d:
[(1+Fn,)2+n3 | )!IWW : !q [ )dz

JI(IDle +@|WT)dz

27

(28)

(29)

(30)

Multiplying equation (16) with @ and integrating the resulting equation over the vertical range of z,

we get
1 1
n4j|@ 2dz sjmzdz.
0 0
Using equations (29), equation (30) gives

f—ii—fl—JIDdﬁ)Wl+ﬂ”DW1+a””)ﬁ

(1+Fn,)* +n
" <0.
ﬂ_L 2 2 2 _Ra E
+((1+Fn,,)2+n,-2 VaJ(ﬂ T ).(['W] dz J‘(|W] )dz

The term inside the brackets of equation (32) is positive definite if

RaFE <

a

7r4(7t2+a2)( (F-F,) _Lj

: (1+Fn,)* +n} Va

4, 2 _
If RaFE < r (" +a )[ (F-F) —L] , then »n; must be zero and PES valid.

a’ (1+ Fn,)? +”1~2 Va

€2))

(32)

(33)
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8. RESULTS AND DISCUSSION

Thermal instability in a horizontal layer of Oldroy-
dian visco-elastic fluid in a Brinkman porous me-
dium is investigated. It should be noted that for the
oscillatory convection it depends upon the stress
relaxation time parameter F, strain retardation time
parameter Fy, Brinkman—Darcy Da number and Prandtl
—Darcy (Vadaz number Va).

We discussed the results graphically.

Figure 4 shows the effect of the Brinkman—Darcy
number on the oscillatory Rayleigh number. For each
value of the Brinkman—Darcy number, it was found
that a critical value of strain retatadation parameter £
exists which divides the boundary of regimes bewteen
oscillatory and stationary convection. Initially convec-
tion begins in the oscillatory mode. As the value of Fy
reaches to the critical value, convection ceases to
oscilltory and stationary convection occur. Also the
increasing values of the Rayleigh—Darcy number with
increases in the Brinkman—Darcy number, indicate
stabilizing effect of the Brinkman—Darcy number on
oscillating convection.
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Fig. 4. Variation of the Rayleigh—Darcy number
with strain retardation time parameter for different values
of the Brinkman—Darcy number

Figure 5 shows the effect of the stress relaxation
parameter on the oscillatory Rayleigh number. For
each value of the stress relaxation parameter, it was
found that a critical value of strain retardation pa-
rameter £ exists which divides the boundary of re-
gimes between oscillatory and stationary convection.
Also the values of the Rayleigh—Darcy number de-
crease with increases in the stress relaxation time pa-
rameter, thus stress relaxation time parameter desta-
bilzes the oscillating convection.
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Fig. 5. Variation of the Rayleigh-Darcy number
with strain time retardation parameter for different values
of the stress relaxation time parameter
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Fig. 6. Variation of the Rayleigh—Darcy number
with strain retardation parameter
for different values of density ratio

Figure 6 shows the effect of the density ratio on
the oscillatory Rayleigh—Darcy number. The values of
the Rayleigh—Darcy number increase with increases in
the values of density ratio, thus denisty ratio has sta-
bilzing effect on oscillating convection.

9. CONCLUSIONS

A linear analysis of thermal instability in a hori-
zontal layer of Oldroydian visco-elastic fluid in the
presence of Brinkman porous medium is investigated.
Expressions for the Rayleigh-Darcy number, for the
stationary convection and oscillatory convection have
been obtained. The main conclusions of the present
study are:

(i) In the stationary convection, the Oldroydian visco-
elastic fluid behaves like an ordinary Newtonian
fluid.
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(i) The Brinkman—Darcy number stabilizes the sta-
tionary convection.

(iii) The Prandtl-Darcy number and density ratio sta-
bilizes oscillatory convection.

(iv) Stress relaxation time parameter destabilzes the
oscillating convection.

(V) RaE < (x” +a2)( (F-F) —L] is the suf-

a’ (1+Fn,)* +n} Va
ficient condition for the validity of principle of
exchange of stabilities.
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