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Abstract: Numerical modelling is an important tool used to analyse various aspects of the impact of underground mining on ex-
isting and planned buildings. The interaction between the building and the soil is a complex matter and in many cases a numeri-
cal simulation is the only way of making calculations which will take into consideration the co-existence of a number of factors
which have a significant influence on the solution. The complexity of the matter also makes it a difficult task to elaborate
a proper mathematical model – it requires both a thorough knowledge of geologic conditions of the subsoil and the structural
characteristics of the building.

This paper discusses the most important problems related to the construction of a mathematical model of a building–mining sub-
soil system. These problems have been collected on the basis of many years of experience the authors have in observing the survey-
ing and tensometric deformations of the rock-mass and buildings as well as in mathematical and numerical modelling of the ob-
served processes.
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1. INTRODUCTION

Scientific research on the impact of mining on
land surface and buildings is carried out in the context
of using its findings to minimise the adverse effects of
excavation. These effects have an environmental di-
mension as well as economic and social ones [1], [3].
The impact of underground mining leads to land sur-
face degradation, altered geomorphology of the area,
distorted hydrology and changes to local ecosystems.
It causes damage to and destruction of technical infra-
structure elements such as buildings, roads, service
infrastructure networks and it decreases the quality of
life of the residents.

Recognising and understanding the phenomena
caused by underground mineral mining as well as
their impact on the subsoil and buildings is a funda-
mental problem in the entire area of activity collec-
tively termed as mining areas protection. For the
above reason this research is of paramount impor-
tance. Its proper conduction, the selection of appropri-
ate methods, procedures and research tools are the
conditions which warrant the reliability of the find-
ings, which after all are the basis for all the preventive

measures, both in the area of mining (appropriate
manner of conducting the exploitation) and in the area
of construction (suitable safety measures for build-
ings).

One of the tools of cognition mentioned by mod-
ern philosophy of science, apart from experiment (ob-
servation) and idealisation (choosing the essential
properties of things), is mathematical modelling. When
formulating a problem, modern science searches for
a solution to it using all the resources that mathematics
has at its disposal – the most powerful and the most
objective cognition tool we possess. This approach is
used especially in technical sciences, where research
on mathematical models is used. The next stage in this
type of research is validating and evaluating it on
material models and on real structures. Mathematical
modelling permits the cost of research to be optimised
but also to analyse processes at a level inaccessible to
direct observation. There are many areas of science in
which research the mathematical model, verified only
for subsequent particular cases, is the only method of
observing and trying to understand the reality.

The impact of underground mining on buildings is
one of those problems in which analysing the mathe-
matical model is the only method available to carry
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out an analysis which will comprise all the most
important factors influencing the solution [3]. How-
ever, elaborating a proper mathematical model, cali-
brating and verifying it is a complex and challenging
task. The most important aspects and problems con-
nected with this matter shall be discussed in this
article.

2. FORMULATING THE PROBLEM

In the analysis of the impact of underground min-
ing on a building a complex system consisting of the
building and its subsoil is under review. The subsoil
can be imagined as a cut-out fragment of a rock mass
with the dimensions selected in such a manner that the
impact of the building on the state of stress would be
negligibly small near the boundary of the fragment.
The building is connected with the subsoil through the
foundations sunk into it, which results in an interac-
tion between them.

The rock mass around the building is deformed as
a result of underground mining exploitation. The de-
formations of the subsoil change the initial state of
stresses around the foundations and via the founda-
tions the impact is transferred to the entire structure of
the building. The whole process takes place in space
and time.

Since the mining exploitation are carried out at
considerable depths in relation to the building size, the
model of the problem comprising the process of min-
ing would be very large. For this reason a solution is
used which consists in replacing mining with its im-
pact, expressed as boundary conditions which change
over time and in space. Depending on the type of
analysis, these conditions can be calculated on the
basis of the deformation model adopted or on the ba-
sis of measurement results.

The most important characteristics of the problem
under review can be summarised as follows [2]:
• The system is composed of two elements: the

building and the subsoil which interact with each
other; the building transfers all the loads con-
nected with its dead load and its environmental
and functional loads to the subsoil and the subsoil
transfers mining-induced deformations to the
building.

• The subsoil is a much more flexible medium than
the foundations and the building; its behaviour is
definitely non-elastic and is connected with large
(finite) deformations.

• The interactions taking place in the contact area
are transferred in the normal direction to the con-
tact surface and, through friction in the tangent di-
rection, slides can occur in the contact area.
The problem thus formulated requires a mathe-

matical model which will describe the behaviour of
the system in the most accurate way possible.

3. OBSERVATION – THE SOURCE
OF KNOWLEDGE

ABOUT THE MODELLED STRUCTURE

Reliable knowledge about the modelled structures
is fundamental for elaborating an appropriate model.
The results of observation (measurements) are the
main source of this knowledge. In scientific research
on the impact of mining on buildings both material
objects and processes and phenomena are observed.
The first category includes: the building together with
the subsoil and the existing protection system [4]. The
second category includes displacement processes
taking place in both the subsoil and the building and
processes taking place at the subsoil–foundation inter-
face and responding to the transfer of interactions
between the building and the subsoil.

The observation is carried out using measuring
equipment and devices as well as the senses, with
each of these methods being of essential signifi-
cance. The measurement systems installed both on
the structure and in the subsoil provide a continuous
observation of the deformation process and can be
used to continuously monitor the condition of the
structure. The important drawback here is the point
nature of this type of observations. This means that
the results of such observations do not provide an
image of how the entire system under review be-
haves. The part of the structure which is outside the
area covered by the measuring equipment sensors
remains “invisible” for this kind of system [5], [10].
For this reason, the most frequently used and, so far,
the most reliable observation method is continuous
technical supervision consisting in regular checks of
the structure performed by persons with relevant
knowledge and experience [2].

4. IDEALISATION

Elaborating the model is connected with identify-
ing the processes and phenomena which have an es-
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sential significance for the problems under review.
Thus, idealisation is performed, which consists in
identifying the essential characteristics and character-
istics which can be neglected.

In the case of modelling the impact of under-
ground mining on buildings the following are the
factors which will determine the solution in the
most significant manner: the mining situation and
history as well as the geologic structure – for the
subsoil; the geometry, the type of construction and
foundations as well as the age and technical condi-
tion – for the building. Therefore, the mathematical
model which will be the basis for the analysis
should make it possible to include the characteris-
tics of the problem listed above. It is also important
to note that the adopted mathematical description
should permit the necessary parameters to be relia-
bly determined. The model which precisely de-
scribes the behaviour of a building and subsoil be-
comes useless in a situation when no practical
possibilities exist of conducting the analyses neces-
sary to calibrate it properly.

5. THE MATHEMATICAL DESCRIPTION
OF THE PROBLEM

Let us now consider the problem described in the
previous subchapters of using continuous media me-
chanics methods. It will be tantamount to making an
assumption that the system under review is a mate-
rial continuum. The problem then belongs to the
category of contact problems and can be in general
a non-linear problem, where both a physical non-
linearity related to the behaviour of the material
(mainly the subsoil) and a geometric non-linearity
caused by the existence of finite strain in the medium
exist [2].

Formulating the set of equations we shall apply
a material description in the three-dimensional, Carte-
sian coordinate system },,{ 321 xxxxi = . Due to large
deformations in the subsoil medium the Green–de Saint
Venant strain tensor E, which expresses the total
strain in the medium in relation to the initial configu-
ration, shall be the measure of the strain
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F is the deformation gradient.
The nominal stress tensor (the first Piola–Kirchoff

tensor) S will be the stress tensor

σFS 1−= J (3)

where
J = det F,
F – the deformation gradient,
σ – Cauchy stress tensor.
The set of equations for the problem of the inter-

actions between the building and the subsoil is as
follows:
• equilibrium equations:

ubS ijij 00, ρρ =+ , (4)

ρ0 – initial mass density,
bi – body forces;

• geometric equations:

)(
2
1

,,,, jkikijjiij uuuuE ++= ;
(5)

• constitutive laws expressing the relationship be-
tween the measure of the stresses and the measure
of the strains.
In the problems of mechanics the constitutive laws

are given by the relationships between the state of
stress in the medium and the state of its strain. The
still developing theory of constitutive equations pro-
vides more and more extensive laws describing vari-
ous behaviours of materials. The choice of an appropri-
ate material law is directly connected with analysing
the character and properties of a given medium,
which, in turn, is based on laboratory and in-situ tests.
A vast majority of research on the properties of mate-
rials is carried out in laboratories where the right con-
ditions are created to make observations and meas-
urements determining the state of stress–strain
relationship of the medium as well as the relationships
between stress/strain and strain velocity, temperature
or other fields of variables. Analysing the criteria
which are decisive for a change in the behaviour of
the medium, for the transition between the elastic and
plastic, viscous or brittle behaviours is a very impor-
tant problem in mechanics. Looking for the shapes of
transition surface between the different behaviour
phases of materials or for the failure surface in the
stress space requires laboratory experiments with the
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use of specialist equipment able to create complex
states of stress in the material.

INITIAL BOUNDARY CONDITIONS
AND CONTACT CONDITIONS

• The kinematic boundary conditions on the non-
loaded boundary:

0=jijnS . (6)

• The kinematic displacement boundary conditions
in the initial configuration (for t = 0) on the
boundary of the subsoil block:

0,=
0,=
0,=

3

2

1

u
u
u

(7)

where u is the displacement vector.
• The kinematic displacement boundary conditions

in the present configuration (for t > 0):

0 on   ),( >∀Γ= ttxfu Guii (8)

where ΓGu is the fragment of the subsoil boundary
where displacement boundary conditions are set.

The displacements on the ΓGu boundary simulate
the subsoil deformations due to mining. As has al-
ready been said, they can be set as:
• The Budryk–Knothe theory equation [8], [9].

In the analysis predicting the state of a structure
the parameters of constitutive equation used can then
be determined on the basis of the shapes of mining
troughs which are formed in a given area during past
exploitations or on the basis of the knowledge found
in literature.

In the analysis of the already finished mining ex-
ploitation the parameters of the theory should be de-
termined on the basis of the shape of the trough formed
as a result of mining of a given longwall (or longwalls).
• The equation obtained from the approximation of

the surveying measurement results.
Contact conditions:

• normal contact:

nSnT )(=n (9)

where
T – the nominal contact stress tensor,
Tn – the normal nominal contact stress tensor,
n – the vector normal to the surface of the contact;

• tangent contact:
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Ts – the tangent nominal contact stress tensor,
s – the vector tangent to the surface of the contact,
f – friction coefficient.

THE VIRTUAL WORK PRINCIPLE

The Finite Element Method shall be used to find
a solution to thus formulated problem. In this case, the
virtual work principle shall be the fundamental equa-
tion

∫∫∫
ΩΩΓ

Ω=Ω+ ddubdSup ijijiiii εσ (12)

where
pi – surface forces,
bi – body forces.
The above system of equations is a general model

of the problem of the interaction between the building
and the mining subsoil undergoing deformation. It can
be brought to a specific form for concrete cases under
consideration. However, it is extremely important to
correctly prepare the collection of input data, which
will be used to specify the geometry, the constraints
and the form and parameters of assumed equations.

6. DETERMINING INPUT DATA
FOR CORRECT MODELLING

The necessary condition to perform a correct
analysis is to recognise the geologic and mining
situation, to assess the construction conditions, to
identify the kinematic constraints and load condi-
tions as well as to identify all the factors which
might influence the state of the subsoil–building
system in a significant way. This analysis is carried
out on the basis of the available technical documen-
tation of the building, quantity surveys and site
inspections, the data about the mining situation and
history and the information about the subsoil. The
available documents, designs, expert opinions and
measurement documentation from a given area
should be reviewed as extensively as possible and
the obtained information should be analysed. With
existing structures, especially old buildings, a com-
mon problem is missing or incomplete technical
documentation of the building. If the missing docu-
mentation cannot be restored, surveying is often the
only solution left (which is quite inconvenient in the
case of inhabited buildings).
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The second group of data is the material obtained
through tests and measurements. The results of meas-
uring the deformations of the surface and the build-
ings play an important role. Most frequently these are
the results of surveying measurements carried out by
mining company surveyors. The collections of regular
measurements carried out by these surveyors are an
important source of information about the behaviour
of the rock mass in the given area and combined with
the maps of longwall panel development over time
and maps of areas mined may be the basis for deter-
mining the real deformation indicators in the analysed
area. These results are often of little use, however, for
the analyses of buildings due to the low frequency of
making the measurements.

It is best to determine the data about the mechani-
cal properties of the geological materials making up
the subsoil and building materials in laboratory tests
or in situ. In the case of a planned building the infor-
mation about the material properties included in the
technical documentation can be used. When conduct-
ing an analysis of a historical building changed as
a result of many years of exposure to various envi-
ronmental factors and made of degraded material, it is
advisable to obtain samples and carry out laboratory
tests. Unfortunately, it is often impossible to obtain a
sufficient number of samples and in the right shape to
determine the parameters for an advanced material
model, e.g., a historical wall. In such cases, what re-
mains is to adopt a simple physical law and evaluate
the material properties on the basis of the analysis of
small samples and the approximation of the results
using mathematical modelling.

The following are the most important groups of
input data for the model:
1. The geologic and geotechnical recognition is the

basis for the formulation of the initial conditions
reflecting the state of primary geostatic stresses in
the subsoil, the contact conditions between the
ground and the foundations and for establishing
the structure of the geometric area in the model. In
order to define the geometric area of the problem
data about the geometry of the building and the
subsoil must be entered. As far as the subsoil ge-
ometry is concerned, the shape dimensions are
chosen in such a way that beyond them the impact
of the building should be minimal. Whether this
effect has been achieved should be verified at the
stage of making preliminary calculations. The di-
vision of the subsoil into individual geotechnical
layers is performed on the basis of a geologic
analysis [1]. If data concerning this aspect are ab-
sent in the existing documentation, exploratory

boreholes should be made in order to obtain the
geologic profile of the subsoil and to collect sam-
ples for laboratory tests. Figures 1 and 2 shows
the photographic documentation of samples taken
from the boreholes made during the initial ana-
lyzes of impact of the planned excavation on the
building located in Ruda Śląska (Silesia, Poland)
and the basic parameters of the Mohr–Coulomb
material law determined on the basis of labora-
tory tests for geotechnical clay layer (depth:
–1.5÷–2.9 m) [2].

Fig. 1. Samples taken from the borehole located in Ruda Śląska
(Silesia, Poland)

Fig. 2. Basic parameters of the Mohr–Coulomb material law
determined on the basis of laboratory tests for geotechnical clay

layer (depth: –1.5÷–2.9 m)
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2. The analysis of the construction situation and
technical condition of the building is carried out
using the technical documentation, quantity sur-
veys and a site inspection of the building. On this
basis the information about the geometry, the load-
carrying structure, the types of joints, the materials
used and the loads acting on the structure is ob-
tained. If possible, samples of materials should be
collected for laboratory tests. It is also important to
analyse the type and depth of the foundations. This
has an influence on determining the contact condi-
tions existing on the interface between the soil and
the foundations. Making an assumption that the
interactions on the direction tangent to the contact
surface are transferred through Coulomb friction,
the value of the friction coefficient between the
foundations and the soil should be determined. It
depends both on the type of soil and the type of
foundation surface.

The assessments of the building’s resistance to
the impact of mining, carried out for the purpose
of planning the exploitation and usually conducted
using a point method, can also be useful in as-
sessing the technical condition [10]. An example
of point-evaluation of six buildings and their cate-
gory of resistance to the effects of subsoil defor-
mation is shown in Fig. 3 [2].

3. The analysis of the mining situation is extremely
important, both in terms of history and forecasts of
exploitation. The forecasts provide information,
for example, about the magnitude, direction and
speed of the interactions. This information is the
basis on which the boundary kinematic conditions
are formulated in problems where the impact of the
planned exploitation is considered. If the analysis
concerns the assessment of the impact of ongoing or
finished exploitation, these conditions are formu-
lated on the basis of surveying measurements.

Fig. 3. Point-evaluation of buildings and their category of resistance to the effects of mining subsoil deformation
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The analysis of the mining history of the rock
mass is reflected in the assessment of the condition
of the subsoil and of the probability of the occur-
rence of very negative effects of exploitation.
Above all, these can be considerably greater val-
ues of subsoil deformation, caused by the dis-
turbed structure of the rock mass or discontinuous
deformations caused by the activation of old goaf
or a negative overlap of the effects of exploitation
in several fields. In areas where mining has been
conducted for many years, the failure to include
mining history in the analysis may have serious
consequences. Figure 4 shows the image of a com-
plicated mining situation of the sacral building
(longwalls 72a and 97a), which influenced the oc-
currence of significant damage even before the
manifestation of the influence of the longwall 18a
excavation [6].

4. Laboratory tests of materials are done to deter-
mine the basic physical properties and to choose
a constitutive law and determine its parameters. The
extent of the tests, their type as well as the method
of sample collection, sample size and number have
a significant influence on the quality of this analy-
sis. It must be remembered that, especially with
weak soils, the destruction of the medium’s struc-
ture during sample collection is very frequent. This
in turn may lead to the results of laboratory experi-
ments being far from reality. This risk is absent in
the in situ methods of analysing deformability.
However, the tests of this kind are quite costly, as
a result of which they are used much less fre-
quently. However, it might be expected that a situa-
tion arises when the geotechnical evaluation indi-
cates that a test loading of the subsoil must be
performed. If difficulties arise in collecting samples

Fig. 4. Mining conditions of the sacred building located in Bytom (Silesia, Poland)
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for laboratory tests to evaluate the mechanical pa-
rameters of the materials in existing buildings, non-
destructive diagnostic methods can be used.

5. Surface deformation measurements. Surface
deformations caused by mining are monitored by
the mining company’s surveyors by means of geo-
desic measurements conducted at scattered points
or at points which form measurement lines. The
documentation of these measurements is the source
of information about the mining history of the area

and the reaction of the rock mass to mining the
deposit. These materials are used to evaluate the
state of degradation of the rock mass, to predict
the reaction of the area to the planned exploitation
and to analyse the impact of finished exploitation
on a building. In the last case the measurement re-
sults are used as a basis for the formulation of
kinematic boundary condition. An example of sur-
veying of surface deformation caused by longwall
exploitation is shown in Fig. 5 [2].

Fig. 5. Surveying of surface deformation caused by longwall exploitation
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Fig. 6. The results of measurements of the deformations of buildings carried out using surveying methods.
Subsidence measurements for the 306-319 cross-section for the church located in Ruda Śląska (Silesia, Poland)

Fig. 7. The results of measurements of the deformations of buildings carried out
using the automatic wireless monitoring system based on the extensometers
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6. Building deformation measurements. The meas-
urement system installed on the building continu-
ously monitors the condition of the building and
can be used to validate the modelling process and
to analyse the results obtained. Moreover, it is an
interesting record of the building’s reactions to the
exploitation from a scientific point of view. Fig-
ures 6 and 7 show the results of measurements of
the deformations of buildings carried out using
surveying methods (Fig. 6) and using the auto-
matic wireless monitoring system based on the
extensometers (Fig. 7) [7], [5].

7. Calculation results analysis. Undoubtedly, the
ability to appropriately interpret the results ob-
tained from the calculations and measurements is
an especially significant element. The solution to
the mathematical problem provides an image of
the state of stresses, strains and displacements of

the entire building–subsoil system at any moment
during exploitation. The results obtained should be
subject to a reliable verification based on the
knowledge and experience of the person conduct-
ing the analysis as well as the results of the obser-
vations and measurements of the deformation of
the subsoil and the building.
Examples of numerical analyzes performed in ac-

cordance with the above guidelines are, among others,
in the monograph of Florkowska (2010) [2].

6. EXAMPLE OF
NUMERICAL CALCULATIONS

Figure 8 shows a scheme of the physical model as
well as the FEM mesh model for which the analysis of

Fig. 8. The schematic physical model and the FEM mesh of the building and their base
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the impact of the planned mining exploitation, based
on the prediction of mining deformation of the
ground (according to the Budryk–Knothe theory),
is performed. Calculations were performed using
a model constructed on the basis of the mathematical
description provided in Section 5. The results of nu-
merical calculations, namely vertical displacements of
the building and its base are presented in Fig. 9 [2].
The deformations are presented for some subsequent

steps of mining deformation, numbered in the order
from 1 to 6.

7. SUMMARY

In problems related to assessing the impact of un-
derground mining on buildings, numerical modelling

Fig. 9. Results of numerical calculations, which show a change in the state of vertical displacements of the building
and its base on some subsequent steps of mining deformation
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is practically the only method which makes it possi-
ble to carry out an analysis including all the factors
which have a significant influence on the solution.
However, there is no doubt that elaborating an ap-
propriate model of this complex problem is a very
difficult task.

This paper presents a synthetic collection of guide-
lines and hints on how to elaborate a mathematical
model constituting a base of numerical analyses of
this type of problems. Beginning with presenting the
most important characteristics of the interacting build-
ing–deforming mining subsoil system, the authors for-
mulate remarks first regarding the observation (which
is the source of knowledge about the processes and
phenomena which are elements of the problem) and
then regarding the idealisation (as a process of select-
ing the significant characteristics which influence the
solution). Then the authors offer a general mathemati-
cal formulation of the problem in the form of a contact
problem of non-linear mechanics and suggest a nu-
merical solution using the finite element method and
applying the variational formulation using the virtual
work principle.

An important part of the paper is a set of guide-
lines on how to properly determine input data, under-
stood as a collection of information about the most
important characteristics of the system and the results
of the measurements on the basis of which the equa-
tions can be given specific forms and their parameters
can be calculated.

The article is a brief compendium containing the
basic information about the complex and difficult
problems of numerical modelling of the impact of
mining on buildings.
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