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Abstract: The paper deals with the optimal design and analysis of quarter car vehicle suspension system based
on the theory of linear optimal control because Linear Quadratic Gaussian (LQG) offers the possibility to
emphasize quantifiable issues like ride comfort or road holding very easily by altering the weighting factor of a
quadratic criterion. The theory used assumes that the plant (vehicle model + road unevenness model) is excited by
white noise with Gaussian distribution. The term quadratic is related to a quadratic goal function. The goal function
is chosen to provide the possibility to emphasize three main objectives of vehicle suspensions; ride comfort,
suspension travel and road holding. Minimization of this quadratic goal function results in a law of feedback
control. For optimal designs are used the optimal parameters which have been derived by comparison of two
optimisation algorithms: Sequential Quadratic Program (SQP) and Genetic Algorithms (GA's), for a five chosen
design parameters. LQG control is considered to control active suspension for the optimal parameters derived by
GA's, while the main focus is to minimise the vertical vehicle body acceleration.
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1 Dynamical model of quarter car vehicle model

The model of the quarter-car active suspension system used in this paper with two degree of
freedom is shown in Fig. 1. The model represents a single wheel of a car in which the wheel is
connected to the quarter portion of the car body through a hydro pneumatic suspension. The
dynamics of quarter car model in Fig. 1 are described by:

myz, —u—cv(zk —Za)+cp(za —Zr)=0
My Zy, +u+cv(zk —Za)=0

For quarter car vehicle model expresses in state space form, state variables are chosen as
follows:

Zg=X1

dz, .

dt

Zk=X2

de .
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dt
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State space of quarter car model in matrix form are expressed:

x=A-x+B-u+G-z,

x' =z, z 2, 2]
where a a
X — state vector.

Matrix A is state matrix, vector B is input vector for actuator force u and vector G is input
from the road disturbance z, .
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The model parameters and their respective units are summarized in Table 1.
Table 1. Quarter car vehicle model parameters

Symbol | Description Value

mk Body mass 200 kg

Ma Wheel mass 33 kg

Cv Spring contsnt | 9000 N/m
Cp Spring constant | 200000 N/m
Ky Damping ratio | 1600 Ns/m
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Fig. 1 Quarter car suspension model of 2 DOF
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2 Design Optimisation

In this section, the sprung mass vertical acceleration is minimized, while the design
constraints on the suspension working space and dynamic tire load should be satisfied. To
implement the design optimization, the two optimization algorithms, i.e, SQP and GA, will be
applied, respectively.

Optimization based on SQP algorithm and GA

The SQP algorithm is a non-linear programming technique that is used for the purpose of
minimizing a smooth non-linear function subjected to a set of constraints with upper and lower
bounds. The objective function and the constraint functions are assumed to be at least twice
continuously differentiable. This algorithm is a gradient-based search method [3],[4]. This
algorithm is well-suited for constrained design optimizations. The reliability for finding the
optimum decreases with the increase of number of design variables when using SQP method.
In contrast, whether the number of design variables increase the GA can still reliably find the
optimum. This can be explained by the fact that GA works on a population of variables in
parallel, not on a unique point. GAs are a global search methods that are based on the Darwin's
principle of natural selection and genetic modification and have higher reliability for the global
optimum with minimum number of computational operations.

The RMS of the acceleration of a sprung mass = is frequently used to evaluate the riding
quality of a vehicle. A rider's comfort improves as the acceleration decreases. Ride comfort is

chosen to be the design criterion. The suspension working space and dynamic tire load ° are
selected as the design constraints. The design variables are my, mz, k1, k2 and cs, respectively.

Thus, the design optimization problem can be obtained by minimisation of sprung mass
acceleration [2], [3] given in [4] subject to constraints.

7 1/2
cpkv N (m, +my)c, }}

ZmZ’/zcvl/2 2k, m>

Minimise: O'Zk(mk,ma,cp,cv,kv){ﬂ R V{

OFd /(Mg My, Cp,C,,k,)<a=0.5
o =(mg,mg,cp,c,,k,)<b=0.05
150 <my, <210

28<m, <35

190000 < Cp < 200000

8950 < c, <9050

1580 <k, <1861

Subject to:

In this sub-section, the optimization results are derived for a vehicle travelling at the speed
of 40 m/s on the road with an irregularity coefficient of power spectrum taking the value of
6.5x10° m?.

Table 2. Optimal design variables based on the SQP and GA

Initial values | Original values | SQP method GA
[1010101010] |[1010101010]
mk [kg] 200 200.0 199.918612498
Ma [kg] 33 32.0 32.0422603233
Cp [N/m] 200000 200000.0 200305.819254
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cv [N/m] 9000 9100.0 9099.82776078
kv [Ns/m] 1600 1580.0 1591.74739718
Oy 1.2673254442031 | 1.26976709377
Optimum found: | Optimum found:

52 iterations 51 generations

3 Active Suspension Control using Linear Quadratic Gaussian Control

The object of linear optimal control theory is to specify an input vector u which drives a
system to a specific target state in such a way that, during the process, a defined quadratic cost
function J is minimized. Minimization of the performance criterion yields an optimal feedback
law compromising control effort (actuator power) and control quality (ride comfort and road
holding ability).

The quadratic cost function in general form is:

I=}(§TQ>_<+2TRQ)-01X
0

where Q and R are weighting matrices, x is state vector and u control vector.
The stochastic cost function J can also be expressed in a matrix form, as follows:

T

J= lim E{ | (XTQCK +2x Nou+ yTRcy)dt}
T—x

0

With the performance index we are now capable to search for a state feedback by matrix K¢
that provides a minimum. Actuator force u can is structured as a linear combination of x by the
state feedback matrix K¢ (proportional control):

u=-K.x
The closed-loop system is now described by:
x=(A-BK, )x +Gw
Feedback matrix K¢ can be calculated with the help of the matrix Riccati equation.

4 Limited State Feedback Control

In a real active or semi-active suspension system it will be of interests to examine the
performance of the system under the assumption that only velocity signals are available for the
feedback. Linear Quadratic Output Feedback (LQOF) will be used to determine the control
feedback matrix. Limited state feedback is often used to minimize the number of states to be
determined by measurements, but some states are very difficult to measure.

The control structure can be selected through the output equation:

X=Cx

Input vector u is proportionally related to the output vector y by the matrix Ko:
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u=Kpy =KoCx

The combination of feedback law and the vehicle system gives a closed-loop state equation
according to:

x=(A+BK,C)x +Gw

Figure 2 shows the output feedback structure of the closed-loop system.

Fig. 2 Output feedback control.

The performance index as defined before remains the same. The design of an optimal
constant gain output feedback matrix Ko involves the selection of the weighting factors the
choice of an initial feedback law and the selection of an initial condition. Ko can be found as
follows:

Ko=-R;' (Nf - BTP)SCT (cscT Tl

where P=PT >0 is the solution of the Lyapunov equation given by:
P(A+BKyC)+(A+BK,C) P+Q +N.K,C+CTK] (NZ + RCKOC): 0

where S=ST >0 is the solution of the Lyapunov equation according to:
S(A+BK,C)" +(A+BK,C)S+X=0

For a stochastic case X symbolizes the road noise intensity matrix:
X=G-Cy, -G"

where C,,, being the white noise intensity matrix:

The performance criterion can be expressed as:
J=tr[P-X]

The solution Ko must be found using an iterative algorithm using a gradient search technique.
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5 Simulation Results

The design of Quadratic Gaussian Controller has been carried out for the quarter car vehicle
model, based on the given parameters in tables 3 and 4. While simulation are performed for
passive and active vehicle suspension.

Table 3. Quarter car model parameters
ma = 33 kg

mk = 200 kg

cv = 9000 N/m
Cp = 200000 N/m
kv = 1600 Ns/m

w1 =6 Hz

2 = 60000 Hz
Table 4. Weighted factors
q 0> 'E
1.0 1.0 1.0

10E+10 1.0 1.0

1.0 10E+10 1.0
1.0 1.0 10E+10

]HI-LJ P+
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Fig. 3 Simulink model for quarter car

CONCLUSIONS

A comparative study of two optimization algorithms (genetic algorithms, GAs and
sequential quadratic programming, SQP), has been conducted through minimizing the vertical
sprung mass acceleration subjected to a suspension working space and dynamic tire load. Active
suspension systems using LGC can reduce vertical displacement, as shown in Fig. 5.

The theory of Linear Optimal Control may be applied both for full state feedback and for
limited state feedback.

These analysis has shown that despite the presence of an active force generator, according
to the information about state variables which may generate the control force in any shape and
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mark in order to ensure the better performance, however the conflict between the ride comfort
and road holding still remains.
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Fig. 6 Displacement in (m) of sprung and unsprung mass for g1=1, g»=1 and g3=10E+10.

For control system design of suspension it is important to specify an input control vector u.
This force drives a system to a specified target state in such a way that during the process, a
defined goal function J is minimized. During the determination of a goal function it is

Volume 68, No. 1, (2018) ©2018 SjF STU Bratislava 67



particularly important the selection of weighting matrices Q and R for different values of
weighting factors.

From the simulation in which models are constructed in Simulink, for the quarter car vehicle
model, both for active and passive systems, while these systems are simulated by the white
noise, it is concluded that:

From the simulations made for the quarter car, the deflection of sprung mass at the active
suspension compared with the passive suspension is small especially for the appropriate
weighting factors qi1= g2= gz=1.

Also the same is true for the case when it has been made the compared of speed of the sprung
masses of both active and passive systems.
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