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Abstract: The finite element method (FEM) is developed for coupled thermoelastic crack problems if material 

properties are continuously varying. The weak form is utilized to derive the FEM equations. In conventional 

fracture theories the state of stress and strain at the crack tip vicinity is characterized by a single fracture 

parameter, namely the stress intensity factor or its equivalent, J-integral. In the present paper it is considered also 

the second fracture parameter called as the T-stress. For evaluation of both fracture parameters the quarter-point 

crack tip element is developed. Simple formulas for both fracture parameters are derived comparing the variation 

of displacements in the quarter-point element with asymptotic expression of displacement at the crack tip 

vicinity. The leading terms of the asymptotic expansions of fields in the crack-tip vicinity in a functionally graded 

material (FGM) are the same as in a homogeneous one with material coefficients taken at the crack tip.   

KEYWORDS: FGM, thermoelasticity, FEM, fracture, SIFS, T-stresses 

1. Introduction 

Cracking of structures due to a thermal load is very important in many industrial 

applications. Only composite materials can resist high temperatures effectively. To 

manufacture a structural component with a constant mixture ratio of ceramics and metals is 

not efficient way due to specific requirements on individual parts of structural surfaces. A 

more sophisticated way is, if the volume fractions composite constituents are varied 

continuously. Functionally graded materials (FGMs) possess continuously nonhomogeneous 

material properties and they have been introduced in recent years to benefit from the superior 

performance of its constituents, e.g. high heat and corrosion resistances of ceramics on one 

side, and large mechanical strength and toughness of metals on the other side. Ceramics are 

brittle materials and micro-cracks play crucial roles in determining the strength and lifetime of 

components. A review on the FGMs can be found in the monograph of Suresh and Mortensen 

(1998) and the review chapter by Paulino et al. (2003). Fracture problems in isotropic FGMs 

have been investigated by several authors, see e.g., Erdogan (1995); Sladek et al. (2000); Rao 

and Rahman (2003); Kim and Paulino  (2002); Dolbow and Gosz (2002); and Yue et al. 

(2003). 
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In early theories of fracture mechanics assume that the stress and displacement states at the 

crack tip vicinity are controlled by only one fracture parameter, the stress intensity factor 

(SIF). The SIFs are necessary for the calculation of the residual strength of the cracked 

structures, the evaluation of critical crack-lengths and the deduction of rates of the fatigue 

crack growth. Many efficient techniques for evaluation the SIF in nonhomogeneous solids 

exist in the literature (Noda and Jin, 1993a,b; Jin and Noda, 1993a,b; Nemat-Alla and Noda, 

1996, Gu and Asaro 1997). Ozturk and Erdogan (1997, 1999) used the singular integral 

equation method to investigate mode-I and mixed-mode crack problems in an infinite 

nonhomogeneous orthotropic medium with a crack aligned to one of the principal material 

axes and a constant Poisson‘s ratio. Kim and Paulino (2003b) have proposed the domain 

interaction integral method for the evaluation of stress intensity factors in orthotropic 

functionally graded materials.  

Numerical and experimental studies in elastostatics (Sumpter, 1993; Betegon and Hancock, 

1991; Sumpter and Hancock, 1991) have been attempted to describe fracture by using two 

parameters such that additional information could be gained. This second fracture parameter is 

the leading non-singular terms of the crack tip series expansion (Williams, 1957) and it is 

called as the T-stress. It represents the stress acting parallel to the crack plane. This second 

fracture parameter offers better predictions of the crack path direction and the stability 

(Cotterell and Rice, 1980), and fracture toughness in elastic solids under conditions of low 

crack-tip stress triaxiality (Williams and Ewing, 1972). The T-stress has significant effects on 

crack growth direction and stability (Williams and Ewing, 1972, Cotterell and Rice, 1980) as 

well as to have influence on branched and kinked cracks (Selvarathinam and Goree, 1998). 

The sign and magnitude of the T-stress can substantially affect the crack tip constraint 

(Larsson and Carlsson, 1973, Rice, 1974). Less attention is devoted to the evaluation of the T-

stress. An overview of past research on T-stress has been published recently by Gupta et al. 

(2015).  

Accurate computational methods for evaluation of T-stress are needed. While this 

parameter can be computed directly from the asymptotic expansion of stresses or 

displacements, the results are sensitive to the distance of a selected point from the crack tip. It 

would be more expedient to obtain the T-stress by an integral formula on a contour far away 

from the crack tip so to avoid the effect of singular stresses. Many possibilities exist for 

evaluation of the T-stress (Leevers and Radon, 1982, Kfouri, 1986, Sherry et al., 1995, 

Nakamura and Parks, 1992, Olsen, 1994, Sladek and Sladek, 1997a,b; Sladek et al., 1997c, 

Smith et al., 2001, Kim and Paulino, 2003a, Shah et al., 2005, Phan, 2011). However, in all 

above mentioned papers, the authors have investigated the T-stress only in homogeneous 

bodies. Only, Kim and Paulino (2004) presented a computational method for the evaluation of 

the T-stress in orthotropic functionally graded materials. However, their work is devoted only 

to problems under a static load. The method is based on the interaction integral expressed by a 

domain integral. It requires an accurate evaluation of quantities occurring in the domain 

integral at the crack-tip vicinity. It is well known that the accuracy of the computed stress and 

displacement fields at the crack-tip vicinity is lower than for ones far away from the crack-tip. 

Therefore, a contour-domain integral formulation for the evaluation of stress intensity factors 

and T-stresses in orthotropic FGMs under thermal and impact mechanical loads is proposed 

by Sladek et al. (2006). Only the inertial term and the term with the gradients of material 

parameters occur in the domain integral. However, the contour-domain integral formulation is 

convenient for boundary discretization methods, like the boundary element method (BEM). In 

the FEM, the evaluations of field gradients on element interfaces are not accurate. Therefore, 
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the domain integral alternative for evaluation of J-integral is preferred in the FEM analyses. In 

the FEM conventional quarter-point  crack-tip elements are used (Barsoum, 1976). The 

quarter-point element embodies the  square root behaviour of displacements at it is convenient 

also for evaluation of the SIF. Tan and Wang (2003) have derived a special formula for 

evaluation of the T-stress in homogeneous bodies. Such a quarter-point element has been 

developed for the BEM.  

The aim of the present paper is give a similar formula for the crack elements in the FEM 

with functionally graded material properties. New formula for evaluation of the T-stress in 

cracked bodies with FGM properties is applied for problems described by coupled 

thermoelasticity (Nowacki, 1986). For sophisticated materials such as high performance 

composites thermal effects can include heat production due to the strain rate, i.e. the 

thermoelastic dissipation. Suggested computational methods are applied to numerical 

examples for a thick-walled cracked tube. On both tube surfaces the different temperatures are 

prescribed. Numerical results for the stress intensity factor and T-stress in the FGM hollow 

cylinder are compared with those in corresponding homogeneous material. 

2. The FEM in coupled thermoelasticity 

It is well known that in the coupled thermoelasticity the temperature field is affected by 

strain rate, i.e. the thermoelastic dissipation is observed. Several computational methods have 

been proposed over the years to solve uncoupled problems in steady or transient heat 

conduction states. Few investigations have been done successfully for coupled 

thermoelasticity. Analyses for coupled thermoelasticity in the FGM are very seldom. Further, 

an orthotropic and linear elastic solid with continuously varying material properties is 

considered. The balance of momentum and thermal equations in transient coupled 

thermoelasticity (Nowacki, 1986) can be written as 

, ( , ) ( , ) ( , ) 0ij j i iu Xσ τ ρ τ τ− + =x x xɺɺ ,                                                                                (1) 

  , 0 ,,
( ) ( , ) ( , ) ( , ) ( , ) 0ij j ij i ji

k c u Qθ τ ρ θ τ γ θ τ τ  − − + = x x x x xɺ ɺ ,                                           (2) 

where ijσ , τ, θ , 0θ , iu , iX  and Q are the stress, time, temperature difference, reference 

temperature, displacement, density of body force vector and density of heat sources, 

respectively. Also, ρ , ijk , c   and ijγ  are the mass density, thermal conductivity tensor, 

specific heat, stress-temperature modulus, respectively. The dots over a quantity indicate the 

time derivatives. A static problem can be considered formally as a special case of the dynamic 

one, by omitting the acceleration ( , )iu τxɺɺ  in the equations of motion (1) and the time 

derivative terms in equation (2). Therefore, both cases are analyzed in this paper 

simultaneously. 

      The relation between the stress ijσ  and the strain ijε  in thermoelasticity is given by 

the well known Duhamel-Neumann constitutive equations  

  ( , ) ( , ) ( , )ij ijkl kl ijcσ τ ε τ γ θ τ= −x x x ,                                                                                 (3) 
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where ijklc are the material stiffness coefficients. The stress-temperature modulus can be 

expressed through the stiffness coefficients and the coefficients of linear thermal expansion 

klα as 

    ij ijkl klcγ α= .                                                                                                                (4) 

The constitutive equation (3) can be written in matrix form with introducing the vectors of 

stress and strain tensor components (Lekhnitskii, 1963). The constitutive equation for 

orthotropic materials and plane strain problems has the following form 

11 11 12 11 11 12 13 11 11

22 12 22 22 12 22 23 22 22

12 66 12 33 12

0

0

0 0 2 0 0 0 2

c c c c c

c c c c c

c

σ ε α ε

σ ε α θ ε θ

σ ε α ε

           
           = − = −           
                      

C γ ,                     (5) 

with 

11 12 13 11 11

12 22 23 22 22

330 0 0 0

c c c

c c c

α γ

α γ

α

     
     = =     
          

γ .  

Equation (5) can be reduced to a simple form for isotropic materials 

   2 (3 2 )ij ij kk ij ijσ µε λε δ λ µ αθδ= + − +  ,                                                                        (6) 

with Lame’s constants λ , µ , and the coefficient of linear thermal expansion α  .  

For a plane stress state of a 2-d anisotropic elastic body, the generalized Hooke´s law can 

be written [Lekhnitskii (1963)] as 

  

11 11 12 16 11

22 12 22 26 22

12 16 26 66 122

a a a

a a a

a a a

ε σ

ε σ

ε σ

     
     =     
          

,                                                                                  (7) 

where ija are the elastic compliances of the material. In the case of plane strain conditions, 

the coefficients ija should be replaced by ijaɶ  , where 

   
3 3

33

i j

ij ij

a a
a a

a
= −ɶ . 

The compliance coefficients can be expressed in terms of engineering constants as 

  11 11/a E=  ,          22 21/a E= ,          33 31/a E=  

 12 12 1 21 2/ /a E Eν ν= − = −   ,         16 12,1 1 1,12/ /a Eη η µ= =    

  26 12,2 2 2,12/ /a Eη η µ= =   ,          66 1/a µ=   ,                                                             (8) 
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where kE  are the Young´s moduli refering to the axes kx , µ is the shear modulus for the 

plane, ijν  are Poisson´s ratios and ,jk lη  and ,l jkη  are the mutual coefficients of first and 

second kind, respectively. For orthotropic materials 16 26 0a a= = .  

The following essential and natural boundary conditions are assumed for the mechanical 

quantities 

   ( , ) ( , )i iu uτ τ=x xɶ      on     uΓ , 

   ( , ) ( , ) ( ) ( , )i ij j it n tτ σ τ τ= =x x x xɶ       on     tΓ ,                                                            (9) 

and for the thermal quantities 

    ( , ) ( , )θ τ θ τ=x xɶ      on     pΓ , 

    ,( , ) ( , ) ( ) ( , )ij j iq k n qτ θ τ τ= − =x x x xɶ       on     qΓ ,                                                    (10) 

where uΓ  is the part of the global boundary with prescribed displacements, while on tΓ , 

pΓ  and qΓ  the traction vector it , temperature and the heat flux q are prescribed, 

respectively. 

Initial conditions for the mechanical and thermal quantities have to be prescribed 

   
0

( , ) ( )i iu u
τ

τ
=

=x x    and     
0

( , ) ( )i iu u
τ

τ
=

=x xɺ ɺ  

    
0

( , ) ( )
τ

θ τ θ
=

=x x     in   Ω .                                                                                          (11) 

The weak form of the governing equation  (1) is given as: 

   , ( , ) ( , ) ( , ) 0ij j i i iu X w dσ τ ρ τ τ

Ω

 − + Ω = ∫ x x xɺɺ
,                                                           (12) 

where iw  is a test function. The test function is selected such a way that it is vanishing on 

uΓ  where Dirichlet boundary conditions are considered. Applying Gauss-Green’s theorem to 

the first domain integral, one can write: 

  
[ ],( , ) ( , ) ( , ) ( , ) 0

t

ij i j i i i i iw d t w d u X w dσ τ τ ρ τ τ

Ω Γ Ω

− Ω + Γ + − + Ω =∫ ∫ ∫x x x xɶ ɺɺ

.                  (13) 

Similarly one can rewrite the governing equation (2) into the weak form 

   { } *
, 0 ,,

( ) ( , ) ( , ) ( , ) ( , ) 0ij j ij i ji
k c u Q dVθ τ ρ θ τ γ θ τ τ θ

Ω

  − − + = ∫ x x x x xɺ ɺ
,                        (14) 
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where *θ is the test function for the second governing equation. Applying Gauss-Green’s 

theorem to the weak form (14), one can write 

* *
, ,( ) ( , ) ( , )

q

ij j ik d q dθ τ θ τ θ

Ω Γ

− Ω − Γ +∫ ∫x x xɶ
                              

               
*

0 ,( , ) ( , ) ( , ) 0ij i jc u Q dρ θ τ γ θ τ τ θ

Ω

 + − − + Ω = ∫ x x xɺ ɺ
.                                    (15)  

Now we define auxiliary fields for test functions: 

( ) *
, , ,

1
and

2
ij i j j i i iW w w O θ= + = .                                                                    (16) 

Then, one can write  ( ), , , , ,

1

2
ij i j ji i j ji j i ij i j j i ij ijw w w w w Wσ σ σ σ σ= = = + = . 

We can also define matrices for stress, strain, displacement, body force vector in 2D and 

traction vector as: 

[ ]

[ ]

[ ] [ ] [ ]

11 22 12

11 22 12

1 2 1 2 1 2

,

2 ;

; ;

T

T

TT T
u u X X t t

σ σ σ

ε ε ε

=

=

= = =

σ

ε

u X t

ɶ

ɶ

ɶ ɶ ɶɶ

         (17) 

and we can define similar vectors associated with the test functions: 

[ ]

[ ]

11 22 12

1 2

2 ;
T

T

W W W

w w

=

=

εW

w
                                                                                          (18) 

Now, the equation (13) can be rewritten into the matrix form: 

 
t

T T T T
d d d dρ

Ω Ω Γ Ω

Ω + Ω = Γ + Ω∫ ∫ ∫ ∫εW σ w u w t w Xɶɺɺɶ

.                                                      (19) 

Note also that eq. (3) can be arranged in matrix form as: 

 θ= −σ Cε γɶ ɶ ,                                                                                                                 (20) 

Substituting eq. (20) into (19), we get: 

 
t

T T T T T
d d d d dθ ρ

Ω Ω Ω Γ Ω

Ω − Ω + Ω = Γ + Ω∫ ∫ ∫ ∫ ∫ε εW Cε W γ w u w t w Xɶɺɺɶ

.         (21) 

Similarly one can rewrite equation (15) into the matrix form 
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* * *
0

q

T T
d c d d qd Qdρ θ θ θ θ θ

Ω Ω Ω Γ Ω

Ω + Ω + Ω = Γ + Ω∫ ∫ ∫ ∫ ∫O q γ εɺ ɺɶ ɶ

,                                    (22) 

where 

  
,1

,2

θ

θ

∗

∗

 
 =
  

O ,  
,11

,22

q

q

θ

θ

  
= = −   
   

q k ,    
11 12

21 22

k k

k k

 
=  
 

k ,          . 

In the finite elements method, we express the primal variables θ  and uɶ  in terms of the 

shape functions and nodal variables in each element: 

θ = ΘN ,      

  
 

= =  
 

N 0
u MU U

0 N
ɶ ,                                                                                                          (23) 

where 
(1) (2)N N =

 
N ⋯  is the shape functions matrix  and U ,  Θ   are the nodal 

degrees of freedom vectors in 2D: [ ]1 2
T

=U U U , 
(1) (2)

T

k k ku u =
 

U ⋯ ,   

(1) (2) ...
T

θ θ =
 

Θ         

where the superscript (a) indicates the node number. The number of shape functions and 

their expressions depend on the selected element shape and order. We can express the strain 

tensor as well as the gradients of the temperature in terms of nodal degrees freedom as: 

1

2

2 1

0

0

∂ 
 = ∂ = 
 ∂ ∂ 

ε u BUɶ ɶ ,    
1

2

θ
∂ 

= − = − ∂ 
q k kBΘɶ ,                                                                 (24) 

where the matrices B and Bɶ  are expressed in terms of the derivatives of the shape functions 

and the Jacobian of the transformation from the global Cartesian coordinates to the local 

coordinates within the finite elements, since the shape functions are defined in the intrinsic 

coordinate space 1 2( , )ξ ξ . The Jacobian of the used transformation is defined as 

(1) (1)
1 1 ,1 ,2

(1) (2)
1 2 1 1 (2) (2)

,1 ,2(1) (2)
2 2 2 2

1 2

x x N N

x x
N N

x x x x

ξ ξ

ξ ξ

∂ ∂   
    ∂ ∂     = =
 ∂ ∂       ∂ ∂   

J
⋯

⋯
⋮ ⋮

,    

( )
( )
,

k
k

i
i

N
N

ξ

∂
=

∂
 

and the derivatives w.r.t. the Cartesian coordinates are expressed in terms of the derivatives 

w.r.t. the intrinsic coordinates as 
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11 1 11 1 21 2

22 2 12 1 22 2

// / / /

// / / /

i iT

i i

Yx Y Y

Yx Y Y

ξξ ξ ξ

ξξ ξ ξ

∂ ∂∂ ∂ ∂ ∂ ∂ ∂ + ∂ ∂       
= = =       

∂ ∂∂ ∂ ∂ ∂ ∂ ∂ + ∂ ∂       
Y ,   1−=Y J . 

Thus from (24), we have 

1 ,

2 ,

2 , 1 ,

i i

i i

i i i i

Y

Y

Y Y

 
 

=  
 
 

N 0

B 0 N

N N
  ,      

1 ,

2 ,

i i

i i

Y

Y

 
=  
 

N
B

N
ɶ

,    
(1) (2)

, , ,i i iN N =
 

N ⋯  . 

 

Following Galerkin’s method by assuming the test functions w  in the same form as the 

shape functions, we have: 

 =w M ,   =εW B ,                                                                                                        (25) 

Substituting eqs. (23), (24) and (25) into (21) gives the finite element equations for an 

element: 

t

T T T T T
d d d d dρ

Ω Ω Ω Γ Ω

     
     Ω + Ω + Ω = Γ + Ω
     
     
∫ ∫ ∫ ∫ ∫M M U B CB U B γN Θ M t M Xɺɺ ɶ

.        (26) 

Similarly, in equation (22) we consider following test function 

 
* andθ = =N O Bɶ .                                                                                            (27) 

Then, we get 

0
T T T

d c d dρ θ

Ω Ω Ω

     
     − Ω + Ω + Ω =
     
     
∫ ∫ ∫B kB Θ N N Θ γ B Uɺ ɺɶ ɶ

  

                            
q

T T
qd Qd

Γ Ω

= Γ + Ω∫ ∫N Nɶ

 .                                                                   (28) 

These equations can be written in a compact form as: 

u uu u uθ+ + =M U K U K Θ Rɺɺ
,      

  uθ θθ θ θ+ + =M Θ K Θ K U Rɺ ɺ
,                                                                                      (29) 

where  

 
T

uu d

Ω

= Ω∫K B CB
 ,      

T
u dθ

Ω

= Ω∫K B γN
 ,       

T
u dρ

Ω

= Ω∫M M M
,    
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T
c dθ ρ

Ω

= Ω∫M N N
, 

T
dθθ

Ω

= − Ω∫K B kBɶ ɶ

,           0
T

u dθ θ

Ω

= Ω∫K γ B
, 

t

T T
u d d

Γ Ω

= Γ + Ω∫ ∫R M t M Xɶ

,          
q

T T
qd Qdθ

Γ Ω

= Γ + Ω∫ ∫R N Nɶ

.                              (30) 

3. Quarter-point crack-tip element and evaluation of the SIF and T-stress 

The stresses and the displacements at the crack-tip vicinity in a material with a continuous 

non-homogeneity have the same singularity and angular distributions as that in a 

homogeneous material (Eischen, 1987). The displacements and the stresses close to the crack-

tip can be written in an asymptotic form as (Sih, 1965, Shah et al., 2006)  

 
1 2 2 1

11

1 2 2 1

1
Re

2 cos sin cos sin

tip tip tip tip

I tip tip tip tip
K

r

µ µ µ µ
σ

µ µπ ϕ µ ϕ ϕ µ ϕ

      = − +  − + +   
 

           

2 2

2 1
1 1

1 2 2 1

( ) ( )1
Re

cos sin cos sin

tip tip

II i jtip tip tip tip
K T

µ µ
δ δ

µ µ ϕ µ ϕ ϕ µ ϕ

     + − + − + +   

,     (31) 

 
1 2

22

1 2 2 1

1 1
Re

2 cos sin cos sin

tip tip

I tip tip tip tip
K

r

µ µ
σ

µ µπ ϕ µ ϕ ϕ µ ϕ

      = − +  − + +   
 

           
1 2 2 1

1 1 1
Re  

cos sin cos sin
II tip tip tip tip

K
µ µ ϕ µ ϕ ϕ µ ϕ

     + −  − + +   

,                    (32) 

1 2
12

1 2 2 1

1 1 1
Re

2 cos sin cos sin

tip tip

I tip tip tip tip
K

r

µ µ
σ

µ µπ ϕ µ ϕ ϕ µ ϕ

      = − +  − + +   
 

           
1 1

1 2 2 1

1
Re

cos sin cos sin

tip tip

II tip tip tip tip
K

µ µ

µ µ ϕ µ ϕ ϕ µ ϕ

     + −  − + +   

,                     (33) 

( )1 1 2 2 2 1 1

1 2

2 1
Re cos sin cos sintip tip tip tip

I tip tip

r
u K p pµ ϕ µ ϕ µ ϕ µ ϕ

π µ µ

  
= + − + +  

−  
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    ( )2 2 1 1 11

1 2

1
Re cos sin cos sin costip tip

II tip tip
K p p a Trϕ µ ϕ ϕ µ ϕ ϕ

µ µ

 
+ + − + + 

−  
, (34) 

( )2 1 2 2 2 1 1

1 2

2 1
Re cos sin cos sintip tip tip tip

I tip tip

r
u K q qµ ϕ µ ϕ µ ϕ µ ϕ

π µ µ

  
= + − + +  

−  
 

    ( )2 2 1 1 12

1 2

1
Re cos sin cos sin sintip tip

II tip tip
K q q a Trϕ µ ϕ ϕ µ ϕ ϕ

µ µ

 
+ + − + + 

−  
,  (35) 

where Re denotes the real part of a complex function, 
tip

iµ  are material parameters at the 

crack-tip, which are roots of the following characteristic equation [Lekhnitskii (1963)] 

   

4 3 2

11 16 12 66 26 222 (2 ) 2 0a a a a a aµ µ µ µ− + + − + =   ,                                                       (36) 

and 

  
2

11 16 12p a a aα α αµ µ= − +  

  
2

12 26 22( ) /q a a aα α α αµ µ µ= − + .                                                                                   (37) 

In above equation, polar coordinate system with the origin at the crack-tip is used and the 

1
st
 Cartesian coordinate axis lies on the tangent to the crack surface at the crack tip. 

The T-stress can be computed directly from the above-mentioned asymptotic expansion of 

stresses or displacements, if the stress intensity factors and the stress or the displacement 

values at nodal points close to the crack-tip are obtained from a numerical analysis. In the 

literature, such a method, where T-stress is computed from the known stress component 11σ  , 

is called the boundary layer method (Sherry et al., 1995). A drawback of this method is the 

sensitivity of the results with respect to the distance of the evaluation point from the crack-tip. 

Phan (2011) suggested a non-singular boundary integral formula for determining the T-stress 

as 

 [ ]22 11
0

lim ( ,0) ( ,0)
r

T r rσ σ
→

= −
.                                                                                     (38) 

Integral representations for individual stresses in (38) contain hypersingular integrals, 

however, the integral representation for subtract of stresses is non-singular. Therefore, the 

computational method is appropriate for the BEM. 

In the FEM the quarter-point crack-tip elements are very favourite for evaluation of the 

SIFs. Consider isoparametric element with quadratic approximation in Fig. 1. 
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Fig. 1 Quarter-point crack-tip element 

The order of singularity for quarter-point element can be found along the line 1-2 in Fig. 1. 

The shape functions along that line are given by 

  
(1) 1

(1 )
2

N ξ ξ= − − ,       
(2) 1

(1 )
2

N ξ ξ= + ,           
(5) 2(1 )N ξ= −  .                           (39) 

Isoparametric coordinates ( , )ξ η are from the interval ( 1 1, 1 1)ξ η− ≥ ≥ − ≥ ≥ . Any point 

with coordinate x on line 1-2 can be expressed by nodal coordinates and shape functions 

 
(1) (2) 2 (5)1 1

(1 ) (1 ) (1 )
2 2

x x x xξ ξ ξ ξ ξ= − − + + + − .                                                        (40) 

Choosing 
(1) 0x = , 

(2)
x L= , 

(5) / 4x L= , one gets 

  
21

(1 ) (1 )
2 4

L
x Lξ ξ ξ= + + − .                                                                                       (41) 

Solving the quadratic equation (41) we obtain 

  1 2
x

L
ξ = − + .                                                                                                            (42) 

Similarly, we can approximate the displacement along the line 1-2: 

  
(1) (2) 2 (5)1 1

(1 ) (1 ) (1 )
2 2

ξ ξ ξ ξ ξ= − − + + + −u u u u .                                                       (43) 

Substituting (42) into (43) we get approximation of displacement in quarter-point element 

( ) ( )(1) (1) (5) (2) (1) (5) (2)3 4 2 2
x x

L L
= + − + − + − +u u u u u u u u .                                       (44) 
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A similar approximation of displacements can be performed on the opposite crack face. 

Then, for displacement discontinuities on the crack faces one can write 

  ( ) ( )(5) (2) (5) (2)4 2 2
x x

L L
∆ = ∆ − ∆ + − ∆ + ∆u u u u u ,                                                    (45) 

where 
+ −∆ = −u u u  and displacement discontinuities at the crack tip (node 1) has to be 

vanishing. 

Taking into account the asymptotic fields (34) and (35) for ϕ π=  and equating the 

coefficients of r x=  to those in the quarter point element approximation for both 

components of displacement discontinuities, one can write 

  

(5) (2)
11 12

(5) (2)
21 22

42

44

I

II

K H H u u

K H H v vD L

π  ∆ − ∆   
=    

∆ − ∆     
,                                                           (46) 

where 11 22 12 21D H H H H= −  

  

1 2 1 2

1 2 1 211 12

21 22 1 1 2 2 2 1 1 2

1 2 1 2

Im Im

Im Im

q q p p

H H

H H q q q q

µ µ µ µ

µ µ µ µ

µ µ µ µ

    − −
    

− −      =      − −      
− −     

. 

The stress singularity along the line 1-2 is proportional /L x . The variation of the traction 

vector becomes 

( ) ( )(1) (5) (2) (1) (5) (2)3 4 2 2
L x

x L
= − + − + − +t t t t t t t .                                                  (45) 

Comparing the coefficients standing at x = r in (44) for displacements and those in (34) 

with ϕ π= , we get a simple formula for evaluation of the T-stress 

(1) (5) (2)

1 1 1

11

2
2T u u u

a L
 = − − +  ,                                                                                      (46) 

where 
1

11

31 32

1 3

1

1

plane stress
E

a

plane strain
E E

ν ν





= 
 −


  , 

and 
( )

1

ku  is the displacement component 1u  at the k-th node on the quarter-point 

isoparametric element; Ei is the Young modulus in the principal xi-direction and ijν  is the 

Poisson`s ration defining the extensional strain in xj-direction produced by a unit compressive 

strain in the xi-direction.  
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Alternatively the T-stress formula can be derived employing the nodal displacements 

perpendicular to the crack plane. Equating the coefficients of “r” for the displacements 2u in 

the asymptotic field (35) to that along 1-4 of the quarter point element (Fig.1) one can write 

   
(1) (8) (4)

2 2 2

12

2
2T u u u

a L
 = − +  ,                                                                                      (47) 

where 

12

1

12

31 3212

1 3

plane stress
E

a

plane strain
E E

ν

ν νν


−


= 
− −


  . 

5. Numerical results 

5.1 Verification of the FEM model with orthotropic material 

In the first test example, the central crack with orthotropic material subjected to tension 

according to Banks-Sills et al. (2005) is analyzed (see.Fig.2). This problem was originally 

solved by Bowie and Freese (1972). The dimensions of the finite strip with central crack of 

length a = 0.5, length of strip h=1 and width of b=1 has been taken and due to the symmetry 

only one quarter is modeled. The orthotropic material properties are the same as in Banks-

Sills et al. (2005), Young moduli 11 225, 10E E= = , Poisson ratio 12 0.1ν = , and shear modulus 

µ = 2.941 . The normalized SIF, /IK aσ π , computed by displacement correlation technique 

is 1.455 , corresponds exactly with the value given by Banks-Sills et al. (2005) (see Table.1). 

The discretization is performed by 1577 elements, quadratic 8-node elements and 34 singular 

triangular 6-nodes quarter point crack-tip elements. It appears that it is sufficiently fine 

discretization. 

 

                 

Fig. 2 Central crack in finite strip (left), FE-model (right) and detail of the mesh near the 

crack tip (right) 
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5.2 Verification of the FEM model with FGM isotropic material  

In the second test example the edge crack model (see.Fig.3)  with FGM isotropic material 

properties according to the model in Kim and Paulino (2002) is analyzed. The same problem 

has been solved by Erdogan and Wu (1997) early. The finite strip with crack length a=0.4 and 

length L=8 and width W=1 is considered here. The applied load 1σ =  is considered too. 

Material properties are assumed to be graded along the x -axis. The variation of Young 

modulus is 1

xE E β= , 2 1β = Ε / Ε , E1=1. The gradation of the material properties in x -direction 

enables to use symmetry conditions, therefore the displacement 0yu =  is prescribed on the 

bottom line ahead the crack tip. One half of the model is considered. The normalized SIF 

given by Kim and Paulino (2002) is 1.583 for the case of E2/E1=10. It is observed a very good 

agreement of Kim & Paulino and present computational method results with relative error 

0.31 percent. The comparison of the results is shown in a Table.1. The finite element model 

consists of 2451elements, quadratic 8-node elements and 34 triangular 6-nodes quarter point 

crack-tip elements.  

 

         

Fig. 3 Finite strip with edge crack (left), FE-model with symmetry  (right) 
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Table 1 The normalized stress intensity factors for orthotropic and FGM isotropic plates 

method Orthotropic FGM isotropic 

Kim and Paulino (2002) - 1.583 

Banks-Sills et al. (2005) 1.455 - 

DCT (verification results) 1.455 1.588 

 

5.3 A hollow cylinder with two radial edge cracks in opposite directions 

In the third numerical example, an infinite hollow cylinder with two radial edge cracks in 

opposite directions is analyzed. The cracks are situated on internal surface of the hollow 

cylinder. A permanent temperature gradient is prescribed with temperature  1 30degθ =  on the 

internal surface (radius 1 8R cm= ) and 2 200degθ =  on the external surface ( 2 10R cm= ). 

Because of the symmetry, only a half of the cross section is analyzed with the boundary 

conditions shown in Fig.4. To test the computer code we have selected homogeneous isotropic 

material properties: Young modulus 
47.8 10E MPa= ×  , Poisson ratio 0.3ν =  and thermal 

expansion coefficient 4 1
0.125 10 degα − −= × . The crack length is denoted by a.  The normalized 

stress intensity factor is defined as: 

 
2 1

1

( )

I
I

K
f

Ea

ν

θ θ απ

−
=

−
 .                                                                                                      (41) 

Variation of the normalized SIF with the crack length is presented in Fig. 5. One can 

observe that SIF increases with increasing the length of cracks. 

. 
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Fig. 4 Hollow cylinder with boundary conditions (left), FE-model (right) 

The normalized T-stress is frequently called in literature as the biaxiality parameter is 

denoted as:    
0 I

T T a
B

K

π

σ
= = .   

The normalized T-stresses varies with crack length according the Fig.6. 

In the next example, the same problem as previous has been analyzed with FGM 

orthotropic material properties. The exponential gradations of Young modulus and thermal 

expansion coefficient are considered along radial coordinate: 

2 2

11 10 ,r
E E e r x y

γ= = +  , 1

reδα α=  ,  

where 0.25γ = , 0.1δ =  and following orthotropic material coefficients are considered:         
4

10 7.8 10E MPa= × , 
4

22 102 15.6 10E E MPa= = × , 12 0.3ν = , 11 / 2(1 )Eµ ν= +  . 

 

 

 

Fig. 5 Normalized stress intensity factor versus crack length a [m] 
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Fig. 6 Normalized  T-stress versus crack length a [m] 

The numerical results for variation of the normalized SIF and the T-stress with the crack 

length are presented in Figs. 5 and 6, respectively.  

 

6.  Conclusions 

This paper presents computational methods for the evaluation of stress intensity factors and 

T-stresses for crack problems in orthotropic functionally graded material bodies under thermal 

loads. The FEM formulation for solution of related initial-boundary value problem within 

coupled theory of thermoelasticity has been developed for orthotropic materials with 

functionally graded material coefficients. Making use of asymptotic expansions for 

displacements and stresses in the near vicinity of the crack tip and using the quarter-point 

crack-tip elements, we obtained the formulae for direct evaluation of the SIFs and T-stress 

factor directly from the nodal values of displacements on the crack-tip elements (displacement 

correlation technique – DCT). In order to verify the derived formulae, we considered several 

test examples from the elastostatics for which the benchmark solutions are available. Perfect 

agreement with literature results for the SIFs has been obtained in homogeneous orthotropic 

finite strip with central crack as well as in FGM orthotropic finite strip with edge crack. The 

dependence of the SIF and the T-stress term on the length of the crack has been studied 

numerically for two edge cracks symmetrically distributed in an infinite hollow cylinder 

subject to stationary thermal loading with prescribed temperatures on the interior and exterior 

surfaces. The material properties have been considered either homogeneous isotropic or 

orthotropic with functionally graded coefficients. The proposed technique proved to be 

reliable and it will be employed in future also in numerical analyses of transient problems.  
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