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Abstract

The complexity of multi-component real properties results from the possibility of identifying various
components in legal, physical or functional terms. The possibility of distinguishing various functional
elements of real properties, combined with the specificity resulting from their market properties, is
problematic when applying the comparative approach to real estate valuation. In this case, the
valuation procedure can be implemented using statistical models: the parametric model or the
conditional one.

This research paper demonstrates the construction of the parametric and conditional models taking
into account the geometric and pricing attributes of multi-component real estate. The authors paid
attention to adjusting the models to the available market data. They also specified the conditions for
the use of statistical models in the real estate valuation process. Based on the analytical and
accounting considerations, the estimation criteria for the parametric model and the conditional model
were defined, which allow the correct application of these models at the stages of the real estate
market analysis and the real estate valuation process.
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1. Introduction

The complexity of real properties, analyzed both from the legal point of view by identifying their
components, as well as in terms of physical or functional aspects, allows to identify multi-component
ones (PARZYCH, BYDLOSZ 2008), as exemplified by developed land properties (ADAMCZEWSKI 2006;
ADAMCZEWSKI, HOPFER 2008; ADAMCZYK 2010; ADAMCZYK, DABROWSKI 2010; ADAMCZYK, JASIOELEK
2012; BIEDA et al. 2016; CzAJA, PARZYCH 2008; PARZYCH, BYDrOSZ 2017; PARZYCH 2007; PARZYCH 2009a,
2011; PARzYCH, CZAJA 2015), agricultural and forest land (PARzYCH 2008, 2009a, 2009b, PARZYCH AND
CzAJA 2015), as well as properties with non-uniform land use contained in local zoning plans (BIEDA
2017, 2018; ADAMCZYK et al. 2019).

The specificity of this type of real estate requires taking all their attributes into account in the
process of the market analysis and for their valuation (CELLMER et al. 2014). However, this task is
significantly hampered by the complexity and heterogeneity of such real properties (DAWIDOWICZ et
al. 2004) as well as by the diversity and inaccuracy of their attributes (RENIGIER-BILOZOR et al. 2017).

The necessary data on the multi-component real estate market is information on the geometrical
parameters and pricing attributes of a given property. In the context of market analysis and property
valuation, this information must relate to marketable real estate for which transaction prices are also
known (CzajA 2001).

The geometric attributes are the parameters resulting from the geometric qualities of the objects.
Most frequently, these are the areas or cubic capacities of the building structures, and the areas of the
land parcels on which these structures are located. In the case of buildings and structures, the
geometrical parameters are determined based on the technical documentation or as-built surveys. The
quantity describing the area should correspond to the definition of the total area, because the usable
floor space is defined differently, depending on the standard adopted for the calculations (LUCZYNSKI,
KoTARBA 2017).

Those real estate attributes that significantly affect the volatility of property prices should be
considered to be the pricing attributes (ZYGA 2012). Determination of the pricing attributes results
from the analysis of the real estate qualities through a prism of their attractiveness to a potential
buyer. The selection of the pricing attributes depends on the type of market and should take its local
character into account. Location, technical and utility parameters are most often considered, the most
important of which include: property location, transport accessibility, the standard of buildings,
technical and utility condition of buildings, and the possibility of changing the manner of their use.

The transaction price is set between the independent parties thereto, which is the result of the
negotiations between the seller and the buyer (CHEN et al. 2017). This price should be derived from the
prices observed on the local real estate market and should be determined adequately to the geometric
attributes and attractiveness of the pricing attributes. In some cases, the transaction price may not
reflect the attributes of the real property. For such cases to be captured, knowledge of the terms of the
transaction is required in the first place (BRZEZICKA, WISNIEWSKI 2012, 2015; KUCHARSKA-STASIAK
2014).

A multi-component real property, marketed as a sales offer, has an asking price determined by the
seller. The level of the asking price may follow from the analysis of the local real estate market carried
out personally by the seller or by the professionals involved in rendering their services in the real
estate sector. The professionals engaged in the real estate market, including certified real estate
appraisers, may use the market information on unit prices of the real estate components, especially for
multi-component real properties. The captured information on the unit prices of the components for
the multi-component real estate is the result of the thorough analysis of the transactions on the local
market. Determination of the asking price based on the seller’'s own analyses of the transaction prices
of multi-component real estate may lead to distortions, being the consequence of a weak connection
between the price itself and the pricing as well as geometric attributes. In addition to the above factors
regarding the level of the asking price, the final transaction price is affected by the negotiating abilities
of both the buyer and the seller.

When determining the value of multi-component real estate, the initial stage of market analysis
may be based on the analysis of the transaction data regarding the market turnover of one-component
real estate. Depending on the type of the components present in multi-component real estate, the land
parcels of specific land use, commercial and residential premises or industrial buildings may be
considered as individual components. Based on the analysis of one-component properties, their unit
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prices are determined at the initial stage, which are further used to determine the trend of price
changes in time and to identify the pricing attributes. The forecast of the unit market value (W) of the
analyzed properties precedes the market analysis and valuation of multi-component real properties.

Real estate valuation methods in the comparative approach are based on a selected database of the
real properties representative of the analyzed market (ADAMCZEWSKI 2006; CzAJA 2001; ZROBEK, BELE]
2000). The pairwise comparison method and the mean price adjustment method have different
conditions regarding the selection of real estate for the database used for comparison purposes. The
selection of the real estate for the database in the method of statistical analysis of the market is much
broader and depends on the statistical valuation procedure used. Particular attention should be paid
to the adaptation of statistical models and algorithms of their valuation to the existing market
information on real estate. The method of statistical analysis of the market provides a wide range of
possible applications of various statistical methods, including e.g. parametric valuation models and
conditional valuation models (CzAJA 1997).

The use of the parametric and conditional models for the market analysis and valuation of real
estate consisting of many functional components is particularly justified. These models take into
account both the geometry of the property constituents in the form of geometric attributes, as well as
the pricing attributes in relation to the entire property. The parametric valuation model for the multi-
component real estate may be used for broad real estate markets, where the number of properties
making up the database for valuation is greater than the total number of the geometric and pricing
attributes included in the model. The structure of the conditional model and the estimation of the
market parameters apply to those local markets where the number of the sold properties which are
comparable to the one being valued is smaller than the number of all the attributes considered in the
model.

The estimation of the parameters of both statistical models is preceded by the estimation of the unit
market values of the components of multi-component real estate. The determination of the unit
market values of the components of multi-component real estate can be carried out based on the
analysis of the unit prices of one-component properties or according to the relationship between the
unit market rental rates and capitalization rates.

In the parametric models, the adjustments to the approximate unit values of the real estate
components and the pricing factors for the attributes are taken into account as the parameters, and
there are also random deviations to the transaction prices or their differences.

In the conditional models, the place of the parameters is occupied by the random adjustments to
the approximate unit values of the real estate components, as well as the random adjustments to the
approximate values of the pricing factors of the considered attributes.

In the parametric and conditional models, the following denotations were used for the analyzed
values:

Cr - the transaction price of the multi-component real estate,

Wy - the approximate unit market value representing the k-th component of multi-component real

estate,

Sk - the area or volume of the k-th component of multi-component real estate,

Cs - the price estimated for multi-component real estate based on the approximate unit market

values Wy,

AC = C; — Cs - the difference between the transaction price and the price estimated for multi-

component real estate,

by, - the adjustment to the approximate unit market value (i), for the k-th geometric attribute, in

the parametric model,

a, - the value of the u-th pricing attribute,

py. - the adjustment to the approximate value of the pricing factor, for the u-th discretionary

attribute in the parametric model,

v; - the random deviation to the price difference AC = C; — C;s for the i-th transaction,

Br - the random adjustment to the approximate unit market value (i) for the k-th geometric

attribute in the conditional model,

py - the random adjustment to the approximate value of the pricing factor for the u-th

discretionary attribute in the conditional model.
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In the denotations used in the models, the principle was adopted that all the approximate values of
the parameters are denoted by the letters of the Latin alphabet. In the parametric model, the random
adjustments and the random deviations are marked with Latin letters, while the random adjustments
and the random deviations in the conditional model are marked with the letters of the Greek alphabet.

The analytic form of the parametric and conditional equations, which are the basis for estimating
the parameters of the multi-component real estate valuation model, can be written using the adopted
denotations.

The equation of the parametric valuation model, taking into account only the geometrical
attributes of multi-component real estate, takes the following form:

Sl(Wl + bl) + oo + Sk(Wk + bk) = CT (1)

On the other hand, the equation of the conditional valuation model, taking into account only the
geometrical attributes of multi-component real estate, takes the form:

Si(Wy + B1) + -+ S (W + i) = Cr )

By multiplying the binomials in the dependencies (1) and (2), and then adding the products Sy - Wy,
the dependence for the estimated price is obtained:

CS = stk : Wk (3)

Taking into account the dependence (3) and inserting it into the equations (1) and (2), the following
form is obtained:
- for the parametric model:

Sllb1+“.+5k-bk=CT_CS=AC (4)

- for the conditional model:

SitBut -+ S B = Cr— Cs = AC )

The estimation of the values of the adjustments b;, to the approximate values of W, is possible
based on the system of parametric equations in the form (4). Taking into account only geometrical
attributes for the estimation of the parametric pricing model has a limited scope of use due to the
inaccuracy of estimating the market parameters.

Obtaining the estimated unit values similar to the market information for the system of conditional
equations (5) is possible using the appropriate algorithms for the estimation of the values of the
random adjustments S, to the approximate values of W.

In the case of the documented effect of the pricing attributes on the volatility of the prices of the
analyzed properties, the parameters concerning the variability of the pricing attributes should be
taken into account in equation (4):

51'b1+--'+Sk'bk+a1'p1+-'-+au'pu=AC (6)

Simplified proceedings, taking account of the pricing attributes in the model, consist in the use of
the weighting for the system of equations (4). The values of the weights should result from the
similarity of the considered properties in terms of their pricing attributes.

In the conditional model, the pricing attributes can be taken into account analogically to the
parametric model. Having taken the attributes into account, there are random variables p, in equation
(5) which constitute the random adjustment to the approximate value of the pricing factor of the u-th
attribute:

51',31+"'+5k',Bk+a1',01+“'+au'Pu=AC (7)

Having compiled the system of parametric equations in the form (6), the mutual consistency of
market information should be verified and gross errors eliminated. After the initial verification of the
system of equations (6), the next step involves the estimation of the values of the parameters b, and
pu, and a full analysis of variance of the valuation model is performed. The course of proceedings
together with the necessary formulas are contained in Section 2.

The system of conditional equations in form (7), as was the case with the system of parametric
equations, is subject to initial verification in order to check the mutual consistency of market
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information. After the possible elimination of errors, the estimation of the values of the random
adjustments f; and p, to the corresponding approximate market values is performed. After the
estimation of the model parameters, a full analysis of variance is performed, which is presented in
Section 3.

2. Criteria and algorithms for estimation of parametric valuation model for multi-component real
estate

Parametric valuation model can be used only if the (n) number of approximation equations in form
(6) is greater than the number (k +u) of all the considered attributes for the analyzed multi-
component real properties.

The system of equations (6) contained in the analytical form is as follows:

Si1 by 4+ Spq b+ agq pr o+ ayg Py = AG
Syivby + o+ Spi b + Ay pr o+ ay py = AG ®)
Sln'b1+“'+skn'bk+a1n'p1+"'+aun'puZACn

The analytical form of the system of equations (8) contained in the matrix form is as follows:

) AC,
a=Is o x=|); AC=|... )
p AC,
where:

S - the vertical rectangular matrix with the dimension of (n x k), containing information on the
surfaces or volumes S; of the considered real estate components, that is the values of their
geometric attributes,

a - the vertical rectangular matrix with the dimension of (n X u), containing information on the
values of the pricing attributes a,, of the considered real estate,

b - the single-column matrix of the estimated adjustments b, to the approximate unit market
values of the real estate components,

p - the single-column matrix of the estimated adjustments p, to the approximate values of the
pricing factors,

AC - the single-column matrix of the constant terms, created from the differences AC = Cr — Cs for

each considered real estate.

The basis for the preliminary verification of mutual consistency of the market information may be
the values of the constant terms from the system of equations (9). The differences between the
transaction prices of the real properties and their prices estimated based on the unit values of the
components may become a criterion for such verification. The following inequality should be the
criterion of the permissible non-compliance between the transaction prices and the estimated price
calculated as the sum of the products Sy - Wy:

|AC| < 0.25 - C; (10)

The value of the 0.25 coefficient was determined based on analytical and accounting
considerations, and it should ensure that the parameters obtained from the estimated valuation model
will be close to the values from the analyzed real estate market.

The information on the real properties that do not satisfy the criterion (10) must be verified again.
If all the data on the verified property prove to be correct, such a property should be eliminated from
the market analysis and valuation database. The errors in the system of equations (9) can relate both to
the geometric and pricing attributes as well as to the unit values of the components of the analyzed
real properties. Failure to satisfy the criterion may also result from the failure to associate the
transaction price with the geometric and pricing attributes.

Finally, after verification according to the criterion (10), the system of approximation equations in
the form (6) is as follows:

A-X=AC (11)
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The use of the least sum of squares to solve the system of equations (11) is related to minimizing
the quadratic form:

F=(AC—-A-X)T-(AC—A-X)=v"-v=min. (12)

The necessary condition for the minimum of the function (12) leads to a system of normal
equations. The solution of the system of normal equations allows the values of adjustments b and
factors p to be obtained from the analyzed real estate market, that is:

[g] = [(AT-A)"1-AT]- AC (13)

In order to satisfy the dependence (13), the matrix (AT - A) must be a non-singular matrix. The
usual inverse can be calculated if Matrix A does not have a column defect. In the case of a singular
matrix (AT - A), methods of calculating the other inverse of the matrices should be used.

If the criterion (10) of the compliance between the transaction prices and the estimated prices is
met, the estimated values of the adjustments b and the factors P should describe the market values of
the components of the analyzed real estate quite well.

Finally, the most probable unit market values of the components of the multi-component real
estate are calculated from the dependence:

Ww=w+b (14)

In the case of gross errors in the market information, the estimated parameters of the valuation
model will exhibit large differences relative to the unit market values adopted for the construction of
the model. Such a situation may occur when criterion (10) is not met. In some extreme cases, with a
small number of approximation equations, the calculated unit values can be virtual, or even negative.
Such a parametric model can never be used to estimate the value of multi-component real estate.

The strength and accuracy of the estimation of the parametric valuation model is also dependent
on the number of approximation equations in relation to the number of estimated parameters. If the n
number of real properties is used for the estimation of the parametric valuation model, and the
number of the determined parameters is (k +u), then the number of the overdetermined
approximation equations is (n — k — u). This number should be greater than or equal to the number of
the geometric attributes, i.e.

n—k—-u)=k (15)
The analysis of variance is preceded by the calculation of random deviations v to the constant
terms:
v=Cr—A-[Ww pJ” (16)
The variance for the estimated model is calculated based on the random deviations v and the
number of overdetermined approximation equations (n — k — u):
T

of =22 17)

n—-k—-u

The variance-covariance matrix for the estimated parameters is determined in accordance with the
following dependence:

Cov [‘Z] =05 (AT-A)7? (18)

The second criterion for the selection of market information is based on the factor 8, that
determines the consistency of the estimated parameters by, with the market information. The value of
the factor 8, is calculated according to the following dependence:

2())"
O, =1—-=L- 19
’ zi(w))° 1)
The value of the factor 8, should satisfy the inequality:
0, = 0.95 (20)
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If the criterion (20) is not met, it is necessary to go back to the initial market analysis and verify the
criterion (10) with a different level of compliance, i.e. |[AC| < 0.15 - Cr, and in the next step, repeat the
calculations and analyses.

Positive verification of both criteria allows the estimated parameters to be used for the valuation of
multi-component real estate on the local market. During the estimation process of the parameters and
also later, in the course of the valuation, it should be remembered that each local real estate market
usually results in the different values of the parameters w i p.

The market value for the real property for which the geometric and pricing attributes can be
defined by a single-row matrix [Sy aw], is determined from formula:

WRy = [Sw aw]- [‘g] 1)
The variance of the estimated market value is defined by the following dependence:
2 WRy) =[Sy ay]-Cov 5] [2V (22)
rl law

Taking account of the proposed criteria for the estimation of the parametric valuation model
usually results in the standard deviations of the estimated market value at a level which does not
exceed 5% of its value, i.e. o(WRy) < 0.05 - WRy. The standard deviation which is mostly assumed for
the market information is at the level of 10%, therefore this valuation accuracy should be considered
very high.

If the proposed criteria are not taken into account, it is still possible to obtain the most reliable unit
values of the real estate components, but this involves the use of algorithms from a higher level of
knowledge, which will eliminate the outliers inconsistent with the market parameters in the
estimation process. One such algorithm is robust estimation, which allows information burdened with
gross errors to be eliminated from the analyzed data sets, or to minimize its effect.

Another algorithm that can be used for the initially unverified information databases is the
structure of the parametric model with the extended range of random variables which adjust the
market information burdened with errors in the estimation process.

3. Criteria and algorithms for estimation of conditional valuation model for multi-component real
estate

The conditional valuation models are characterized by a smaller number of analyzed multi-
component real properties with known transaction prices than the total number of their geometric and
pricing attributes.

The preliminary market analysis should, first of all, verify the compliance of the real estate
transaction prices and the prices estimated based on the unit values of the components and of the
geometric attributes. The differences between these prices, being the constant terms, form the basis for
defining the criterion of permissible price compliance. These differences are mainly related to the
inaccuracy in the initial estimation of the unit values W), and the inaccuracy in the definition of the
geometrical attributes. The permissible absolute value ACy, should be assumed in the same way as in
the dependence (10), i.e.

Failure to satisfy the criterion (23) should lead to the verification of both the geometrical attributes
and the unit values of the components of the analyzed properties. If no errors are identified, the
property that does not satisfy the criterion should be removed from the market analysis and valuation
database. The positive verification of the database, in accordance with the criterion (23), allows for the
estimation of the conditional valuation model and the analysis of the variance of the model.

If exclusively geometric attributes are taken into account in the model, the following dependence is
obtained:

S B+ -+ Sk B =Cr — Cs = ACy (24)

In this case, the estimated values of the random adjustments f;, complement the approximate unit
values W, of the real estate components, hence their model value Wy is as follows:
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Wi = Wy + P (25)

After the changed values Wy are adopted, there is a linear change in the values of the constant
terms AC;,, which results in the estimated new values of the adjustments fj approximately satisfying
the dependence W, = W}, + f;. This means that the system of conditional equations (24) defines a very
strong estimation model, and therefore all linear transformations of this system of equations yield the
similar values of W, that can be called model values. This attribute results from the process of the
estimation of the adjustments f3;, which is based on the Lagrange function that includes the condition
Y« B2 = min. The model values of W, obtained based on the various f; have two main drawbacks:

- the model values may not correspond to the unit market values whatsoever,

- from each set of adjustments f;, completely divergent standard deviations of the estimated

values are obtained, as well as of the estimated market value of the real estate being valued.

In order for the random adjustments f; to satisfy the market and accuracy conditions at the fixed
values of Wy, the value of the following factor should be determined:

2(8)°

0y =1—
p %5(w;)*

(26)
The factor 65 reflects a part of the volatility of the unit market prices W, explained by the random
adjustments f3,, hence its value should be equal to or greater than 0.95, i.e.

65 = 0.95 27)

Failure to satisfy the criterion (27) means that the transaction prices of the analyzed real estate are
also dependent on the values of the pricing attributes. In this case, the estimation of the conditional
valuation model should take into account the conditional equations including both the geometric and
pricing attributes.

Having verified the market information, the system of conditional equations (7) can be contained
in the following analytical form:

SiuPrt o+ S Bt A pr ot ays py = ACy,

Sln'ﬁl+"'+Skn'ﬁk+a1n'p1+“'+aun'puZACWq

where the number of conditions g must be less than the total the number of geometric and pricing
attributes, i.e. g < (k + u).
The estimation of the random adjustments f; and py the following matrices into account:

B=[s al; B"=1[B1 - Bcli p"=1[Pr - pPul; AGH =[ACw1 .. Alwq] (29)
where:

S - the rectangular matrix with the dimension (g X k), containing the information on the areas or
volumes Sy, of the analyzed real estate components, i.e. their geometric attributes,

a - the rectangular matrix with the dimension of (q X u), containing the information on the
values of the pricing attributes a,, of the analyzed real estate,

B - the single-column matrix of the estimated random adjustments f§, to the approximate unit
market values W, of the real estate components,

p - the single-column matrix of the estimated random adjustments p,, to the approximate or zero

values of the pricing factors,

ACy, - the single-column matrix of the constant terms with the dimension (gx1), comprising the

differences ACy, = Cr — Cs for each analyzed real estate creating a condition.

In creating the conditions, the random nature of the estimated values B, and p, requires the
observance of the principle of the values of the pricing attributes being of similar order as the values
of the geometrical attributes.

Taking into account the matrix denotations, the system of conditional equations (28) can be
contained in the matrix form:
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B- [ﬁ] = AC, (30)

Considering the Lagrange function to find the conditional extremes for the system of Equations
(30), the quadratic form for the random adjustments takes the following form:

v=[] - [[]+r(5-[F] - acu) = min (31)

The first derivatives relative to the random adjustments f; and p,, and the Lagrange coefficients I'
equalized to zero, yield a system of equations, the solution to which takes the form:

[ﬁ] =[BT+ (B- BN AGy (32)

Finally, the most probable unit market values of the components of multi-component real estate
are calculated from the following dependence:

Wi = Wy + Py (33)
For the pricing attributes, it is not possible to estimate their approximate values of the factors,
therefore, the estimated values of p, are ultimately the pricing factors on the local real estate market.

The analysis of variance is preceded by the calculation of the sum of squares of the random
adjustments. The sum of the adjustments can also be calculated from the dependence:

BT-B+p"p=ACkH (B-BT)-ACy (34)

The variance for the estimated model is calculated based on the sum of squares of the random
adjustments and the number of the conditional equations:
T. T.
o2 = B ﬁ;rp p (35)
The variance-covariance matrix for the estimated random adjustments is determined by the
following relationship:

Cov [rg] = 0% [B"-(B-B)!-B] (36)

The second criterion for selecting the market information is based on the factor 6 that defines
satisfying the market and accuracy conditions for the estimated parameters f, with predetermined
values of Wy. The value of factor 6 is calculated according to the dependence (26) and should satisfy
the inequality (27). The positive verification of the criterion (27) allows the estimated parameters to be
used for the valuation of multi-component real estate on the local real estate market.

The market value for the estimated real property for which the geometric and pricing attributes
can be defined by the single-row matrix [Sy ay] is determined from the formula:

WRy = Sy W+ [Sw ] [g] — Sy aw]- [g’] (37)

The variance of the estimated market value due to the inaccuracy of the estimation of the random
quantities contained in the covariance matrix (36) is given by formula:

62(WRy) = [Sw aw] - Cov [g] : [2;5] (38)

Taking into account the proposed criteria and conditions in the estimation of the conditional
valuation model usually leads to standard deviations of the estimated market value at a level not
exceeding 5% of its value, i.e. g(WRy) < 0.05 - WRy. For most market information, the 10% standard
deviation is assumed, and therefore this accuracy of the real estate valuation should be considered
high.

4. Summary

The valuation of multi-component real estate is an extremely demanding procedure that can be
implemented in a comparative approach by using the parametric model or the conditional model.
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However, the models used in the method of statistical market analysis cannot be used uncritically.
The aim of this research paper was to identify the conditions that would facilitate the correct use of
these models.

In order to make sure that the obtained parameters are close to the market values, the constant
terms determined in the parametric model and the conditional model cannot be greater than 25% of
the corresponding transaction price. Real properties that do not satisfy this criterion may be burdened
with gross errors. The information on these properties should be verified and, if no errors are
identified in the data, they ought to be removed from the database for market analysis and valuation.

However, even if the above condition is met, it is necessary to specify the factor that will determine
the conformity of the estimated parameters with the market information before the estimated model is
used for the real estate valuation. The accuracy of the selection of market information for estimating
parameters of the valuation model, determined in accordance with the formulas described in this
research paper, should be greater than or equal to 0.95.

If the estimation of the valuation models is performed taking both of the proposed criteria into
consideration, then the standard deviation of the estimated market value for the specific real estate
being valued should not exceed 5% of its value. Such accuracy of real estate valuation can be
considered very high, since 10% standard deviation is assumed for most market information.
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