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Abstract. We prove that an hypersemigroup H is regular if and only, for any fuzzy subset f of H, we have f < folof
and it is intra-regular if and only if, for any fuzzy subset f of H, we have f <10 fo fol. An hypersemigroup H is left
(resp. right) quasi-regular if and only if, for any fuzzy subset f of H we have f <1lofolof (resp. f < folofol) and
it is semisimple if and only if, for any fuzzy subset f of H we have f <10 folo fol. The characterization of regular
and intra-regular hypersemigroups in terms of fuzzy subsets are very useful for applications.
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1 Introduction

In our paper in [5] we gave, among others, a characterization of regular ordered semigroups in
terms of fuzzy subsets which is very useful for applications. Using that equivalent definition of regular
semigroups many known results on semigroups (without order) or on ordered semigroups can be dras-
tically simplified. In [I], we characterized the left quasi-regular and semisimple ordered semigroups in
terms of fuzzy sets. In the present paper we characterize the regular, intra-regular, left quasi-regular
and semisimple hypersemigroups using fuzzy sets. According to the equivalent definition of regularity
and intra-regularity given in the present paper, many results on hypersemigroups can be drastically
simplified. The paper has been inspired by our paper [5], and the aim is to show the way we pass from
fuzzy semigroups to fuzzy hypersemigroups. In fact, the results on semigroups or ordered semigroups
can be transferred to hypersemigroups in the way indicated in the present paper.

2 Main results
An hypergroupotd is a nonempty set H with an hyperoperation
o:H x H— P*(H)

(a,b) > aob
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on H and an operation

x P*(H) x P*(H) - P*(H)
(A,B) > Ax B
on P*(H) (induced by the operation of H) such that
AxB= U (aob)
(a,b)e AxB

for every A, B € P*(H) (P*(H) denotes the set of nonempty subsets of H) (cf. also [2], 3]).

As the operation “x" depends on the hyperoperation “o", an hypergroupoid can be also denoted
with (H, o) (instead of (H,o,x)).

If H is an hypergroupoid, then, for any z,y € H, we have z oy = {z} * {y}. Indeed,

@ely= | wov—soy.
ue{z},ve{y}

An hypergroupoid H is called an hypersemigroup if

(woy)x{z} ={z}x(yo2)

for every x,y, z € H. Since xoy = {z}*{y} for any z,y € H, an hypergroupoid H is an hypersemigroup
if and only if, for any x,y, 2 € H, we have

({e} o)) = {23 = Lo} = (1o} = £23).

If H is an hypersemigroup and A, B,C € P*(H), then we have

(A*B)+C=Ax(BxC)= | ({a}*{b}*{c}).

(a,b,c)eAXBxC

Thus we can write (A* B)«C = A% (BxC) = Ax B C [3, Lemma 2.4]. Using induction, for any
finite family Ay, Ao, ..., A, of elements of P*(H), we have

Ay x Ag ko x Ay = U ({al}*{ag}*...*{an}>.
(al,ag...an)eAl X Ao X...XAn

Following Zadeh, if (H, o) is an hypergroupoid, we say that f is a fuzzy subset of H (or a fuzzy set
in H) if f is a mapping of H into the real closed interval [0, 1] of real numbers, that is f : H — [0, 1].
For an element a of H, we denote by A, the subset of H x H defined as follows:

Ay ={(y,2) e Hx H|a€yoz}.
For two fuzzy subsets f and g of H, we denote by f o g the fuzzy subset of H defined as follows:
fog:H —[0,1]
Vo min{f(y),g(2)} if Aa#0

a— (y,2)€Aq
0 if A,=0.
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We denote the hyperoperation on H and the multiplication between the two fuzzy subsets of H
with the same symbol (no confusion is possible). Denote with F(H) the set of all fuzzy subsets of H
and with “=<" the order relation on F'(H) defined by:

f2g < f(x) <g(x) for every x € H.
We finally denote with 1 the fuzzy subset of H defined by:
1:H—=1[0,1|z— 1(z) :=1.

Clearly, the fuzzy subset 1 is the greatest element of the ordered set (F'(H), =) (that is, 1 = f, for
every f € F(H)).
For an hypergroupoid H, we denote with f, the fuzzy subset of H defined by:

fa :H — [0,1]

1 if z=a

:r—>fa(x)::{ 0 if x#a.

The following proposition, though clear, plays an essential role in the theory of hypergroupoids.

PROPOSITION 2.1 Let (H, o) be an hypergroupoid, x € H and A, B € P*(H). Then we have x € Ax B
if and only if x €aob, for somea € A, b e B.

LEmMA 2.2 If H is an hypergroupoid and A, B, C' nonempty subsets of H, then A C B implies AxC C
B+C and CxACC*B.

LEMMA 2.3 (cf. also [, Proposition 9]) If H is an hypersemigroup, then the set of all fuzzy subsets of
H is a semigroup.

According to this lemma, for any fuzzy subsets f, g, h of H, we write (fog)oh = fo(goh) := fogoh.
An hypersemigroup H is called regular if for every a € H there exists x € H such that

a€ (aox)x*{a}.
Equivalent definitions are the following:

1. a € {a} x H * {a} for every a € H.
2. AC Ax H x A for every A € P*(H).

THEOREM 2.4 An hypersemigroup H is reqular if and only if, for any fuzzy subset f of H, we have

f=3fololf.
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Proof.

=)

Let f be a fuzzy subset of H and a € H. Since H is regular, there exists z € H such that
a € (aox)* {a}. Then, by Proposition [2.1] there exists u € a o z such that a € woa. Since
(u,a) € Ay, we have A, # () and

(folof)(a):= \/ min{(fo1)(y).f(2)} =min{(fo1)(u), f(a)}.

(¥,2)€Aq
Since (a,x) € Ay, we have A, # () and

(fol)(w:= \/ min{f(y),1(2)} = min{f(a),1(2)} = f(a).

(y,z)GAu

Thus we have
(folof)(a) > min{(fo1)(u),f(a)} > min{f(a), f(a)} = f(a).

Let a € H. Since f, is a fuzzy subset of H, by hypothesis, we have 1 = f,(a) < (fao 1o fy)(a).
Since f, o 1o f, is a fuzzy subset of H, we have (f, o010 f;)(a) < 1. Thus we have

(faolo fa)(a) =1
It A, =0, then ((fao1)o fy)(a) =0 which is impossible. Thus we have A, # (). Then

(fao o fu)l@) =\ min{(fao1)(2), fu(y)}.

(z,y)€Aq

Then there exists (z,y) € A, such that (f, 0 1)(z) # 0 and f,(y) # 0. Indeed, if (f, 0 1)(z) =0
or fo(y) = 0 for every (x,y) € A,, then min{(f, o 1)(z), fa(y)} = 0 for every (z,y) € A4, then
((faol)o fa)(a) =0 which is impossible.
Since fo(y) # 0, we have y = a, then (z,a) € A,. Since (f,01)(x) # 0, we get A, # 0. Since
A, # 0, we have

(fa o 1)(1') = \/ mln{fa \/ fa

(bye)eAs (be)eAs

If b # a for every (b,c) € A, then f,(b) = 0 for every (b,c) € A;, then (f, 01)(x) = 0 which
is impossible. Hence there exists (b,c¢) € A, such that b = a. Then (a,c) € A;,. We have
(x,a) € A, and (a,c) € A;. So we obtain a € x oa and z € a o c. Then we have

aczoa={z}x{a} C(aoc)x{a},

where ¢ € H, so the hypersemigroup H is regular. O
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An hypersemigroup H is called intra-regular if, for every a € H, there exist x,y € H such that
a€ (zxoa)x*(aoy).
Equivalent definitions are the following:

1. a € H+{a}*{a}* H, for every a € H.

2. ACH+AxAxH, for every A € P*(H).

THEOREM 2.5 An hypersemigroup H is intra-regular if and only if, for any fuzzy subset f of H, we have

f=X1lofofol.
Proof.

=) Let f be a fuzzy subset of H and a € H. Since H is intra-regular, there exist z,y € H such
that a € (xoa) * (aoy). Then, by Proposition , there exist u € x o a and v € a oy such that
a € uow. Since (u,v) € A,, we have

(Lofofol)a = \/ min{(lof)(y),(fo1)(2)}

(y,2)€Aa

min{(1 o f)(u), (f o 1)(v)}-

Y

Since (z,a) € Ay, we have

(Lo f)w) = \/ min{l(y), f(2)} > min{l(z), f(a)} = f(a).

(y,2)€A,

Since (a,y) € Ay, we have

(fol)w) = \/ min{f(y),1(2)} = min{f(a),1(y)} = f(a).

(y,2)€As

Hence we obtain
(Lo fofol)(a)>min{f(a), f(a)} = f(a),
so f<X1lofofol.
<) Leta € H. Since f, is a fuzzy subset of H, by hypothesis, we have 1 = f,(a) < (lofzolof,)(a) <

1, thus (1o fyolo fy)(a) =1. If A, =0, then (1o f,010 f,)(a) = 0, which is impossible, thus
Ay # 0. Then

(of)o(fae D)@ =\ min{(lof)(@), (fao D)}

(z,y)€EAa
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Then there exists (z,y) € A, such that (10 f,)(z) # 0 and (f, o 1)(y) # 0 (otherwise, (10 f, o
1o fq)(a) = 0 which is impossible). If A, = 0, then (1o f,)(x) = 0 which is not possible, thus
Az # (. Then

(Lo fa)o(z)=\/ min{1(®),fa(0)} = \/ falo).

(be)eAs (be)eAs

If ¢ # a for every (b,c) € Ay, then fq(c) = 0 for every (b,¢) € Ay, then (10 f,)(x) = 0 which is
impossible. Then there exists (b, c) € A, such that ¢ = a, so we get (b,a) € A,. If Ay =0, then
(fa©o1)(y) = 0, which is impossible, thus A, # 0, and so

(faoDo(y) =\ min{fa(u),1(d)}= Y\ falw).

(u,d)eA, (u,d)€Ay

If u # a for every (u,d) € Ay, then fo(u) = 0 for every (u,d) € A,, and then (f, 01)(y) =0
which is not possible. Thus there exists (u,d) € A, such that u = a, then (a,d) € A,. We have
(z,y) € Aq, (b,a) € Ay, (a,d) € Ay, that is,

a€xoy, xtEboa and y € aod.

Then a € zoy = {a} x{y} C (boa)* (aod), where b,d € H, so H is intra-regular. 0
An hypersemigroup H is called left quasi-regular if for every a € H there exist z,y € H such that
a€(zxoa)*(yoa).
Equivalent definitions are the following:

1. a € Hx{a} *x H % {a} for every a € H.

2. ACH=+AxH x A for every A € P*(H).

THEOREM 2.6 An hypersemigroup H is left quasi-reqular if and only if, for any fuzzy subset f of H, we
have

f=X1lofololf.
Proof.
—) Let a € H. Then f(a) < (1o folo f)(a). In fact, since H is left quasi-regular, there exist

x,y € H such that a € (xoa)*(yoa). Then there exist u € xoa and v € yoa such that a € uow.
Since a € u o v, we have (u,v) € A,. Since (u,v) € A,, A, is a nonempty set and we have

(Lofolof)a = \/ min{(lof)(y), (Lo f)(2)}

(y,2)€Aq

min{(1 o f)(u), (1o f)(v)}.

Y
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Since u € x o a, we have (z,a) € A,. Then A, is a nonempty set and we have

(Lo f)(w) = \/ min{(1(s), f(t)} = min{1(z), f(a)} = f(a).

(s,t)€AL

Since v € y o a, we have (y,a) € A,. Then A, is a nonempty set and we have

Lo fHw)= \/ min{(1(1), f(k)} > min{1(y), f(a)} = f(a).

(L,k)eAy

Thus we get
(1o folo f)(a) = min{f(a), f(a)} = f(a),
so f<X1lofolof.

<=) Let a € H. By hypothesis, we have 1 = f,(a) < (lo f,olo0 fy)(a) <1, so

(1o faolofy)(a)=1.
Since (1o fyolo f,)(a) #0, we have A, # (). Then

(o f)etef)@=\/ min{(lof)(@), (1o fu)¥)}

(z,y)€EAa

Then there exists (z,y) € A, such that (10 f,)(z) # 0 and (1o f,)(y) # 0 (otherwise (1o fyolo
fa)(a) = 0 which is impossible). Since (10 f,)(x) # 0, we have A, # (). Then

(lofa)(z) =\ min{10).fu(@} =\ fale).

(bye)eAy (be)eAs

If ¢ # a for every (b,c) € A;, then f,(c) = 0 for every (b,c) € A;, then (1o f,)(x) = 0 which
is impossible. Then there exists (b,c¢) € A, such that ¢ = a. Then we have (b,a) € A,. Since
(1o fo)(y) # 0, we have A, # ), then

(lofaly)= \/ min{l(e).fu@}= \/ fud.

(C,d)EAy (C7d)EAy

If d # a for every (c,d) € Ay, then (1o fq)(y) = 0 which is impossible. Thus there exists
(¢,d) € Ay such that d = a. Thus we get (c,a) € A,.

We have (z,y) € Aq, (b,a) € Ay, (c,a) € Ay, thatisa € zoy, x € boa, y € coa. Thus we have
a€zoy={z}*{y} C(boa)x(coa),

where b,c € H, so H is left quasi-regular. O
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An hypersemigroup H is called right quasi-reqular if for every a € H there exist x,y € H such that
a€(aox)*(aoy).

Equivalent definitions are the following:

1. a € {a} *x H x {a} x H for every a € H.

2. AC AxH =« Ax H for every A € P*(H).

The right analogue of the above theorem also holds, and we have the following theorem.

THEOREM 2.7 An hypersemigroup H is right quasi-regular if and only if, for any fuzzy subset f of H,
we have

f<folofol.
An hypersemigroup H is called semisimple if for every a € H there exist x,y, 2 € H such that
a€ (xoa)*(yoa)x{z}.
Equivalent definitions are the following:
1. a € Hx{a}*xHx{a}* H for every a € H.
2. ACHx*AxH=xAx H for every A € P*(H).
THEOREM 2.8 An hypersemigroup H is semisimple if and only if, for any fuzzy subset f of H, we have
f<lofolofol.
Proof.

—) Let a € H. Since H is semisimple, there exist z,y € H such that a € (xoa)* (yoa)*{z} =
((m oa)x* {y}) * (a0 z). By Proposition , there exist u € (roa) * {y} and v € a o z such that

a € uow. Since u € (xoa)x*{y}, by Proposition , there exists w € x o a such that u € woy.
Thus we have
acEuUov, ucwoy, wezroa, veEaoz.

Since a € uowv, we have (u,v) € A,. Then A, # 0 and

(lofolofol)(a) = \/ min{(lofol)(c),(fo1)(d)}

(c,d)EAq

min{(1 o fo1)(u),(fo1)(v)}.

Y

Since u € w oy, we have (w,y) € A,. Then A, # () and

(Lo fol)(w)= \/ min{(Lof)(s),1()} = (Lo f)(w).

(s,t)EAL
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Since w € x o a, we have (z,a) € Ay,. Then A, # 0 and

Qof)w)= \/ min{(1(&), ()} > min{l(z), f(a)} = f(a).
(£.0)€Aw

Since v € a o z, we have (a,z) € A,. Then A, # () and

(fol)w)= \/ min{f(k),10)}= \ fk)=

(k,h)EA, (k,h)EA,

Thus we have
(1o folo fol)(a)>min{f(a), f(a)} = f(a),
so f<Xlofolofol.

Let a € H. By hypothesis, we have (1o f,olo f,01)(a) = 1. Then A, # 0 and
(lofaolofaol)(a)= \/ min{(lo fool)(@),(fao1)(y)}.

(z,y)€Aa

Then there exists (z,y) € A, such that (1o f,01)(x) # 0 and (fa01)(y) # 0. Since (fao1)(y) # 0,
we have A, # () and

Feow) =\ min{f®) 1@} = \ fuld

(be)eAy (be)eAy

If b # a for every (b,c) € Ay, then f,(b) = 0 for every (b,c) € Ay, then (f, 01)(y) = 0 which is
impossible. Thus there exists (b, ¢) € A, such that b = a, then (a, c) € A,. Since (1o fzol)(x) # 0,
we have A, # () and

(Lo fool)(@)= \/ minfl(p),(fac DN} = \/ (faoD)(N).

(p,N)EAL (p,N)EAL

If (faol)(A) =0 for every (p,\) € Az, then (1o f, 01)(z) =0, which is impossible. Then there
exists (p, \) € A, such that (f, 01)(\) # 0. Since (f, 0 1)(\) # 0, we have Ay # () and

(faoc)(N) = \/ min{ fo(k),1(h)} = \/ fa(k

(k,h)EAX (k,h)€Ay

If a # k for every (k,h) € Ay, then (f, o 1)(A\) = 0, which is impossible. Thus there exists
(k,h) € Ay such that a = k, then (a,h) € A). We have

a€Exoy, ycaoc, t€EpPoX A€aoh.

Then we have

aefays{y} C {p}*{A} = {a} x{c} C {p} * {a}  {h}  {a} x {c}
= (poa)x(hoa)x{c},

where p,h,c € H, so H is semisimple. O
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Remark. The characterizations of regular and intra-regular hypersemigroups in terms of fuzzy
sets given in this paper are very useful for further investigation. Exactly as in semigroups, using these
definitions, many proofs on hypersemigroups can be drastically simplified. Let us just give an example
to clarify. We begin with the definition of fuzzy right and fuzzy left ideals of hypersemigroups. If H is
an hypersemigroup, a fuzzy subset of H is called a fuzzy right ideal of H if f(x oy) > f(x) for every
x,y € H, in the sense that if z,y € H and u € z oy, then f(u) > f(z). A fuzzy subset of H is called
a fuzzy left ideal of H if f(xoy) > f(y) for every x,y € H, that is, if z,y € H and u € x oy, then
flu) > f(y). A fuzzy subset f of H is a fuzzy right (resp. fuzzy left) ideal of H if and only if fol <X f
(resp. 1o f =< f) []. For two fuzzy subsets f and g of an hypergroupoid H we denote with f A g the
fuzzy subset of H defined as follows:

fAg:H = [0,1] [z — (f Ag)(x) := min{f(z),g(z)}.

(see also [4]). One can easily prove that the fuzzy subset f A g is the infimum of the fuzzy subsets f
and g, so we write f Ag = inf{f, g}. Using the definition of regular hypersemigroups by means of fuzzy
subsets given in the present paper, one can immediately see that if H is a regular hypersemigroup
then, for every fuzzy right ideal f and every fuzzy left ideal g of H, we have f A g = f og. In fact, by

Theorem [2.4]
frg =2 (fAglele(fAg)2(fol)eog=foyg
= (fel)A(log) X fAy,

thus f A g = f og. One can immediately see that, if H is an intra-regular hypersemigroup, then, for
every right ideal f and every left ideal g of H, we have f Ag < go f. Indeed, by Theorem we have

fAg=1o(fAg)o(fAg)lol=Z(log)o(fol)=Zgof.

We can immediately have the following: If H is a regular hypersemigroup and f a fuzzy bi-ideal of
H (i.e. folof = f|4]), then there exists a fuzzy right ideal h and a fuzzy left ideal g of H such that
f = hog. Indeed, by Theorem [2.4] we have

f=Ffolof=folo(folof)=(feol)o(lof),
where f o1 is a fuzzy right ideal and 1 o f is a fuzzy left ideal of H.

As a conclusion, if we wish to get a result on an hypersemigroup then, exactly as in the case of
Gamma semigroups, we have to solve the problem for the semigroup and then transfer the proof to
the hypersemigroup. The same holds if we replace the word “hypersemigroup” by “ordered hyper-
semigroup"”. Further interesting information concerning this structure will be given in a forthcoming

paper.
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