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Abstract. A permutation of length n may be represented, equivalently, by a sequence aias - - - an, satistfying 0 < a; < i
for all 4, which is called an inversion sequence. In analogy to the usual case for permutations, the pattern avoidance
question is addressed for inversion sequences. In particular, explicit formulas and/or generating functions are derived
which count the inversion sequences of a given length that avoid a single pattern of length three. Among the sequences
encountered are the Fibonacci numbers, the Schroder numbers, and entry A200753 in OEIS. We make use of both
algebraic and combinatorial methods to establish our results. An explicit bijection is given between two of the avoidance
classes, and in three cases, the kernel method is used to solve a functional equation satisfied by the generating function
enumerating the class in question.
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1 Introduction

The pattern avoidance problem for permutations has been extensively studied from various perspectives
in both enumerative and algebraic combinatorics; see, e.g., [5] and the references contained therein. The
comparable problem has also been considered on other discrete structures such as words, compositions,
and set partitions. Suppose a permutation o of [n] = {1,2,...,n} is represented as a word o =
0102 - -+ 0, Wherein o(i) = o; for each i. A permutation 7 of shorter length is often referred to as a
pattern. In the usual setting, the permutation ¢ is said to contain the pattern 7 if it has a subsequence
that is order isomorphic to 7. Otherwise, it is said that o avoids 7. Knuth [6] showed that for any
7 € 83, the number of permutations of length n that avoid 7 is given by the Catalan number C,.
Results concerning the avoidance of a subset of Sg were later established by Simion and Schmidt [10].

Another notion of pattern avoidance for permutations involves first writing a permutation as a
product of disjoint cycles, then erasing the brackets enclosing the cycles, and finally considering the
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question of avoidance on the resulting word. See [§], where results concerning this type of avoidance
are derived for any subset of S3. The notion is similar to one initially introduced by Callan [2] on
set partitions wherein blocks are ordered canonically (according to the size of smallest elements) and
brackets are erased giving rise to a permutation on which the avoidance question can be addressed.

Here, we consider yet another definition of avoidance for permutations using a different represen-
tation which we now describe. By an inversion in a permutation ¢ = o103 - 0,, we will mean an
ordered pair (r,s) such that 1 <r < s <n and 0, > 0s. Given i € [n], let a; denote the number of
entries j of o to the right of ¢ such that j < ¢. The word s = ajas---a, is called the inversion table
of the permutation o (see, e.g., [12, p. 21]). Note that 0 < a; < i for all 7 and that the total number
of inversions of o is Y ; a;. Given the inversion table s, one can reconstruct the permutation o by
initially writing the number 1 and subsequently inserting ¢ = 2,3,...,n so that exactly a; numbers
smaller than ¢ occur to the right of . Thus, forming the inversion table defines a one-to-one corre-
spondence between permutations of length n and sequences ajas - - - a, such that 0 < a; < ¢ for all i,
which are known as inversion sequences (see, e.g., [9]).

In this paper, we consider the problem of pattern avoidance on permutations, represented as in-
version sequences. In particular, we address the question of avoiding a single permutation pattern
of length three by inversion sequences. Here, we will represent the usual patterns by non-negative
instead of positive integers. For example, the inversion sequence s = 01031461 avoids the pattern 201
but has three occurrences of 120, namely, the subsequences 341, 361 and 461 (note that subsequences
may or may not contain consecutive numbers). On the other hand, the corresponding permutation
o = 74621583 contains twelve occurrences of the pattern 312 and eight occurrences of 231. In what
follows, we will represent the set of inversion sequences of length n which avoid the pattern 7 by IS, (7).

In the subsequent sections, we will determine explicit formulas and/or generating functions for the
number of inversion sequences avoiding any pattern 7 € Sz in all but one case. Among the sequences
encountered are the odd-indexed Fibonacci numbers, the (large) Schroder numbers, and entry A200753
of [I1]. An explicit bijection is given showing the equivalence of avoiding 201 and 210. Our results are
related to recent work of Chen et al. [3] concerning the distribution of ascents on inversion sequences.

For three of the patterns, to find |IS,,(7)|, we first refine this number by describing two statistics on
IS,,(), and letting uy, . denote the number of members of IS,,(7) for which the values of the pair of
statistics are m and c. We write a recurrence for uy, . ., which we convert into functional equation form.
We then make use of the kernel method [4] to solve the functional equation and thereby determine
|18, (7)|. Finding appropriate statistics on IS, (7) for which the above strategy could be implemented
often was not an easy step and depended on 7. We refer the reader to a paper of Zeilberger [13] for
a further description and examples of this strategy of refinement in finding an explicit formula for an
unknown sequence.

2 The case 012

Let F), denote the Fibonacci number having recurrence

Fn = Fp1+ Fhoo, n2=2,
with the initial values Fy = 0 and F} = 1.
THEOREM 2.1 Ifn > 1, then |18,(012)] = Fo,—1.
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Proof. If n > 2, then let A,, denote the number of 012-avoiding inversion sequences not consisting of all
zeros. One can determine a formula for A,, as follows by considering the position ¢ of the first non-zero
number j within 7 € I1S,(012), where 1 < j < i < n. Note that all non-zero numbers to the right of
position i must form a weakly decreasing sequence in [j], for otherwise there would be an occurrence of
012. Suppose that there are exactly k zeros to the right of position ¢ within an enumerated sequence

m. Then there are (”]j) choices for the positions of these zeros, and once those positions have been
decided upon, ("7155?71) choices for the non-zero letters to the right of the i-th position (as they

would correspond to non-negative integer solutions of the equation z1 + 22+ -+ z; = n —i— k).
Since the first ¢ — 1 letters must all be zero, it follows that

) n ii(n—z)(n—i;f-{j—l)7 0.

Note that if 2 < i <mn, then

L Gy n—i—k+j—1 _nii n—17\ e n—i—k+j5—1
j—1 N k )4 n—i—k
1 k=0 k=0 1

%

s

J

by virtue of the identity > _r_, (") = (glill), which implies

=SS e

1=2 k=0

To determine A,,, we now compute its generating function:

A n—k—1 R =i\ i+ 01
o (OGS = () ()
nz>:2 v T; ;kzo n—i—k+1 n22x 5 / f+1

2'—|—€—1> 3 <n—z> oy <z—|—€—1> it
:ZZ = o1
z‘>2zzo( t+1 n>itl ¢ i>2 £>0 t+1 J(A—2)™
i+ l=1\ e z 2
Z £+1Z< 041 > :Z(l_x)wrs
>0 >0
22

S (1—2)(1 - 32+ 22)
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Thus, we have

2

x z z
) 18, (012)]z" = Apa™ =
| n( )|x 1_$+Z n 1—x+(1—.’1})(1—3$+x2>
n>1 n22
z(1—x) Z
= = F — n
1_3$+x2 2n—1T

n>1

by the generating function formula for the sequence Fy,_1 (see, e.g., A001519 in [11]), which completes
the proof. 0

3 The kernel method and restricted inversion sequences

For the patterns featured in this section, we make use of the kernel method to determine an explicit
formula for the generating function enumerating members of the avoidance class in question.

3.1 The case 021

In order to determine its cardinality, we first refine the set consisting of 021-avoiding inversion sequences
of length n as follows. Let A, ,,, denote the set of 021-avoiding inversion sequences of length n in
which the largest letter is m and the last letter is £. Note that IS,,(021) = Uy, ¢ An m e

Let apmye = |Apmyel f 0 < £ < m < n, and put an,,e = 0 otherwise. For example, if n = 5,
m = 2, and £ = 0, then as29 = 8, the enumerated sequences being 02020, 02120, 02200, and 02220,
where = 0,1. The array of numbers a,, ,, » may be determined recursively as follows.

LEMMA 3.1 If n > 2, then

m

anm,0 = Z An—1,m,j5 0<m<n-—1, (1)
=0

and

m 1
Unmm = Z Z An—1,i,55 1<m<n-—1, (2)

i=0 j=0

with apme =041 <l <m<nandajgp=1.

Proof. The last two statements follow easily from the definitions since an inversion sequence whose
final letter is positive and strictly less than the largest letter always contains an occurrence of the
pattern 021. Next observe that deletion of the last letter of m € A, ;, o, which is seen to be extraneous
concerning the avoidance of 021, results in a member of A,_1 ,, ; for some 0 < j < m, which implies
. Finally, if 1 < m < n — 1, then deletion of the last letter of 7 € A, results in a member
of Ap_1,;; for some 0 <4 < m and 0 < j < 7. Summing over ¢ and j gives and completes the
proof. O
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If n>1and 0 <m < n, then let
m
an,m (V) = Z A, V7.
§=0

If n > 1, then let

n—1
an(u,v) = Z A (V)™
m=0
Define the generating function f(z;u,v) by

flzyu,v) = Z an(u, v)z".

n>1

Then f(x;u,v) satisfies the following functional equation.

LEMMA 3.2 We have

x — 222 x TUY
. 1 . 1) —

f(zuv; 1,1). (3)

flaiu,v) =

Proof. By recurrences and (2), we have
m
nm(V) = a1 (1) £ 0™ an-14(1),  1<m<n, (4)
i=0

with a,0(v) = anpp =1 if n > 1. Multiplying both sides of by «™ and summing over 1 < m < n
gives

n—1 n—1 m
an(u,v) =1+ Y anogm(Du™ + Y (o)™ an-1,(1)
m=1 m=1 i=0

n—1 n—1
=1+ (—1+ap_1(u,1))+ (-1 + ) an-14(1) Z(uv)m)
=0

n—1 i (uw n:Z
= 1+ an1(u,1) + ) an-14(1) (M)
i=0

1 (uv)™
_ 1) —
1—w™ 1w, 1) 1—wv

=—1+ap1(u,1)+ an—1(1,1), n > 2. (5)

Multiplying both sides of by 2™ and summing over n > 2 yields

2 TUuv

1,1
1—U’Uf(xuv7 ’ )7

flzyu,v) —x = 1—= +zf(z;u,1) 4+ 1_$uvf(x;uv,1) —

which completes the proof. O
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Let s,, denote the n-th Schroder number. Recall that

Z n l—z—+1—6x+2?
Spa’ = ;
n 2x )

n>0
see, e.g., A006318 in [I1]. Equivalently, the sequence s,, is determined by the recurrence
(n+1)sp, =32n —1)sp—1 — (N — 2)sp_2, n>2,

along with the initial values so = 1 and s; = 2. The next result provides a new combinatorial inter-
pretation of the Schréoder numbers.

THEOREM 3.3 Ifn > 1, then |1S,(021)] = s,—1.

Proof. Letting v =1 in (3)) implies

x r — 2x? TU
1—z— —2 ) flasu,1) = . :1,1).
(1-0- 15) flasun) = 220 - ey )
Applying the kernel method (see [4]) and setting u = 11__2;" in (6] cancels out the left-hand side and
gives

z(1 —2x) x
— 1,1 = . 7
() = )

Ify= 2l=22) then solving for x in terms of y gives

-z
e 1+y—+/1—6y+y?
= . ,

where we have chosen the negative root since f(0;1,1) = 0.
Replacing 25722 with y in (7)) then yields

1—x

D IS (020)|y" = f(y;1,1) =

n>1

1—=x

14y —/1—6y+y?
3—y++/1—6y+y?
1—y—+/1—6y+y?

2

= Z Sn—lyn»

n>1

which completes the proof. O
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Remark. In view of Theorem we leave as a challenge to the reader the task of finding a
bijection between 1S, (021) and the set of Schrider paths of semilength n — 1, i.e., the set of lattice
paths from the origin to the point (2n — 2,0) using (1,1), (1,—1), and (2,0) steps and never dipping
below the z-axis.

It is possible to find an explicit formula for the solution to the functional equation . Using the
expression found in the previous proof for f(z;1,1) in (6) yields

2(2 — 4z — 3u + Szu + zu? — 2%u?)  zuv1 — 67U + 22U>

) = A2t o-Dw 20— 20+ (o- Du)’

We observe that the coefficient of zu"™ in f(z;u,1) is given by sequence A145035 in [11]. Substituting
this formula for f(z;u, 1) into the functional equation shows that it has a unique solution f(x;u,v)
given by

(1 —22)(2 — 4z — 2u + 2u + 3z%u + 2%u? — 23u?)
20 —2)1 =22+ (z — Du)(1 =2z + (z — Duw)
zu(3 — 97 — 3u + S5zu + 622 + r2u? — 23u?)v N 2?u?(1 — z)v?
21 =2z 4 (x — Du)(1 — 2z + (z — 1)uw) 2(1 =2z + (x — 1)uv)
2?uv/1 — 6zu + 22u?  2(1 — z)uvy1 — 6zuv + r2uv?
2(1 =2z + (x — 1)u) 2(1 =2z + (z — 1uv)

flziu,v) =

3.2 The case 102

To determine the number of 102-avoiding inversion sequences of length n, we refine the set consisting
of these sequences as follows. If 0 < m < ¢ < n, then let B, ,, ¢ denote the set of 102-avoiding inversion
sequences of length n in which the largest letter is m with the left-most occurrence of m in position £.
Note that 15,(102) = Uy, ¢By,m.e-

Let byme = [Bpmye if 0 < m < £ < n, and put by ,,e = 0 otherwise. For example, if n = 4,
m = 2, and £ = 4, then by 24 = 3, the enumerated sequences being 0002, 0012, and 0112. The array of
numbers b, ., ¢ may be defined recursively as follows.

LemMA 3.4 If1 <m < { <n, then

m— 1 m—
nmé—zbn 1mz+z bn 17_72—’_2

1 16—
7=0 i=¢—1 7=0 i=

n— 2
bn i—1,j,0—i—1, (8)
1

with by e = g1 for 1 <€ <n.

Proof. The initial condition when m = 0 follows easily from the definitions. To show (8)), first note that
if m occurs more than once within a member of B, ,,, ¢, then the left-most m is extraneous concerning
avoidance of 102. Deletion of this m then results in a member of By,_1 y, ; for some ¢ < ¢ < n—1, which
implies that there are Z?:}l bn—1,m,; members of By, ,, ; where the letter m occurs more than once.
Suppose now that the letter m occurs only once within 7 € B, ,,, and that the second largest
letter of 7 is j. First assume that the left-most occurrence of j within 7 is either in position £ —1 (i.e.,
just to the left of the m) or in positions £ + 1 through n, inclusive. In each of these cases, the m is
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extraneous since the first £ — 2 letters of 7 are governed by a j either coming just before m or at some
point after m. Deletion of m from 7 then results in a member of B,,_1 ;; for some 0 < j <m — 1 and
£ —1<i<n-—1, and summing over these indices gives the second term in . On the other hand, if
the left-most j of m occurs in positions 1 through ¢ — 2, then each letter between the left-most j and
m must also be a j, by definition of j, for otherwise there would be an occurrence of 102, which is not
possible. Therefore, deletion of m as well as all i letters (equal to j) that occur between the left-most
j and m results in a member of B,,_;_1 j¢—i—1 for some 0 < j <m —1and 1 <i </ —2. Summing
over all j and ¢ gives the third term on the right-hand side of and completes the proof. O

If n>2and 2 </ <n, then let

with by, 1(u) = 0. If n > 2, then let

bn(u’ ’U) = Z bn,f(u)vga

(=2
with b1 (u,v) = 0. Define the generating function g(x;u,v) by
g(x;u,v) = Z by (u, v)z™.
n>2
Then g(x;u,v) satisfies the following functional equation.

LEMMA 3.5 We have

z2uv? v
9lmu,v) = (1—-2)(1—2v)(1 —2uw) * (1—v)(1— uv)9($7U07 1)
zu*v?(1 — x) S zo(u — 1+ zv — uv) u

Proof. Multiplying both sides of by ™’ and summing over 1 < m < £ < n will yield a recurrence
satisfied by the polynomials b, (u,v). We first must simplify the following three sums, which come from
the first, second, and third terms, respectively, in (8):

n—1 n n—1 n—1 n—1 A
m l m Y4
E U E v E bnfl,m,i = E U E bnfl,m,i g v
m=1

m=1 {=m+1 =0 i=m+1 f=m+1
v n—1 n—1 n—1 n—1
= 1—o § (uv)m E bnfl,m,i - § u™ g bnfl,m,ivz
m=1 i=m+1 m=1 i=m+1
n—1 n—1
v i
= E bp—1,i(uv) — E bp—1,i(u)v
1—wv \“4 ‘
=2 1=2
v

= 1= v(bn,l(uv, 1) - bnfl(uvv))a




PATTERN AVOIDANCE IN INVERSION SEQUENCES 165

n /—1 m—1 n—1 n —2 n—1 /—1
Y4 m 0 m
v ) u > baorgi=) v > bnogi ) u
(=2 m=1 7=0 i=¢—1 (=2  j=0i=(-1 m=j+1
n—2 n n—1 ¢

w eliz it _ git2
1 —ué—=+< 1—v

i=1 j=0
1 nolitd ) (wv)i+2 — (uv)i+?
Y n=1js 1—wv
i=1 j=0
UUZ <n—1 n—1
= T~ Z(bn lzuv +511 Z nl'L "’5@1) >
(1 —u)(1—0v) part pot
u?v? (71221 = ,
- (bn—1,i(wv) +6i1) = )} (bn1,i(1) + 6i1) (wv)'
(1 —u)(1—uw) P P
2 2,2
9 uv u v
= b 1 bn_1(1
Wt Ay Z ) O D G ey et ()
2
uv
— b
A—wa o)
and
n /—1 m—1£6—2 n £—2 0—2 ;
wt —ut
Zve u™ Z by—i1 i1 = Y 0 bn—i—1,j6—i—1 -
(=2 m=1  j=0 i=1 =2 i=1 j=0
u n =2
~1"4 VY (bpict,—io1(u) + 6ip—2)
(=2 i=1
1 n -2
_1 UZ EZ nzl@zl )+6z€2)
(=2 =1
u n—2 n
:1—U B Z(bn—z 1,6—1 1( )+5€z+2)Z’L !
i=1 {=i+2
1 n—2 ' n .
“1-u D (wo) Y (bpmic1emim1 (1) + Opiga) (uo) !
i=1 0=i+2
u n—2 1 n—2

1w Z(bn,i,l(l, uv) + uv)(uv) .
i=1 i=1
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Combining the three sums above then yields the recurrence

v u21)2

b (u,v) = uv? + Aoy m})bn_l(uv, 1)+ 0= w1 =) bp—1(1, uv)
+M5 ( )+u§(b (1, 0) + v)oitL
(I—uw)(1—v) """ v 1—u 4 n—i-1{4, V) T )Y
n—2
1 i =D (bnica(Luv) +uv) (o)™ 0> 2, (10)
i=1

with b1 (u,v) = 0. Multiplying both sides of by ™ and summing over n > 2 yields

( ) r2uv? N v ( 1+ ruv? (2:1, uv)
T;u,v) = 5 uv z; 1, uw
A ath -z  (1-o)(1—w)?" VT 00—

zv(u — 1 — uw)

mg(%uvv)

N ?uv? 1 ( ) (1, u0) + rv(1 —u? — 2uv + zu?v)
xyu,v) — ———g(z; 1, uv

1—u \1—z07"™ 1— zun? (1—-2)1—2v)(1 —zuv) )’

which gives the desired result. O

It is possible to express the functional equation in the prior lemma in a more convenient form.

LEMMA 3.6 We have

v}(1—2)(1 —w)
(v —w)(1 —zv)

zv(l —v)(1 —w)
1—2)(1—2v)(1 —2w)’

g(z;v,1) = g9(z;1,0) = ( (11)

where w = w(x,v) satisfies the cubic equation
(22 — z)w’ + w® — (1 + v)w+v = 0. (12)

Proof. We apply the kernel method and set the coefficients of g(z;u,v) on both sides of equation @
equal. Solving for u = u(z,v) in terms of z and v gives

xv?(z — 1)

=1
U + o1

(13)
Let a(x,v) be defined by
xvd(z — 1)

a(z,v) =uww =v+ p—

)

which we’ll denote by a. Substituting the expression for u given in into @, and simplifying,
yields

a?(1—x)(1—v) za(l —a)(1l —wv)

(a —v)(1 — za) 1-2)(1—za)(l —av)
Note that oz, w) = v, where w = w(z,v) is defined by (12)). Replacing v with w on both sides of
then gives . O

g(:v;oz, 1) = g(z:; 1,0&) - ( (14)
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THEOREM 3.7 The generating function A(z) = g(z;1,1) + 1 satisfies
Alz) =1+ (z — 2°)A(x)>. (15)
Thus, the number of 102-avoiding inversion sequences of length n is given by the formula

L e ()l e

m=T

B
—

Proof. Note that g(x;1,1) is the generating function which counts all 102-avoiding inversion sequences
except those consisting of a (possibly empty) sequence of 0’s. Thus, A(x) counts all 102-avoiding
inversion sequences of length n for each n > 0. The second statement is then an immediate consequence
of the first and the Lagrange inversion theorem.

To prove the first statement, let wi, wa, and ws denote the three roots of the equation (12)).
Substituting w; and wsy into then gives

v (1 —2)(1 —w)
(v —w1)(1 —zv)

zv(l —v)(1 —wy)
(1—2)(1—2v)(1—2w)

g(z;v,1) = g(x;1,v) —

and
v2(1 — 2)(1 — wo)

(v —wo)(1 — zv)

2v(l —v)(1 — we)
(1—2)(1 —2v)(1 — zws)’
Solving this system of equations in the quantities g(x;v,1) and g(x;1,v) yields

g(x;v,1) = g(x;1,v) —

z(wy — v)(wy —v)
v(x — 1) (zwy — 1)(zwy — 1)

g(w;1,v) = (16)

Taking v =1 in gives
z(wy — 1)(wg — 1)

(x — 1) (zwy — 1)(zwy — 1)’

where wy and wy satisfy 2(1 — z)w? = (w — 1)2.

g(x;1,1) =

(17)

Note that
1 1
(wl—l)(wg—l):wlwg—(w1—|—w2)+1: ng(l—x) — (x(l—x) —w3> +1
and
T 1
(xwy — 1)(zwe — 1) = wa—2) (1 — —w3:1:> +1,

since wy, we, and w3 are roots of the polynomial equation z(1 — 2)w? — w? 4+ 2w — 1 = 0. Thus, we
have
(w1 —D(wp —1) 1 — w3 +wzz(l +ws)(1 —2)
(zwr — 1)(zwr — 1) 22 — w3z + w3z (1l — x) + wiz?(1 — x)
_ w3 (1 —ws) + (1 — w3)?(1 + w3)
wiz? — wiz + (1 — w3)? + wyz (1l — ws)?
1-— w3
(z —1)2w?+ (z — 2wz + 1’
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which implies

1 z(l—w 1
A@) =@ LD+ = T 1)(2w§ +3()x s+l T1-4
(1 —z)w3 — 2ws + 1 (wg — 1) — 2w3
- (x —1)%w3 + (z — 2)ws + 1 - (wg — 1)2 + (22 — 22)wi + zws
z(1 — x)ws — zw? B (1 —2)w? —w;

= = . 18
(1 —z)ws + (22 — 22)w3 + zws (1 —z)w3 + (x — 2wz + 1 (18)
We now verify using the expression for A(z) given by . Upon clearing fractions, to complete
the proof, we need to show

(1 =2)wi + (= 2)ws +1)° + 2(1 - 2)(1 — 2)w —ws)* = (1 - z)wi —ws)((1 - 2)wi + (v~ 2wz +1)%,

B (1 = )} + (2 — 2wy + 1)2((z — Dwg + 1) = ofw — (1 - 2)w — wy)?,

or
(1 = 2)w? 4 (z — ws +1)? = (1 — 2)wi ((x — Dws + 1)2
Since z(1 — z)w3 = (1 — w3)?, the last equation holds via the factorization
(1 —2)wi + (z —2)wz + 1 = (1 —w3)((x — Vwsz + 1),
which completes the proof. O

Remark. The sequence enumerating 1S,,(102) is given by entry A200753 in [11]. These numbers
have apparently arisen before in various algebraic contexts, though we were unable to find other
combinatorial interpretations in the literature.

3.3 The cases 201 and 210
THEOREM 3.8 Ifn > 1, then the sets 1S,(201) and IS,,(210) have the same cardinality.

Proof. By an i-occurrence of 201 or 210 in an inversion sequence A, we will mean one in which the 2
corresponds to the actual letter ¢ in A\, and by an (4, j)-occurrence, where ¢ > j, one in which the 2 and
1 correspond to the actual letters ¢ and j, respectively, in \. We now construct a bijection f between
the sets 1S,(201) and S,,(210) which systematically replaces i-occurrences of 210 with 201.

Let m € 15,(201). If 7 contains no occurrences of 210, then let f(m) = m. Otherwise, let 2 <
11 <ig < - - < i, <n—1denote the set of distinct letters greater than one occurring in 7. Consider
the left-most occurrence of 41 in mp = w. Then any 0’s and 1’s to the right of it must occur as a
subsequence S with all the 0’s to the right of all the 1’s. Reorder the 0’s and 1’s in S so that all 1’s
occur to the right of all the 0’s. Note that this removes all ¢1-occurrences of 210 and replaces them
with ¢1-occurrences of 201. Let m; denote the resulting inversion sequence.

Now consider the left-most occurrence of the letter io in 7. Let S denote the subsequence of m
consisting of all 0’s, 1’s, and ;s occurring to the right of this i. Note that any ¢;’s in S must occur
prior to all 0’s and 1’s in S or else there would have been an (i2,1)-occurrence of 201 in 7, which is
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impossible. Furthermore, each 1 occurs to the right of all 0’s in .S, by the first step, since either the
left-most i3 of m; occurs to the right of the left-most i or the left-most 47 occurs to the right of the
left-most io but prior to any 0’s and 1’s in S. Reorder the letters of S so that all ¢;’s come to the right
of all 0’s and 1’s in S. Let m denote the resulting inversion sequence. Note that any is-occurrences of
210 are removed in this step, while no i1-occurrences of 210 are introduced, whence w9 has no i1- or
ig-occurrences of 210.

In general, consider the left-most occurrence of the letter i;11 in 7j, where 1 < j < r — 1. Let
S denote the subsequence of 7; consisting of all 0’s, 1’s, and #;’s, 1 < ¢ < j, occurring to the right
of this 7;41. By induction, there are no i;-occurrences of 210 for 1 < ¢ < j in m;. Furthermore, all
i;’s occur before any smaller letters in S, for otherwise there would have been an (ij41,%;)-occurrence
of 201 in 7 since no letters greater than or equal i; have been moved at this point. Reordering S so
that each 7; occurs later than all other smaller letters of S removes any i;41-occurrences of 210, while
introducing no smaller occurrences of 210. The resulting sequence 7,11 then has no i;-occurrences of
210 for 1 <t <j+1.

The procedure described above generates a sequence mg, 71, . . ., Tp; note that m,. has no ¢;-occurrences
of 210 for 1 < ¢t < r and hence avoids 210. Let f(7) = m.. For example, if n = 15 and 7 =
012322434875431 € 1515(201), then

7o = 012322434875431 — 7 = 012322434875431 — 1 = 012312434875432 —
T3 = 012312424875433 — 74 = 012312424875334 — 5 = 012312424873345 —
6 = 012312424833457 = f (),

where at each step j, the left-most occurrence of 7;41 is overscored, while members of the corresponding
subsequence S are underscored. The mapping f may be reversed by undoing each of the r steps in
the above procedure, starting with the last step and considering the left-most occurrence of the largest
letter. O

We seek the generating function for the sequence of cardinalities in Theorem It will be easier
to study the set IS, (201), which we refine as follows. If 0 < m < t < n, then let C, ,,+ denote the set
of 201-avoiding inversion sequences of length n whose largest letter is m with the right-most occurrence
of m in position t. For example, the sequences 0123300 and 0011311 both belong to C7 35, whereas
0021332 and 0121312 do not. Let ¢y mt = [Cpm| if 0 <m <t < n, and put ¢, m¢ = 0 otherwise. The
array cpm,: may be defined in the following manner.

LEMMA 3.9 If 1 <m <t <n, then

m—1n—t—1

Cn,m,t = Z Cp— 1mz+z Z Cp— 1,jl+z Z Cn—i—1,4,t, (19)

i=m-+1 7=0 1=5+1
with chot = Onyt for 1 <t <n.

Proof. The initial condition when m = 0 is clear from the definitions. To show , first note that if
the letter m occurs more than once within a member of C,, ¢, then the right-most m is extraneous
concerning the avoidance of the pattern 201, and thus deletion of this m results in a member of C,,—1 i
for some m+1 <7 <t—1. So suppose m occurs once within 7 € C,, ,,¢. Let j denote the second largest
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letter of 7. If the right-most occurrence of j is in position ¢ for some i € {j+1,j+2,...,t—1}U{t+1},
then the m is again extraneous concerning the avoidance of 201. Deletion of m then results in a member
of Cp—1, for some 0 < j <m —1and j+1 <4 <t Finally, if the right-most occurrence of j is in
positions t+ 2 through n, then each letter between m and the right-most j must also be a j in order to
avoid 201. Deletion of m as well as all j’s to the right of m except the last one results in a member of
Crn—i—1,j¢ forsome 1 <i<n-—t—1and 0 <j <m—1. Note that the right-most j slides to position ¢,
upon deletion of some letters to its left, whence the third parameter of the resulting inversion sequence
remains unchanged. Summing over j and ¢ gives the third sum on the right-hand side of and
completes the proof. ]

Remark. We were unable to show directly the comparable recurrence to for the pattern 210,
even though the bijection of Theorem shows that the joint distribution for the statistics recording
the largest letter and its right-most position is the same on the 210 avoidance class as it is on the 201
class.

If n>1and 0 <m < n, then let

Ifn>1,let

Then h(z;u,v) is determined by the following functional equation.

THEOREM 3.10 We have

v2 (1 —vy)
v2 (1 —v-)

('U+ _U—)(l _U+) (20)

h(a:v+;u/v+,1) = h(:m}_;u/v_,l)—i—

u+171i\/(u+171)274u(17m2)
2(1—x2) ’

where vy = vy (x,u) =

Proof. In order to convert recurrence ([19) into functional equation form, we first replace m with m —1
and subtract to obtain

t—1 n—t—1

Cnmt — Cnym—1,t = Cn—1,m—1,t T g Cn—1,m, + E Cn—i—1,m—1,t» m > 1. (21)
i=m-+1 =1
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Multiplying both sides of by v=™~! and summing over m < t < n gives

1 1
Cn,m(’U) B ;(Cn’m_l(v) a C"»m—l(o)) = ;(Cn—l,m—l(v) - Cn—l,m—l(o))
n-l n n—m—2 n—i—1
+ Z Cnfl,ﬂ%iz t—m— 1+f Z Z Cr—i—1m— 1tU —-m
i=ml t=itl =1 t=m+1
1 v -
= p en=1m—1{U) 7 Cn—1,m—1 Cn—1,m\V) —V Cn—1,m
v( (v) (0))+1_U( (v) — p—m=1 (1)
1 n—m-—2
+ v 21 (Cn—z‘—l,m—1(v) — Cn—i—l,m_1(0)),
=

which may be rewritten as

n

(entm(®) = 0" e (D) + o 3 (e (0) ~ Gma(0) (22

1=m+1

v
1—vw

cnm(v) =

for 0 < m < n. Multiplying by 4™ and summing over 0 < m < n gives

v

en(u,v) = 1 _v(cn,l(u,v) — " e, (u/v,1)) Z Z Cim—1( ci,m,l(O))um_l
i=1 m=1
= %(cn_l(u, v) — 0" e 1 (u/v, 1)) + %Z(ci(u,v) —¢i(u,0)), n>2, (23)
i=2

with ¢1(u,v) = 1.
Multiplying both sides of by 2" and summing over n > 2, we obtain

h(wsu,v) — o = < (h(a:u,v) — h(wviu/v, 1) + ﬁwx; u,v) — h(z;u,0)),
which may be rewritten as
v u v u

1- - h(x; - 7h 1) = ——h(x; . 24

(1= 12 = s ) o) == T hwvio ) b, 2
Substituting v = vy and v_ into , where vy are as defined above, yields

v

=7 _:; h(zvysufvg, 1) + mh(w;ua 0),
x = 1?;_ h(zv_;u/v_,1) 4+ ﬁh(w;u, 0).

Eliminating h(z;u,0) from the last two equations implies (20)). O

Observe that h(z;u, 1) is the generating function which counts 201-avoiding inversion sequences
according to the size of the largest letter. Though unable to complete a proof, we feel that the



172 T. MANSOUR, M. SHATTUCK

generating function h(x;u, 1) is not algebraic. One can, however, convert the functional equation ([20])
into a form which may then be iterated to obtain an expression for h(z;u,1).
Let a = a(z,u) and B = f(x,u) be defined by

a(ouy = LT VAW~ 420 —2) A ~u)

2(1 —x)

and

Cu(l—u— /(1 —u)? —dz(l —2)(1 —u)

Bla,u) = 21 — ) ‘
COROLLARY 3.11 We have
w2 —w wy —w— —w
fﬂxﬂhl):1;;8__uf;hhmu4ﬁ/w_,h—%( hs wyl +X (25)
T - T

where wy = wy(z,u) = vi(a, f).

Proof. To convert the first two arguments of h on the left-hand side of to x and u, we need to
solve the system av; (a,b) = x and b = vy (a,b)u for a and b, where x and u are given. To do so, first
observe that £ is a root of the quadratic equation (1 — a?)r? + (a — 1 — b)r + b = 0, which implies

(1—a®z? +ala—1—Db)x + a®b = 0.
Since ab = ux, this equation is equivalent to
(1 —a®)a? + a*x — ax — uz® + aux = 0,

which may be rewritten as
(1—xz)a®+ (u—1)a+z(1 —u) =0.

Solving the last equation for a gives a = a(x,u), and hence b = (z,u), where o and 3 are as defined
above. Replacing x and v with a and § in then gives . O

4 The case 120

Though we are unable to ascertain an explicit formula for the number of 120-avoiding inversion se-
quences of a given length, we can find a recurrence relating them to 021-avoiding k-ary words which
have been previously studied (see, e.g., [1, [7]). We again refine the set whose cardinality is in question.
If n>2and 0 < s <m < n, then let D,,,,, denote the set of 120-avoiding inversion sequences of
length n in which the largest letter is m and the largest letter occurring to the left of the left-most
occurrence of m is s (where we exclude from consideration the sequence consisting of all 0’s). Let
dnm,s = |Dnm,s|- For example, if n =4, m =2, and s = 0, then dy 20 = 4, the enumerated sequences
being 0020, 0021, 0022, and 0002.

Let B, ;; denote the set of 120-avoiding k-ary words of length n. If n,k > 0, then let b, = |B,, i/,
where by, = 1if £ > 0 and b, 0 = 0 if n > 1. The numbers b, j, are given by the formula (see [I])

n

NS g (TR -
bn,k Z( 1) Cj( kE—1 n—j ) n,k_l,

j=1
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where C; = m( ) denotes the j-th Catalan number.

The array of numbers dp,m,s may then be defined recursively as follows.

LEMMA 4.1 Ifn > 3, then

s—1n—m
nms Zdn zs,]z 1,m—s+1; 1§5<m<nv (26)
7=0 =1
and
an Zbl 1,m+1, I1<m<n, (27)
with d27170 =1.

Proof. To show , let m € D, s and assume that the left-most occurrence of the letter m is in
position n — i+ 1 for some ¢ € [n —m]. Then ™ may be decomposed as m = 7'ma, where 7’ € D,,_; 5
for some 0 < j < s—1 and « is a word of length ¢ — 1. Since m is the largest letter of 7 and s > 1, it
follows that « contains no letters in [s—1]U{0}, for otherwise there would be an occurrence of 120 in 7.
Thus, « is a word in the alphabet {s,s+1,..., m} which avoids 120 since 7 does. Note that no further
restriction is required of « since all letters of o are greater than or equal all letters of 7’. Thus, a may
be identified with a member of B;_1 j—s+1, which implies that there are Z Z" " i s jbic1m—st1
members of D, 5.

We now show . First observe that m € Dy, ;,,0 may be decomposed as 7 = 0"~“mf3, where 3 is
a word of length ¢ — 1 whose letters belong to the set [m]U{0} and 1 <1i < n —m. Note that 5 avoids
the pattern 120 since m does and that no further restriction is needed concerning /3 since only 0’s and
an m occur to the left of 5, neither of which can play the role of a 1 in an occurrence of 120. Thus, £
is equivalent to a member of B;_1 ,,+1, and summing over 7 gives . U

Let a; be the sequence defined by

1 — 6z + 422 1—x (1l —x)
] 1 - =
Zaﬂ < - ) 1—2x0<1—2x ’
where C(z) = 32,5, Cj 27, Note that the sequence a; occurs as A059279 in [11].

Though we were unable to find dy m,s in general, we do have the following partial result for when
s=0,1.

PROPOSITION 4.2 If n > 2, then the number of 120-avoiding inversion sequences of length n having s

value zero is given by
n—1

> (n—5)C,
j=1

and the number of sequences having s value one is given by

n—2 n—2
Y@ = Day =Y (n—j - 1)C;,
j=1 J=1

where aj; is as defined above.
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Proof. Itn > 2and 1 < m < n—1, thenlet d,, ,(v) = ZT:_Ol dp.m,sv° and dy, (u, v) = an_:ll Ay (V)u™ L
Define the generating functions D(z;u,v) and B(z,y) by

(z;u,v) Zd U, V)

and

= Z Z bk y".

n>0 k>0

Note that 120-avoiding k-ary words are equivalent to 021-avoiding words, by reversal. Recalling the
well-known generating function formula for the latter (see [7]), we have

Blay) =1+ 5o (1 - “‘fﬂ“”) - (28)

By and (28], we then have

%
3

(x;u,0) Zx Z dpmou™ " = Zx” Z b2_17m+1um_1

3

n>2 m=1 n>2 m=1 i=1
_ 1
= E E bim1u"™ 1 g " = g E blm+1$ xTu) m+1
m>11>0 n>m+i+1 m>1 i>0

_ u?(ll—x) (B(x,xu) 1o 195_“1,)

B 1 (1—22)%2—2u x
_2u(1—x)2<1_\/ 1—au >_u(1—x)2'

This implies

1 T
D($,170)—m(1—\/1—4$)—(1_1:)2 1_332;0(17
= ZixiZijJ
i>1 7j>1

Thus, the coefficient of 2™ in D(x;1,0) is given by Z;L;ll (n — j)Cj, which implies the first statement.
To show the second, we substitute dy, 10 =2""! — 1 into to get

n—m
dnm,1 = Z (2"_"_1 — 1)bi—1,m, 1<s<m<n.
=1
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Proceeding as in the prior case, we find

n—1 n—1n—m '
Z:I;" Z dpm1 = Z " Z (2”_1_1 — Dbi—1m
n>3 m=2 n>3 m=2 i=1
2
S B(z,2x) —1— G I B(z,z) —1— z
2(1 —2x) 11—z 11—z 1—x
1—6 442
_ 2 1- 1f—2:gx 1 2 1-+v1—-4x ]
(1 —a)(1 - 22) 27 (1—x)2 2z ’
and extracting the coefficient of 2" gives the second statement. O

Remark. Comparable formulas for other small values of s may be found recursively using (26). In
the first formula above, note that Z;:ll (n—j)Cj = by, —n, where (by)n>1 = (1,3,7,16,39,104,...) is
A014140 in [L1].

5 Conclusion

We have provided explicit formulas and/or generating functions for the number of inversion sequences
avoiding a single member of S3. In three of the cases, we have made use of the kernel method to
ascertain the generating function. In the cases of 012 and 021, it would be interesting to find direct
combinatorial proofs in light of Theorems and [3.3] We also seek a closed form expression for
the cardinality of |IS,(120)] or its generating function. Concerning future research directions, one
might consider the problem of avoiding two or more patterns in Sz, though here the results seem to be
somewhat sparse. More promising are results concerning the avoidance of a single permutation pattern
of length greater than three or those concerning the avoidance of a generalized pattern in which one
or more of the letters are required to be adjacent, in particular those of type xy-z or x-yz. One could
also consider the avoidance of a pattern having one or more repeated letters.
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