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1 Introduction

Let S, be the symmetric group on n letters. The parameter excedance, which is defined on a permu-
tation m € S, by:
exc(m) =|{i € {1,2,...,n} | w(i) > i},

is well-known (see [16], Vol. I, pp. 135, 186; Vol. II, p. viii|, [I7]). Another classical parameter defined
on permutations of S, is the descent number, defined by:

des(m) =|{i e {1,2,...,n—1} | w(d) > w(i + 1)}
Both parameters have the same distribution, which can be read from the following recursion:
a(n,k) = (k+1)a(n—1,k)+ (n —k)a(n — 1,k — 1), (1)
with the following initial conditions:
a(n,0) =1, a(0,k) = 0 VkVn,

where a(n, k) is the number of permutations in S,, with k excedances or k descents. The generating

function ¢*<(™+1 ig called the Eulerian polynomial.
TI'ESn
There is a well-known proof for this recursion by enumerating the descents [I4], and there is a

bijection from S,, onto itself, taking the descents into the excedances [19]. Later, a different proof
of this recursion, which uses only excedances, was given independently by Jansonn [I5] and by the
authors (in this paper).

There are several different definitions of the excedance number for generalizations of the symmetric
group. Brenti [§] defined a version for the hyperoctahedral group B, = Z2 ! S,. Chen, Tang and
Zhao [9] used this definition to construct a type-B analogue of the derangement polynomials, having
properties such as the Sturm sequence property and their coefficients having the spiral property.

A different generalization of the excedance number for the colored permutation groups G, = Z;1Sp
was introduced by Steingrimsson [20]. This version of the excedance number equidistributes with his
version of the descent number for the colored permutation groups. He supplies some Eulerian-type
recursions for these parameters and presents some geometric applications.

In [5], the first two authors defined a different version of the excedance number for the colored
permutation groups, called the flag-ezcedance number. This definition was motivated by the view of
Z,1 Sy, as a subgroup of Sym(3,,), where ¥, = {i[c] | 1<i<n,0<c<r}istheset of n digits colored
by r colors:

fexc(m) = |{i € 3y, | w(3) > 1}].

One can compute the flag-excedance number in a different way (all the notations will be defined later):
fexc(m) = r - exca(m) + csum(m).

A similar approach was used in the definition of the flag major index in the colored permutation groups,
see [1, 3] [IT].
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An interesting application of the parameter fexc(m) was introduced by Athanasiadis: Consider an
(n — 1)-dimensional simplicial complex A and let f;(A) be the number of i—dimensional faces of A.
The h—polynomial of A is defined as:

n

h(d,z) =Y firr(A)a'(1—z)"

1=0

Now, let V' be an n-element set and let I' be a finite geometric subdivision of the abstract simplicial
complex 2. The local h-polynomial ¢y (T, x) is:

by(Tox)= Y (=)™ FInTF,2),

Fc2v

where I'p is the restriction of I' to the face F' € 2V and h(A, z) is the h—polynomial of the simplicial
complex A. The r—th edgewise subdivision of a simplicial complex is a standard way to subdivide the
complex A in such a way that each face F' € A is subdivided into 74™(F) faces of the same dimension.

Denote by sd(A)" the r—th barycentric subdivision of A. A permutation 7 € Z, 1 S, is called
balanced if the parameter csum(7) (which is defined to be the sum of the colors of the digits of ) is
a multiple of . The subset of Z,.1.S,,, consisting of all the permutations without absolute fixed points,
is defined as:

D) ={re€Z 1S, |Vie{l,2,...,n},7(i) #i}.

Let (D!)® denote the set of all balanced permutations in D7. Then, Athansiadis [2] shows the following
result:

THEOREM 1.1 (Athanasiadis) Let V' be an n-element set. Then

W) = Y g

we(Dr)b

We survey here some other results dealing with the flag-excedance parameter defined on G.,.

In [5], the multi-distributions of the excedance number with some natural parameters were com-
puted. In [4], these definitions and results were generalized to the so-called multi-colored permutation
group (Zy, X -+ X Ly, )1 Sp. In [6], the multi-distribution of the excedance number with the number of
fixed points on the set of involutions in G, , was computed. In [18], Mansour and Sun consider similar
problems in more general cases.

Recently, Foata and Han [12] [I3] have found that this version of the excedance number is equidis-
tributed with some version of the descent number for generalized permutation groups. Moreover,
Clark and Ehrenborg [10] mentioned this version of the excedance number as a possible candidate for
a generalization for an excedance statistic for all finite Coxeter groups.

We start this paper by presenting a classical way to obtain recursion using only counting of
excedances. This argument appears also in [15].

By our definition of excedance, we generalize this recursion for the cases of the hyperoctahedral
group B, = G2, and the colored permutation groups Gy, (all the notations will be defined in the
sequel):
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PROPOSITION 1.2 Define:
fA(r,n, k) = {7 € Grp | exca(n) = k,csum(n) = i}].
Then:

fiA(Tan>k) = (n_k>fiA(747n_1>k_1)+(k+1)sz<T7n_17k)+
r—1
+3 [0 — ) FA (o — 1 k) + (k+ D)2 — Lk +1)]
7j=1

with the following initial conditions:

fi—1\ . A
fiA(T,n,O) = Z J!<Z‘_j> (G +1)" t; Hutu tu1—1
(t1,-~-,tj), i<zt u=1

1§t1<t2<"'<t]‘§n

where tg = 0, and
f(r,0.k) = 05 f'(r,1,0) = 1; fA(r,n, k) = 0 ¥n¥k.

We have also computed the distribution of a variant of the flag-excedance number, denoted by
excy. The interesting point is that its enumeration uses the Stirling number of the second kind:

PROPOSITION 1.3 The number of permutations m in G, which satisfy exca(mw) =k is given by:

n j—1 . .
2: i—1—i i - ]—1 n—1—1
r2 2 (U T]!S"’J( i )( k >

j=1i=0

where Sy, j is the (n,j)-Stirling number of the second kind.

d A
It is well-known that the generating function 3 ¢®°(™ = 3" g;¢" has some symmetry properties.
TESn =0

It is symmetric in the sense that a; = aq—; for i € {1,..., ng} We prove here the corresponding
symmetry property for G, ,. We also prove that its variant excy is log-concave in G, p.

The paper is organized as follows. In Section we introduce the colored permutation group
Grn = Zy 1S, and we define some of its parameters and statistics. Section [3| deals with the proof
of the recursion for S,. In Sections {f and | we give the corresponding recursions for B,, and G, ,,
respectively. Section [6] deals with the distribution of the parameter exc4, which involves the Stirling
number of the second kind. In Section [7] we present the symmetry of the generating function of the
excedance number, and in Section [§| we prove the log-concavity property of the parameter excy.

Acknowledgements: We would like to thank an anonymous referee for his advices.
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2 The group of colored permutations and its statistics

DEFINITION 2.1 Let r and n be positive integers. The group of colored permutations of n digits with
r colors is the wreath product
Gr,n = Zr l Sn = Z? A Sru

consisting of all pairs (2, 7), where Z'is an n-tuple of integers between 0 and » — 1 and 7 € S,,. The

/

multiplication is defined by the following rule: for 2= (z1,..., z,) and 2 = (2], 0y 2h),

(Z,7)- (2, 7) = (=1 + 2;71(1), ceeyZnt z;,l(n)), To7) (2)
(the operation + is taken modulo 7).

Here is an example for the multiplication in G5 3:

(0o 3 3)) (@20 (o 5 ) = (000 (5 3))

Another way to present G, is as follows: Consider the alphabet
Y= {L...,n,i,...jL,...,1[T_1],...,n[T_1]}

as the set {1,...,n} colored by the colors 0,...,r—1. Then, an element of G, is a colored permutation,
i.e., a bijection m : ¥ — 3 satisfying the following condition: if = (i[o‘}) — jlfl, then 7 (i[o‘+1]) =
j[ﬁ“} (the addition in the exponents is taken modulo r). Using this approach, the element 7 =
((21,- -, 2n),7) € Gy is the permutation of ¥, satisfying 7 (i) = 7 (il%) = 7(i)*®] for each 1 < i < n.

For example, the element 7 = <(2, 1,0,3,0,0), (; ? i ;l Z g)) € G satisfies:

7(1) =2 7(2) = 12, 7(3) = 48 7 (4) = 319, 7(5) = 61, 7(6) = 51,

For an element 7 = (Z,7) € Gy, with = (21,...,2,), we write z;(7) = 2;, and denote |7| = (0, 7).
We define also ¢;(7) = r — zi(n~!) and &(nr) = & = (c1,...,¢,). Using this notation, the element
SN 1 23 456 . L
= (Z,7)= <(2,1,0,3,0,0)7 (2 1 43 6 5)) satisfies ¢ = (1,2,3,0,0,0).

I Lf"]>, where

[c1
aq
a; = 7(i), so in the above example, we have: 7 = (2[1112141313006[01500) or just ( ﬁ365)
Note that z; is the color of the digit ¢ (i is taken from the window notation), while ¢; is the color
of the digit 7(j). Here, j stands for the place, whence i stands for the value.
In particular, G, = Z1 1Sy is the classical symmetric group S, while Ga ,, = Z21.5,, is the group
of signed permutations B, also known as the hyperoctahedral group, or the classical Coxeter group of
type B.

We usually write 7 in its window notation (or one line notation): (
2

Given any ordered alphabet ¥/, we recall the definition of the exzcedance set of a permutation 7 on
Y (see [9]):
Exc(m) = {i € X' | m(i) > i}

and the flag-excedance number is defined to be fexc(m) = |Exc(n)|.
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DEFINITION 2.2 The color order on X is defined to be:
1[7*1] <o < n[T*” < 1[7“*2} < 2[7“*2} < e < n[T*Q] <<l <<

ExAMPLE 2.3 Given the color order:

=Nl
=Nl
(V)]

W =
=N
DIl QO
N~

and compute: Exc(o) = {1, 2,3,1,3, 1} and fexc(o) = 6.
We present now an alternative way to compute the flag-excedance number. Let o € G,,. We

define:

n

csum(o) = Z ci(o).

=1

Note that in the case r = 2 (i.e. the group B,), the alphabet ¥ can be seen as containing the digits
{£1,...,£n} and the parameter csum(m) counts the number of digits i € [n] such that 7 (i) < 0, so it
is also called neg(m).

Define now:
Exca(o) ={i € {1,2,...,n—1} | (i) > i},

where the comparison is with respect to the color order, and denote:
exca(o) = |Exca(o)].
EXAMPLE 2.4 Given o = (1342) € G34, we have csum (o) = 4, Exca (o) = {3} and hence exca (o) = 1.
We have now (see [3]):

LEMMA 2.5
fexc(o) =1 - exca(o) + csum(o).

A similar result for the flag major index statistic was achieved by Adin and Roichman [I].

3 The recursion for 5,

We supply a classical proof for the recursion for the Eulerian polynomial using its interpretation as a
generating function for the excedance number for S,, (this proof appears independently in [I5]). Denote
by a(n, k) the number of permutations in S,, with exactly k excedances. Then we have the following
recursion:
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PRrROPOSITION 3.1
a(n,k) = (k+1)a(n —1,k)+ (n —k)a(n — 1,k — 1),

with the following initial conditions:
a(n,0) =1,a(0,k) = 0,VnVk.

Proof. For any n and 0 < k < n — 1, denote by S(n, k) the set of permutations in S,, with exactly k
excedances. Denote also:
R={mc S(nk)|n Yn) <xw(n)}

and
T ={reSnk) |7 (n)>nr(n)}

Define @ : S(n,k) — S(n —1,k) US(n — 1,k — 1) as follows: Let m € S(n,k). Then ®(x) is the
permutation in S, obtained from (n,7(n))r by ignoring the last digit.

Let 7 € S(n,k) = RUT. If 7 € R, then ®(r) € S(n — 1,k). Note that |®~1(®(r))| = k+ 1. On
the other hand, if 7 € T, then ®(7) € S(n — 1,k — 1) and |®"1(®(7))|=n—-1—-(k—1)=n—k. O

We give the following example for illustrating the proof.

EXAMPLE 3.2 Consider S(5,2), i.e. the set of permutations in S5 having exactly 2 excedances.
Let

4 3 1 2

D @ 345 (DO 345
A4 5 123)'\4 3 125/

(O @345 (D345 (OO 3 4)_
RB”‘(s 3 1 2 )H<4 3 1 2 >H< )“I)(”)’
SO:
{0911

Let >
<

Then:
1 (D 2 3 4 5 1 @ @ 4 5 12 @ 5
(I)((I)(W))_{<52431’15432’12453'
4 The recursion for B,
In this section, we generalize the above recursion to B, = Zs ! S,,. We start with some notation.

FA(n,k) = {n € B, | exca(n) = k,neg(n) =i}

sz<n7 k) = ‘FiA(nv k)' )
Fi(n,k) = {r € By, | fexc(m) = k,neg(m) = i}
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fi(n, k) = ‘Fl(nv k)|7

In B, we have fexc(m) = 2 - exca(m) + neg(r), hence:

filn. k) = £} <nk;Z)

In the following proposition, we give a recursion for f(n, k):

PROPOSITION 4.1

k) = (n—K)ffn—-1,k-1)+(k+1)f(n—1,k) +
+(7’L - kl)sz—l(n - 17k) + (k + l)leil(n - 1>k + 1)7

with the following initial conditions:
i
fl-A(n, 0) = Z Z'(l + 1)n—ti H utu—tu,1_1’

(t1,...,t) u=l
1<t <ta< - <t; <n

where 0 < i <n and tg =0, and
FA0K) = 0; fA(1,0) =1; A (n,k) = 0 VnVk.
Proof. We start with the proof of the recursion. Define:
F{%(n, k) = {m € By, | exca(w) = k, neg(mw) =1, W_l(n) > 0}
fi,AO(n’ k) = ‘Fz‘ﬁ)(”, k)’ )
F{j‘l(n, k) ={m € By, | exca(w) = k, neg(m) =1, 71'_1(?7,) < 0}
fii(n k) = [ (n k)]
Obviously, FA(n, k) = F{})(n, k) Y F{,41(m k), and hence:
f(n k) = fio(n, k) + f{i(n, k).

Define @ : Fif})(n, k) = FA(n—1,k)UFA(n—1,k—1) as follows: Let 7 € Fif})(n, k). Then ®¢ ()
is the permutation of B,_; obtained from (n,m(n))m by ignoring the last digit.
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Now, define:
Ry = {m € Fy(n,k) | 7~ (n) < m(n)}

and
Ty = {r € F{y(n, k) | 7~ (n) > m(n)}.

k)
Let m € F{{(n, k) = RyUTy. If m € Ry, then ®o() € F/ (n—1 k) Note that |®; ! (®o(7))| = k+1.

2

)
On the other hand, if © € Ty, then ®g(r) € FA(n—1,k—1) and |®5 (Po())| =n—1—(k—1) = n—k.

Define @, : F{j‘l (n,k) = FA (n—1,k) UFA,(n — 1,k + 1) similarly.
Now, define:
Ry ={r € F{i(n.k) | |x~"(n)| < m(n)}

and
Ty = {r € FA(m, k) | |7~ (n)| = m(n)}.

Let m € F/i(n,k) = RyUT. If 7 € Ry, then ®(7) € FA,(n—1,k+1). Note that [ ( ( )| =
k+1. On the other hand, if = € Ty, then ®;(7) € FA (n—1,k) and |®7H(®y(7))| =n—1—(k—1) =
n—k.

Combining together all the parts, we get the desired recursion for fiA(n, k).

Now we prove the initial condition:

i
fZA(TL, 0) = Z it + 1)”—ti H ple—tu—1-1
(t1;- - i) u=l1

where tg = 0.

Let m € By and let 1 <t; < --- <t; <n be such that m(¢;) <0 for all 1 <j <i.

In order to insure that exca(m) = 0, we have to require that for each ¢ & {t1,...,t;}, 7(¢) < {. For
each 1 < ¢ < t; (if there are any), we have only one possibility: m(¢) = £. For t; < £ < to (if there are
any), we have exactly two possibilities, and so on: for ¢, < ¢ < tp41, 1 <m <i—1 (if there are any),
we have exactly m + 1 possibilities. Finally, for ¢; < £ < n, we have exactly ¢ + 1 possibilities.

After fixing 7(¢) for each ¢ & {t1,...,t;}, we have exactly i! possibilities for locating m(t;), for
1 < 5 <. This gives us the desired initial condition. |

The following example should clarify the proof for the initial condition. Let m € By and assume
that t; = 3,2 = 6,t3 = 8. Then in order to get exca(m) = 0, we must have (1) = 1,7(2) = 2.
m(4) can be 3 or 4. w(5) € {3,4,5} but once 7(4) has been chosen we have only 2 possibilities for
it. w(7) € {3,4,5,6,7} which yields 3 possibilities and for 7(9) we have 4 possibilities. The values
corresponding to {7 (3),7(6),7(8)} are already fixed, so we just have to order them.

5 The corresponding recursion for G,

The recursion for B, can be generalized to G, , = Z, ! S, very easily. We continue with similar

notations.
FA(ryn, k) = {7 € Gy, | exca(nm) = k,csum(n) = i}
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fiA(T,TL, k) = ‘FiA(Tv n, k) )
Fi(r,n, k) ={m € Gy, | fexc(m) = k,csum(m) = i}
f’i(ra n, k) = |Fi(7“, n, k)‘v

(r=1)n

F(r,n,k) = U Fi(r,n, k)
i=0

(r=1)n
flryn, k) = Z filryn, k).
=0

In G, 5, we have fexc(m) = r - exca(m) + csum(7), hence:

Jirn k) = f <n ’“‘) |

In the following proposition, we give a recurrence for f(r,n, k):

PRrROPOSITION 5.1
k) = (n—k) A —1k—1)+ (k+1)f (r,n - 1k)+
r—1

3 (= k) A — L k) + (k+ DS (rn — 1k +1)]
j=1

with the following initial conditions:
fA(r,n,0) = Z 4! i-1 (+1)" "t ﬁ ytu—tu—1—1
? ) ) M Z _] - )
(tl,...,tj>,j§i u=
1§t1<t2<"'<t]’§n
where 0 <1 <n and tg =0, and
Ji(r,0,k) = 05 f§'(r,1,0) = 1; f4(r,n, k) = 0 Vn¥k.

For completeness, we present here the proof for the general case.
Proof. We start with the proof of the recursion. Define for all j such that 0 < j7 <r —1:

F{;(r, n,k) ={m € Gy, | exca(m) = k,csum(m) = i, cp(m) = j},

¥ (T‘,?’L,k‘) = ‘Fﬁ-(r,n, k)‘ .

0,3 J
r—1
Obviously, FA(r,n, k) = | Fi‘f‘j(r,n, k), and hence:
§=0
r—1

fiA(Tv n, k) = Zfij?'(nnv k)

J=0
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Define @y : F{}%(r,n, k) — FA(r,n—1,k)UFA(r,n—1,k—1) as follows: Let 7 € F} 0(7“ n, k). Then
() is the permutation of G, ,—1 obtained from (n,m(n))m by ignoring the last dlglt
Now, define:

Ry={r €F, 0(Tnk)|7r ()<7r(n)}

and
To={m € F O(Tnk:)]ﬂ ()Zﬂ(n)}

Let 7 € F/(r,n,k) = RyUTy. If m € Ry, then ®g(m) € F/A(r,n — 1,k). Note that |®5" (®o(r))| =
k+1. On the other hand, if 7 € Tp, then ®o(7) € FA(r,n—1,k—1) and |®; ! (®o())| = n—1—(k—1) =
n—k.

For all j such that 1 < j <r — 1, define:
O;: Fi(r,n, k) = FA (ron—1,k)UF2 (r,n — 1,k + 1)

similarly.
Now, define:
Rj = {m € F{j(r.n,k) | |=~(n)| < m(n)}

and
Ty = {r € FAG k) | |7~ (n)| = 7(n)}.

Let m € F(r,n,k) = R;UT;. If = € Rj, then ®;(r) € F2,(r,n — 1,k +1). Note that
|®1(®;(m))| = k+1. On the other hand, if 7 € T}, then ®;(r) € F;(r,n—1,k) and |®; ' (®;(r))| =
n—1—(k—1)=n—k.

Combining together all the parts, we get the desired recursion for f (rym, k).

Now we prove the initial condition:

i—1 ]
fiA(r,n,O): Z J!( _j><]+1 ) t; Hutu_tu -1
(tl,...,tj),jﬁi u=1
1§t1<t2<"'<tj§n

where tg = 0.

Let m € G, . Let j <4 and let (¢1,---,t;) be such that 1 <ty <--- <t; <nand ¢, (m) > 0 (for
1<k <j).

In order to insure that exca(m) = 0, we require that for each ¢ & {t1,...,t;}, 7(¢) < £. For each
1 < ¢ <ty (if there are any), we have only one possibility: 7(¢) = £. For t; < £ < to (if there are any),
we have exactly two possibilities, and so on: for ¢, < £ < ty41, 1 <m < j —1 (if there are any), we
have exactly m + 1 possibilities. Finally, for ¢t; < £ < n, we have exactly j + 1 possibilities.

After fixing w(¢) for each ¢ ¢ {t1,...,t;}, we have exactly j'(zj) possibilities to locate m(tg),
1 < k < j, and to color them in such a way that csum(m) = i. This gives us the desired initial
condition for G, . O
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6 The distribution of the parameter excy

Recall that:
fA(r,n, k) = {7 € Gy | exca(n) = k,csum(n) = i}].

(r—=1)n
Let d(r,n, k) = f#(r,n, k) be the number of permutations 7 € G, having exc4 () = k.
i=0
Proposition gives that:

d(r,n,k) = (n—Fk)d(r,n—1,k—1)+ (k+1)d(r,n—1,k)
+(n—k)(r—Dd(r,n—1,k)+ (k+1)(r — )d(r,n— 1,k + 1),

which is equivalent to:

dir,n,k) = (n—~k)d(r,n—1,k—1) (3)
+H(k+1)+ (r—1)(n—Fk)|ld(r,n—1,k)
+(k+1)(r—1)d(r,n— 1,k + 1).

In order to solve this recurrence, we define the following generating polynomial:
n
Dyp(t) =Y d(r,n, k)t*.
k=0

Rewriting Equation in terms of the polynomial D, () yields:

Dypp(t) = ntDy, 1(t) — t;(tDr,n_l(t))
+(1+ (r—1)n)Dyp_1(t) — (r — 2)t§tDT7n_1(t)
+(r — 1);Dm_1(t),
which implies that:
Dyp(t)=[rn+ (n—1)(t—1)]Dpp_1(t) —(t—1)(t+7r— 1)§75D,,,n_1(t). (4)

Now, in order to simplify this recurrence, assume that D, ,,(t) can be written as D, ,(t) = Py, (t) Ey 1 (2).
We will give later the condition which P, ,(¢) has to satisfy. Therefore, Equation can be written in
terms of P, ,(t) and E, ,(t) as

Bt — [rn+ (n—1)(t — 1)]Pr,n_1(]2 n(t()t ~D(t+r =12 P, (1) Brs (8

t—D(t+r—1)Pn(t) 0

— Pnl) aEr’n,l(t).
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Let us assume that

0

rn+(n—1)t—1)]Pp1(t) =t —-1)(t+7r— 1)5

P p1(t).
One solution of the above differential equation is:

(t _ 1)n+1

Prn(t) = Y1

Note that T"n(lt()t) L. Therefore, for all n > 1,

Epn(t) = —(t+7 — 1);

Checking the recurrence for n = 1, we have by a direct computation that:

D, (t
Er,l(t)zp’ll()z ! =—(t+r—1)

10 (55

rn—1<t>-

0
7Er )
BN o(t)

which gives that:

Hence, we define E,.o(t) = 5.

ProPOSITION 6.1 Foralln > 1,

t+7’71
Bralt) = (=1 ZJ'S g Hi,

where Sy, j is the (n,j)-Stirling number of the second kind.
Proof. By induction on n, the recurrence relation gives that:
J

) 1y 2
Snjt+r—1) 5

E,.,(t)=(-1)" E,o(t).

M=

1

<.
Il

Using the initial condition of this recurrence, namely E;o(t) = =7, we obtain that:

?“’I’L JZ; ,] +T_ ) m

This is equivalent to:

- t+r—1)7
Epn(t) = (-1 1"”}2:1] LS J((t)j_f_z’

which completes the proof.

Now we are ready to give an explicit formula for the polynomial D, ,(t).
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COROLLARY 6.2 For alln > 1,

Dypn(t) =7 j'Sn;(t+r—17" 1 -t
j=1

Proof. From the definitions, we have that:

D, (t) = Pryp(t)Erp(t) =

Hence, by Proposition [6.1 we get the desired result. O

Finding the coefficient of t* in the polynomial D,.,(t), we obtain an explicit formula for d(r,n, k),

as follows:

THEOREM 6.3 The number of permutations m € G, which satisfy exca(m) =k is given by:
L =1\ n—1—i
T — 1
d(r,n, k) = 73212%(—1) +J ’rw!sn,j< ; ) ( N )
j=11i=

where Sy, ; is the (n, j)-Stirling number of the second kind.

7 Symmetry of the flag-excedance number
In this section, we present the symmetry property of the flag-excedance number:

THEOREM 7.1 The generating polynomial

rn—1

Z qfexc(Tr) _ Z aiqi
WEG'r','rL 1=0
SatiSﬁGSf a; = Qrp—1—4 fOT (XS {1’ s LTYL2—1J}

Define a bijection of G,,,: 7 — 7’ in the following way: For 1 <i <n—1,if n(i) = 4181 then
m'(n—i)= (41— and if 7(n) = j¥, then #'(n) = (n + 1 — j)Ir—1-6L
Instead of burdening the reader with the subtle though standard proof, we choose to give an

example of the bijection:

(123 4|1 23 4|1 2 3 4
™\2 14321132113
,_ (1234|123 4|12 34
T=\1432|112332/1132)
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8 Log-concavity of the parameter excy
In this section, we show that some variant of the excedance parameter is log-concave. We start by
proving that excy on B, is log-concave. The corresponding proof for G,.,, is similar.
THEOREM 8.1 The parameter exca on B, is log-concave.
Proof. Recall from Section {] the following definitions:
FA(n,k) = {n € By, | exca(n) = k,neg(n) = i},
i (n,k) = [F(n, k).
Define:
n
Xng =Y f(nk).
i=0

Note that X, ; is the number of permutations © € B,, having exca(m) = k.
By the recursion given in Proposition [4.1}

FAmk) = (=R A =1k —1) + (b + D fAn— 1) +
Fn— k) A (n— Lk + (k+ 1) fA (n—1,k+1),

we have:

Xorg = M—k)Xpapa+k+D)Xoqp+n—kE)Xpo1p+(k+1)Xp 1441 =
(TL — k)Xn717k71 + (TL + 1)Xn71,k + (k + 1)Xn71,k+1-

We prove the log-concavity by induction. For n = 3, the claim can be easily verified. Now we
assume it for n — 1, and we have to show that:

Xik > Xnk—1Xn kt1-
Along the following computation, we abbreviate X,,_1 ; to X;. We compute:

X,,%,k — X1 Xngr1 = [(n—k)Xeo1+(n+ )X+ (k+ DXpp1)? —
— [(n —k+ 1)X;€,2 +(n+ 1)Xk;71 + k‘Xk] .
=k =1)Xk+ (n+ 1) Xpp1 + (b + 2)Xpg2] =

= [(n = k)Xo + (n+1)°XE + (k+1)° X5+
2n—k)(n+ DX 1 X +2(n —k)(k+ 1) X1 Xpp1+
+2(n+ 1)(k+ 1) X3 Xp11] —
—[n—k+1)(n—k—-1DXpoXr+(n—k+1)(n+ 1) Xp_oXkr1+
+(n—k+1)(k+2)XpoXpi2o+(n+1D(n—k—1)Xp_1 X+
+(n+ 12X 1 Xpp1 + (n+1)(k4+2)Xp 1 Xpgot
+k(n—k—1)X7+k(n+1)XpXpp1 + k(k 4+ 2) X3 Xpio] =
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= [(n—k?X? 1 —(n—k+1)(n—k—1)Xp_oXi] +
+[(k+1)2X2,, — k(k +2) X Xpyo] +
+2n—k)Yn+DXp 1 X — (n—k+1)(n+1)Xp_oXps1—
—(n+)(n—k—-1)Xp_1Xg] +

+20n+ 1)k +1)Xp Xep1 — (n+1)(k+2) X1 Xpyo—
—k(n+ 1) X Xp11] +

+ [(n+1)°X7 +2(n— k) (k + 1) Xp—1 Xpy1—
—(n—k+1)(k+2)Xp2Xpi2— (n+1)° X1 Xpp1—
—k(n—k—1)X7].

We treat each one of the five brackets in the last expression separately.

By the induction hypothesis, the first bracket is greater (or equal) than X7 . Similarly, the second
bracket is greater (or equal) than X7, .

Since Xp_oXg1r1 < Xp—1Xk by the log-concavity assumption, we have:

2(n - k)(n + 1)Xk_1Xk — (Tl —k + 1)(Tl + I)Xk—QXk—i-l — (n + 1)(n —k— I)Xk_le Z
> 2(n — k)(n + 1)X}€,1Xk — (n —k+ 1)(71 + 1)Xk,1Xk — (n + 1)(n —k— 1)X}C,1Xk = Okale = 07
and hence the third bracket is non-negative. Similarly, the fourth bracket is non-negative too.

From the first two brackets, we have two positive elements: X,%_l and X,% 41- Their sum can be
written as (Xp_1 — Xpy1)? +2Xg 1 Xpy1. Adding 2X;_1 X1 to the fifth bracket, we have:

(n+1)2X2+2(n—k)(k+ 1)+ D) Xp 1 Xpy1 — (n =k 4+ 1)(k+2)Xp_oXpi2—

—(n+1)?Xp 1 Xpy1 — k(n —k —1)X7.

Since (n+1)2 = ((n — k) + (k+1))? = (n — k)?> + (k + 1)> + 2(n — k)(k — 1), we can simplify the
bracket into:
(n+ 12X —(n—k+1)(k+2) X3 2Xp42

—((k+1)* = D)Xp 1 Xp1 — (n— k)2 = D)X 1 Xpy1 — k(n —k — 1) X7
By the log-concavity assumption, this sum is greater (or equal) than:

n+12XE—(n—k+1)(k+2)X2 - (E+1)*=1DX? —((n—k)?> = 1)X? —k(n—k—-1)X7,

which is equal to 0. So, we have that the sum of all five brackets is non-negative and hence we are
done. O
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