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The aim of this study was experimental and modelling analysis of the nanofi ltration process used for the removal 
of chromium(III) ions from salt solution characterized by low pH. The experimental results were interpreted with 
Donnan and Steric Partitioning Pore (DSP) model based on the extended Nernst-Planck equation. In this model, 
one of the main parameters, describing retention of ions by the membrane, is pore dielectric constant. In this work, 
it was identifi ed for various process pressures and feed compositions. The obtained results showed the satisfactory 
agreement between the experimental and modelling data. It means that the DSP model may be helpful for the 
monitoring of nanofi ltration process applied for treatment of chromium tannery wastewater.
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INTRODUCTION

 Nanofi ltration (NF) is a pressure-driven membrane 
technique, which can be successfully applied for treat-
ment of both water1–4 and wastewaters5–12. According to 
the literature data7–9 and our own investigations12–14, one 
of the most important and interesting research area of 
nanofi ltration is the removal of chromium(III) ions from 
salts solution characterized by low pH. The nanofi ltration 
membrane in such processes, according to its properties, 
becomes non-permeable for multi-charged ions and 
permeable for one-charged anions and cations13–14. That 
is why, nanofi ltration seems to be a promising process 
allowing for effective and effi cient treatment of chromium 
tannery wastewaters7–9, 12–14. However, to predict the 
productivity and the effectiveness of the separation of 
ions from examined solutions at low pH it is necessary 
to elaborate a physical meaning, mathematical model 
describing this process. Many different theories have been 
elaborated to explain the ions separation mechanism into 
nanofi ltration membranes9, 15–25. After analysing of the 
literatures data15–25 we have stated that both theoretical 
and experimental works concerning the ions separation 
mechanism into nanofi ltration membranes are not still 
satisfactory and require further actions. Recently the 
modelling of nanofi ltration of salt solution has been 
widely investigated15–25. The mass transfer through the 
membrane was described by different models such as 
Kedem-Katchalsky19, 20 or Spiegler-Kedem19, 21, 25. Ho-
wever none of the models used took into consideration 
a density of membrane surface charge, which, as it was 
mentioned, is one of the main factors in the case of 
nanofi ltration of salt solutions at low pH12, 14, 26. The-
refore, the Donnan and Steric Partitioning Pore (DSP) 
model based on the extended Nernst-Planck equation 
has been proposed for interpretation of the separation 
of ions from acid solution on nanofi ltration membranes.

The main objective of this work was the experimental 
and modelling analysis of the nanofi ltration used for the 
removal of chromium(III) and chloride ions from salt 
solution characterized by low pH.

DSP MODEL DESCRIPTION

The transport of ions inside the membrane can be de-
scribed by the extended Nernst-Planck equation (1). This 
equation contains three terms due to contributions from 
diffusion, electromigration and convection, respectively.

 (1)

where Ji is the molar fl ux of species i [mol m–2 s–1], Ki,d 
is the ionic hindrance factor for diffusion [–], Ki,c is the 
ionic hindrance factor for convection [–], Di is the diffu-
sion coeffi cient of ion i [m2 s–1], ci is the concentration 
of ion i inside pores of the membrane [mol m–3], x is 
the axial position within the pore [m], Ψ is the electri-
cal potential of ion inside pores [V], F is the Faraday 
constant [C mol–1], R is the universal gas constant 
[J mol–1 K–1], T is the temperature [K], V is the solvent 
velocity [m s–1], zi is the valence of ion i [–].

Solving this equation requires knowing the boundary 
conditions at the pore inlet and outlet (2).

 (2)

where ci is the concentration of ion i inside the membrane 
pores [mol m–3], Ci is the concentration of ion i within 
the polarization layer [mol m–3], γi,sol is the activity coef-
fi cient of ion i in the solution side of the interface [–], 
γi,pore is the activity coeffi cient of ion i in the pore side 
of the interface [–], фi is the steric partition coeffi cient 
of ion i [–], ∆Wi is the Born solvation energy barrier [J], 
zi is the valence of ion i [–], F is the Faraday constant 
[C mol–1], R is the universal gas constant [J mol–1 K–1], T 
is the temperature [K], ∆ΨD is the Donnan potential [V].

The hindered nature of diffusion and convection of 
the ions inside the membrane can be accounted for the 
terms Ki,d (3) and Ki,c (4).

 (3)

 (4)
Ki,d and Ki,c can be expressed as a function of the ra-

tio λi (the ion i radius ri [m] related to the pore radius 
rp [m]) – (5) and (6).
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 (5)

 (6)

The solvent velocity within the pore (V) related to 
the pressure gradient through the pore can be described 
using the Hagen-Poiseuille expression (7), where the 
osmotic pressure difference is calculated by Van’t Hoff 
equation (8).

 (7)

 (8)
where V is the solvent velocity [m s–1], rp is the pore radius 
[m], ∆P is the applied pressure [bar], ∆π is the osmotic 
pressure difference [bar], η is the dynamic viscosity [bar 
s], ∆x is the membrane thickness [m], R is the universal 
gas constant [J mol–1 K–1], T is the temperature [K], ci,w 
is the concentration of ion i in the feed [mol m–3], ci,p is 
the concentration of ion i in permeate [mol m–3].

The solvation energy barrier ∆Wi (9) represented by 
a decrease of the effective dielectric constant of the solu-
tion in the pores can be described by the Born model.

 (9)

where ∆Wi is the Born solvation energy barrier [J], zi is 
the valence of ion i [–], e is the electron charge [–], εo 
is the permittivity of free space [–], kb is the Boltzmann 
constant [J K–1], T is the temperature [K], ri is the ion 
i radius [m], εp is the pore dielectric constant [–], εb is 
the bulk dielectric constant [–].

The electroneutrality conditions in the bulk solution, 
inside the membrane and in the permeate solution are 
given by equations (10), (11) and (12), respectively.

 (10)

 (11)

 (12)

where zi is the valence of ion i [–], ci is the concentra-
tion of ion i inside the membrane pores [mol m–3], Xd 
is the membrane charge density [mol m–3], ci,p is the 
concentration of ion i in permeate [mol m–3].

Transport of ions through the membrane can be de-
scribed by applying a set of proper boundary conditions. 
The ions rejection is calculated by the Nernst-Planck 
equation (1) written in the form of concentration and 
potential gradients. The molar fl ux of species i can be 
calculated from the following equation (13).

 (13)
where Ji is the molar fl ux of species i [mol m–2 s–1], ci,p 
is the concentration of ion i in permeate [mol m–3], V 
is the solvent velocity [m s–1].

Substituting equation (13) into equation (1) and 
rearranging it, we get the following expression for the 
concentration gradient (14).

 (14)
where ci is the concentration of ion i inside pores of 
the membrane [mol m–3], x is the axial position within 
the pore [m], V is the solvent velocity [m s–1], Di is the 
diffusion coeffi cient of ion i [m2 s–1], Ki,c is the ionic 
(ion i) hindrance factor for convection [–], ci,p is the 
concentration of ion i in permeate [mol m–3], zi is the 
valence of ion i [–], R is the universal gas constant 
[J mol–1 K–1], T is the temperature [K], F is the Faraday 
constant [C mol–1], Ψ is the electrical potential of ion 
inside pores [V].

By applying the conditions expressed in equations (10), 
(11) and (12) to equation (3) and rearranging it, we 
get the following expression for the electrical potential 
gradient (15).

 (15)

where Ψ is the electrical potential of ion inside the 
pores [V], x is the axial position within the pore [m], zi 
is the valence of ion i [–], V is the solvent velocity [m 
s–1], Di is the diffusion coeffi cient of ion i [m2 s–1], Ki,c is 
the ionic (ion i) hindrance factor for convection [–], ci 
is the concentration of ion i inside the membrane pores 
[mol m–3], ci,p is the concentration of ion i in permeate 
[mol m–3], F is the Faraday constant [C mol–1], R is the 
universal gas constant [J mol–1 K–1], T is the tempera-
ture [K].

The equations (14) and (15) can be solved with the 
following the conditions:
at x = 0 → ci = ci,w
at x = ∆x → ci = ci,p

where ci,w is the concentration of ion i in feed 
[mol m–3], ci,p is the concentration of ion i in permeate 
[mol m–3], x is the axial position within the pore [m], 
∆x is the membrane thickness [m].

The membranes properties are usually determined by 
retention of ion i – Ri (16) and permeate fl ux JP (17).

 (16)

 (17)

where Ri is the retention of ion i [%], ci,p is the concentra-
tion of ion in permeate [mol m–3], ci,w is the concentration 
of ion i in the feed [mol m–3], Jp is the permeate fl ux 
[m3 m–2 s–1], Lp is the permeability coeffi cient of mem-
brane [m3 m–2 s–1 bar–1], ∆P is the applied pressure [bar], 
∆π is the osmotic pressure difference [bar].

The average deviation for retention (ADR) and perme-
ate fl ux (ADP) were determined as follows:

 (18)

 (19)

where ADR is the average deviation for retention [%], 
ADP is the average deviation for permeate fl ux [%], 
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N is the number of experimental data points [–], Rexp is 
the experimental retention [%], Rmod is the model re-
tention [%], JPexp is the experimental permeate fl ux [m3 
m–2 s–1], JPmod is the model permeate fl ux [m3 m–2 s–1].

EXPERIMENTAL

The experiments were carried out at laboratory scale in 
a cross fl ow cell made of stainless steel operated in batch 
mode with circulation. The installation was described 
in previous work12. Studies concerned solutions with 
chromium(III), chloride and sulphate ions concentration 
specifi c for tannery wastewaters12–14.

The investigations have been divided into following 
parts:

The investigation of infl uence of pore dielectric constant 
on the change of permeate and retentate composition 
after nanofi ltration of solution containing 2 g Cr3+ 
dm–3, 10 g Cl– dm–3, 10 g SO4

2– dm–3 and characterized 
by pH ≈ 4.

The investigation of influence of transmembrane 
pressure (10–24 bar) on the change of permeate and 
retentate composition after nanofi ltration of solution 
containing 2 g Cr3+ dm–3, 10 g Cl– dm–3, 10 g SO4

2– dm–3 
and characterized by pH ≈ 4.

The investigation of infl uence of feed composition on 
the change of permeate and retentate composition after 
nanofi ltration. In this part, the concentration of sulfate 
(0–17 g SO4

2– dm–3) and chloride (5–20 g Cl– dm–3) ions 
on the change of permeate and retentate composition 
after nanofi ltration of solution containing 2 g Cr3+ dm–3 
and 10 g Cl– dm–3 or 2 g Cr3+ dm–3 and 10 g SO4

2– dm–3 
and characterized by pH ≈ 4 were investigated.

The commercial nanofi ltration fl at sheet membranes 
(under symbol DL) with effective area of 0.0155 m2 
provided by GE Osmonics were used in the experiments. 
The characteristic of tested nanofi ltration membrane is 
presented in Table 1.

After the end of the experiment, samples of permeate 
and retentate have been collected for determination of 
the chromium(III) and chloride concentration. The sam-
ples of permeate, feed and retentate have been analyzed 
using the following methods:

– chromium(III) – spectrophotometer NANOCOLOR 
UV/VIS using 1.5-diphenylcarbazide method with wave 
length λ = 540 nm27, the concentration of Cr(III) ions 
was analyzed after the mineralization of samples, each 
measurement was repeated three times.

– chlorides – the Mohr titration method28, each mea-
surement was repeated three times.

The feed solution has been prepared using the fol-
lowing chemicals: CrCl3 · 6H2O (Sigma-Aldrich), pure 
NaCl (Chempur®), pure Na2SO4 (Chempur®) and the 
deionized water. The feed solution was characterized by 
pH ≈ 4. For initial pH correction the pure HCl (Lachner) 
was used. The pH was measured by pH-meter (Mettler 
Toledo SevenEasy).

NUMERICAL PROCEDURE

Transport of ions through the active layer of NF 
membrane was illustrated in Figure 1. Conducting the 
model calculations of ions transport through the mem-
brane apart from accepting process conditions such as: 

operating pressure (ΔP) and concentration of the ion 
in feed (ci,w) it was necessary to assume the following 
parameters: the membrane hydraulic permeability coef-
fi cient (Lp), the mean pore radius (rp), the charge density 
of the membrane (Xd), diffusion coeffi cient of ions (Di) 
and fi nally the pore dielectric constant (εp).

Table 1. Characteristic of nanofi ltration membrane used in the 
experimental and modelling analysis

Figure 1. Transport of ions through the active layer of NF 
membrane

All calculations were performed in open source software 
for numerical computation Scilab. The concentration 
of the ions was determined by iteration method shown 
schematically in Figure 2. As the condition of convergence 
(CV in Fig. 2) was assumed the smaller than 10–6 (fi ve 
signifi cant digits) change in compositions obtained in 
one after another iteration. The program has also used 
the fsolve procedure (modifi cation of the Powell hybrid 
method) for solving nonlinear equations and the ode 
procedure (backward differentiation formula method) 
for solving differential equations. The used equations 
(Fig. 2) allowed for evaluation of the membranes se-
lectivity determined by the retention (Ri), as well as 
productivity expressed by the permeate fl ux (JP). The 
properties of the ionic species analyzed in this model 
listed in Table 2.
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The infl uence of transmembrane pressure on the ions 
transport through NF membrane

The use of the equation (18) enabled to obtain 
a satisfactory agreement between the model data and the 
experimental results from nanofi ltration of chromium(III) 
salt solutions at acidic pH for ΔP = 10–24 bar both for 
retention of ions (Fig. 5) and permeate fl ux (Fig. 6). 
The average deviations for retention of chromium(III) 
and chloride ions were equals 1.6% and 5.3%, respec-
tively (Fig. 5), while, the average deviations for perme-
ate fl ux was equal 1.2% (Fig. 6). The obtained results 
(Fig. 5) expressed similar relationships: when the process 
pressure was low the retention tends toward zero, while 
the process pressure was high retention becomes almost 
constant. It is caused by the fact that the permeate fl ux 

RESULTS AND DISCUSSION

The infl uence of pore dielectric constant on the ions 
transport through NF membrane

The decrease of chromium(III) and chloride ions 
retention with the increase of pore dielectric constant 
(εp) was observed (Figure 3 and Figure 4). It is due to 
the fact, that when ions concentration inside the pores 
increases, the impact of the ions on water molecules is 
stronger what results in decreasing of dielectric constant. 
In turn, according to Gomes et al.9 this phenomenon can 
be explained by Born solvation energy effect (equation 
9). The difference in dielectric constant between external 
and internal (i.e. inside pores) solutions caused exclusion 
of both co-ions and counter-ions from membrane pores. 
Thus, if the pore dielectric constant increases, the Born 
effect becomes weaker and the salt retention decreases 
(Figs. 3 and 4). In turn, the low value of the Born energy 
contributes to the increase in the permeability of small 
ions, such as Na+ and Cl–, present in tested solution. 
Consequently, the negative retention of chloride ions 
was observed (Fig. 4). On the basis of these results, 
the dependence of pore dielectric constant (εp) on the 
process pressure (ΔP) was determined (equation 18).

εp = 0.57(ΔP) + 45 (18)

Figure 2. Numerical procedure diagram

Table 2. Properties of the ionic species: Mi – molar mass [g 
mol–1], ri – ionic (ion i) radius [m], Di – diffusion coef-
fi cient of ion i [m2 s–1], zi – valence of ion i [–], [30]

Figure 3. Model retention of chromium(III) ions vs. pore dielec-
tric constant (εp) for the feed composition: 2 g Cr3+ 
dm–3, 10 g Cl– dm–3 and 10 g SO4

2– dm–3 and ΔP = 
10–24 bar

Figure 4. Model retention of chloride ions vs. pore dielectric con-
stant (εp) for the feed composition: 2 g Cr3+ dm–3, 10 g 
Cl– dm–3 and 10 g SO4

2– dm–3 and ΔP = 10–24 bar
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increases with increasing of the process pressure (Fig. 6), 
thus the contribution of convective transport becomes 
more important and retention also increases. This trend 
is probably opposed by the concentration polarization. 
Therefore, a constant retention can be achieved with 
high permeate fl ux. Similar results have been obtained 
by Deon et al. for single and mixed salt solutions17, 18.

The infl uence of feed composition on the ions transport 
through NF membrane

The application of the equation (18) for calculation 
of pore dielectric constant enabled also to obtain a sa-
tisfactory agreement between the model data and the 
experimental results of nanofi ltration of chromium(III) 
acidic solutions containing different concentration of 

sulphate and chloride ions in the feed (Fig. 7 and 8). 
The average deviation for retention of chromium(III) and 
chloride ions were equal to 1.6% and 4.3%, respectively 
for different concentration of sulphate ions in the feed 
(Fig. 7a). The average deviations for retention of chro-
mium(III) and chloride ions equal to 1.4% and 5.4%, 
respectively were obtained for different concentration 
of chloride ions in the feed (Fig. 7b). It was observed 
that the increasing of sulphates concentration in the feed 
caused the decreasing of chlorides retention (Fig. 7a). It 
was due to a high sulphates concentration, characterized 
by the negative charge. In these conditions, small chloride 
ions permeate more quickly and more willingly, accor-
ding to the Donnan phenomenon. Moreover, when the 
concentration of Cl- ions increases, retention of Cl- ions 

Figure 5. Retention of chromium(III) and chloride ions vs. 
processes pressure (ΔP) for the feed composition: 
2 g Cr3+ dm–3, 10 g Cl– dm–3 and 10 g SO4

2– dm–3 
(□ – chromium(III) retention experimental, ○ – chlo-
ride retention experimental, ---- model results)

Figure 6. Permeate fl ux (JP) vs. processes pressure (ΔP) for the 
feed composition: 2 g Cr3+ dm–3, 10 g Cl– dm–3 and 
10 g SO4

2– dm–3 (■ – experimental results, ---- model 
results)

Figure 7. Retention of chromium(III) and chloride ions vs. con-
centration of sulfate (a) and chloride (b) ions in the 
feed for ΔP = 14 bar (□ – chromium(III) retention 
experimental, ○ – chloride retention experimental, 
---- model results)
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CONCLUSIONS

In this paper, nanofi ltration of chromium(III) salt 
solutions characterized by low pH were examined. The 
effect of pressure in the range of 10–24 bar and feed 
composition. characteristic for chromium tannery waste-
waters, on the retention of chromium(III) and chloride 
ions during the nanofi ltration process were analyzed. The 
experimental results confi rmed the possibility of chro-
mium(III) and chloride ions proper distribution between 
the permeate and retentate streams in the nanofi ltration 
module. The obtained results were interpreted with 
DSP model which is based on extended Nernst-Planck 
equation and includes Donnan sferic partitioning pore 
and dielectric exclusion. The effect of the pore dielectric 
constant on the ions transport through nanofi ltration 
membrane was analyzed by the proposed model. The 
obtained results allowed for derivation of the equation 
expressing the relationship between the pore dielectric 
constant and process pressure. Consequently, it was 
possible to obtain the satisfactory agreement between 
experimental and model results for different process 
pressure and feed composition.
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