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The present study aims to unveil the characteristics of fully developed laminar, incompressible, pressure 
driven non-Newtonian liquid fl ow in rough circular microchannels. In the present analysis Gaussian iso-
tropic roughness distribution in circular microchannel is considered. The effect of varying surface wall 
roughness and fl ow behavior index has been studied numerically for both the pseudo plastic and dilatant 
fl uids. It is found out that while increasing the relative roughness for a particular fl ow behavior index, 
the frictional resistance to fl ow in the microchannel increases and the effect is more pronounced in the 
case of pseudo plastic fl uids. In the case of a pseudo plastic liquid fl ow for a constant relative surface 
wall roughness, on decreasing the value of fl ow behavior index below 1, the frictional resistance to the 
fl ow in the channel increases. While in the case of dilatant fl uids with increasing the value of fl ow be-
havior index from 1 and above for a constant relative surface wall roughness the frictional resistance to 
the fl ow in the channel decreases.
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INTRODUCTION

According to Obot1, microchannels can be defi ned as 
the channels whose characteristic dimensions are less 
than 1 mm. Microchannels are becoming increasingly 
useful in various research fi elds in today’s nano and 
micro fascinated world. They fi nd applications in heat 
exchangers, reactors, etc. Microchannel heat exchangers 
can remove high heat fl uxes as they have high specifi c 
characteristics such as high surface area per unit volume 
and high heat transfer coeffi cient and thus they are used 
widely in cooling applications2.

In the present paper the fl ow behavior of the non-
-Newtonian incompressible liquid fl uids through rough 
circular microchannels is closely looked at. Urbanek et 
al.3 studied experimentally the fl ow of 1,2-propanol and 
1,3-pentanol in silicon microchannels with hydraulic dia-
meters of 12 and 25 μm and found out that the Poiseuille 
number depends on the temperature and also probably 
on the molecular isomerism of the liquid.  The Poiseuille 
number increases by 25% for 12 μm channel while it 
increases by 10% for 25 μm channel as the tempera-
ture varies between 0oC to 85oC. Mala and Li4 studied 
experimentally the fl ow of deionized water at the low 
Reynolds number through stainless steel and fused silica 
microchannels with the diameters of 50–254 μm and the 
relative roughness of 0.69–3.5%. The experimental results 
were greater than those predicted by the conventional 
theory and the deviation increased with decreasing the 
diameter and increasing the Reynolds number. Celata et 
al.5 studied experimentally the fl ow of R114 in a stainless 
steel microchannel having the diameter of 130 μm and 
the relative surface roughness of 2.65% for a wide range 
of the Reynolds numbers between 100 and 8000. In their 
experimental study, they showed that the transition from 
laminar to turbulent fl ow occurs when the Reynolds 
number is in the range of 1880–2480. Brutin and Tadrist6 
studied experimentally water fl ow in the fused silicon 
microchannels with the diameter ranging between 50 
to 530 μm and the relative roughness less than 0.02%. 

On decreasing the channel diameter the friction factor 
increased and was maximum for the channel of the 50 
μm diameter. Li et al.7 studied deionized water fl ow in 
glass microchannels, silicon microchannels and stainless 
steel microchannels with the diameters ranging between 
79.9–166.3 μm, 100.25–205.3 μm and 128.76–179.8 μm 
respectively with the Reynolds number less than 4000. 
Li et al.7 found that the product of the Darcy friction 
factor and the Reynolds number for glass and silicon 
microchannels was in good agreement with the classical 
theoretical predictions but was 15–37% higher in the case 
of stainless steel microchannels having higher relative 
roughness in the range of 3%–4%. Phares and Smedley8 
used deionized water, tap water, saline solution and glyce-
rol/water mixture to study the fl ow in four stainless steel 
channels with the diameters varying between 164–440 μm 
and the relative surface roughness between 1.8–2.5% and 
two polyimide channels having diameters of 119 and 152 
μm and having relative surface roughness less than 1%. 
Kandlikar et al.9 investigated the effect of roughness on 
pressure drop and heat transfer in rough microchannels. 
The roughness of the inside surface of the channel is 
changed by etching it with an acid solution. They found 
that for larger channels (channel diameter = 1.067 mm 
and Reynolds number between 500–2600) the effect of 
varying the roughness is insignifi cant but becomes more 
pronounced for smaller channels (channel diameter = 
0.62 mm and Reynolds number between 900–3000). Tang 
et al.10 investigated the effect of compressibility, rough-
ness and rarefaction infl uences on the fl ow characteristics 
of nitrogen and helium in stainless steel channels and 
fused silica channels of various diameters. A.J. Ghajar 
et al.11 studied experimentally the friction factor in the 
transition region for water fl ow in mini and micro chan-
nels. T. Engin et al.12 studied the effect of wall roughness 
on the laminar fl ow of Bingham plastic fl uids through 
microchannels. Bahrami et al.13 studied the effect of 
wall roughness on pressure drop in rough circular mi-
crochannels for the fl ow of Newtonian fl uids. The values 
predicted by the new model which they13 developed are 
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in good agreement with the experimental data of many 
other researchers. G.H. Tang14 studied experimentally 
the fl ow of deionized water and polyacrylamide (PAM) 
solution, a non-Newtonian liquid fl uid in microchannels 
over a wide range of Reynolds numbers in fused silica 
microchannels, fused silica square microchannels and 
stainless steel microchannels with the diameters ranging 
between 75–250 μm, equivalent diameters of 75–100 
μm and 120–300 μm respectively. They found out that 
for deionized water no deviation of friction factors was 
observed from the theoretical prediction but for PAM 
solution the friction factors were much higher than the 
conventional theoretical predictions. 

There is a need for a better understanding of the 
effect of wall roughness on non-Newtonian liquid fl ow 
characteristics in circular microchannels. The wall ro-
ughness effects on the fl ow of non-Newtonian fl uids in 
circular microchannels have not been studied extensively. 
The present work is an attempt to fi ll this gap in the 
developing area of fl ow in microchannels.

FRICTIONAL RESISTANCE FOR SMOOTH CIRCU-
LAR MICROCHANNELS

The liquid fl owing in the circular microchannel consi-
dered in the present analysis is taken as the non-New-
tonian power law liquid. According to the Ostwald de 
Waele equation representing the rheological behavior 
governing power law fl uid15,

 (1)

Where, k and n are constants called fl ow consistency 
index and the fl ow behavior index respectively. τ, is the 
shear force. For pseudo plastic fl uids (i.e. shear thinning 
fl uids), n <1 and for dilatant fl uids (shear thickening 
fl uids), n >1. The above equation (1) reduces to the 
constitutive equation of Newtonian fl uid for n = 1 and 
k = μ. For  the fl uids following the power law model the 
velocity variation with the local radius can be expressed 
according to the conventional theory as15, 

 (2)

Here, R is the radius of the channel while, r1 is the 
local radius. The average velocity can then be expressed 
according to the following equation,

 (3)

The mass fl ow rate ( ) of the non-Newtonian fl uid 
in the microchannel can be defi ned as, 

 (4)

The fl uid moves under the infl uence of the pressure 
gradient in the direction of the fl ow in microchannel. The 
Reynolds number associated with the fl ow is generally 
small, the fl ow is usually laminar and the velocity varies 
across the entire cross-sectional area of the channel. 

Also the end effects have been neglected. Assuming the 
electrical network analogy, a frictional resistance can be 
expressed as13:

 
(5)

Here, Rf,0 is the frictional resistance of circular micro-
channel of length L >> R. 

The assumptions in the development of the present 
model on circular microchannel are:

1) Fully developed laminar and non-Newtonian liquid 
fl ow is considered.

2) The walls of the microchannel are rough with the 
roughness assumed to be Gaussian. The roughness is 
assumed to be isotropic in all directions.

3) Rarefaction, compressibility, and slip-on-wall effects 
are negligible.

4) Fluid properties like temperature, viscosity, density 
are assumed to be constant.

Combining the equations (4) and (5) gives,

 (6)

The fanning friction factor f, according to conventional 
theory is defi ned as, 

 

(7)

By using the equations (6) and (7), Rf,0 can be linked 
to fanning friction factor as below,

 (8)

FRICTIONAL RESISTANCE FOR ROUGH CIRCULAR 
MICROCHANNEL

According to Bahrami et al.13 roughness or the une-
venness of the surface can be thought of as the surface 
deviation from the nominal topography. When this 
unevenness is isotropic and randomly distributed over 
the surface, such a distribution of surface roughness is 
known as Gaussian distribution. As the wall roughness 
in the present model is assumed to be random, a precise 
value of the radius, R, cannot be evaluated and used. 
Hence a new local radius, r is needed, which takes into 
account the probabilities of occurring of different local 
radii occurring because of the random nature of the 
wall roughness. As shown in Fig. 1, the wall roughness 
of the microchannel is assumed to posses a Gaussian 
distribution in the angular direction.

The wall roughness at the same time also varies in the 
longitudinal direction along the length of the tube with 
the same Gaussian distribution but a different random 
variable as shown in the Fig. 2.

The random variables, φ and ω, are used to represent 
the deviations of the local radius, r in the angular direc-
tion and longitudinal direction respectively. The standard 
deviation of, φ and ω is the wall roughness, σθ and σx 
respectively with the following Gaussian distribution13,
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By the use of equation (9–10) and substituting, 

and  equation (11) can be modifi ed as, 

 (12)

Substituting the value of local radius r, in the above 
equation and taking the term of radius R common from 
the equation and then substituting,  the following 
equation is obtained, 

 (13)

In the above equation, φ is the relative wall roughness.  
It should be noted here that in the present model of 
rough circular microchannel, the relative roughness is 
defi ned as the wall roughness over the channel radius, 
R and not the conventional relative roughness defi ned 
over the diameter of the microchannel. The normalized 
frictional resistance which is the ratio of the frictional 
resistance of rough microchannel and smooth micro-
channel is defi ned as,

= normalized frictional resistance = 

From the equation (8) it is observed that the fanning 
friction factor varies directly as the frictional resistance 
of the channel, and hence the effect of wall roughness 
on the fanning friction factor f, is the same as that of 
frictional resistance. In other words it can be assumed 
that, 

 (14)

Now the above equation (14) can be used to calculate 
the friction factor for rough channel.

RESULTS AND DISCUSSIONS

The double integral in equation (13) is solved nu-
merically over a range of relative roughness and fl ow 
behavior index to evaluate the value of frictional re-
sistance offered by the rough circular microchannel. 
After evaluating the value of frictional resistance, the 
normalized frictional resistance is evaluated by the use 
of equation (14). It is found out that the surface wall 
roughness also affects the fl ow of the non-Newtonian 
fl uids in the laminar region. This effect is studied for 
the varying fl ow behavior index from 0.095 to 20. The 
relative roughness is varied from 0 to 9% in the case 
of dilatant fl uid and from 0 to 7% in the case of the 

 (9)

 
(10)

The local radius can be taken as a superposition of two 
random variables one varying in the angular direction 
while the other varying in the longitudinal direction. 
Therefore, the local radius can be written as, r = R + 
φ + ω. The local radius, r can vary over a wide range 
of values from much larger to much smaller length as 
compared to the radius, R. As the present study uses 
isotropic roughness it can be assumed that, σθ = σx = σ, 
but in the general case this is not true and both standard 
deviations can be different. By the use of equation (6), 
the frictional resistance for rough microchannel can be 
written as,

 (11)

Figure 2. Longitudinal Gaussian distribution of the rough 
circular microchannel13

Figure 1. Angular Gaussian distribution of the rough circular 
microchannel13
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pseudo plastic fl uid. Table 1, below shows the effect of 
relative roughness and the fl ow behavior index on the 
pseudo plastic fl uids. The index is varied from 0.095 to 
1 and the roughness is varied up to 7%. It is observed 
from the table that on increasing the relative rough-
ness, the normalized frictional resistance increases for a 
particular fl ow behavior index, n. Also, for a particular 
relative roughness it is observed that on decreasing the 
fl ow behavior index, the normalized frictional resistan-
ce increases. The effect of relative roughness is more 
pronounced for the fl ow behavior index less than 0.1 
and increases drastically for the fl uids whose values of 
n is closer to zero. For the relative surface roughness 
values greater than 7% the corresponding column in 
the table can be extrapolated to get the corresponding 
value of the normalized friction factor for a particular 
fl ow behavior index.     

The above effect can also be observed from Fig. 3–4. 
For clear representation of the results fewer values of 
index, n and relative roughness have been taken in 
these Figures.

For dilatant fl uids it is observed from Table 2 below 
that on increasing the relative roughness for a constant 
fl ow behavior index the normalized frictional resistance 
increases but the effect of increasing the fl ow behavior 

index results in the decrease in the normalized frictional 
resistance for a particular roughness value. The effect 
of relative roughness is less pronounced on dilatant 
fl uids than on pseudo plastic fl uids. Further values of 
normalized friction factors for surface roughness greater 
than 9% can be found by extrapolation of the table for 
corresponding value of fl ow behavior index. 

The effect observed above is depicted in Fig. 5–6 below. 
Fewer values of the fl ow behavior index and relative 
roughness have been plotted to simplify the graph.

Thus, as we go on increasing the value of the fl ow 
behavior index for a constant relative surface roughness 
value, the frictional resistance decreases and reaches its 
minimum value when n, approaches infi nity. 

COMPARISON WITH EXPERIMENTAL DATA 

Tang et al.14 in their recent work studied experimentally 
the fl ow of the non-Newtonian fl uid, polyacrylamide 
(PAM) in rough stainless steel circular microchannels 
having diameters 120 μm, 170 μm, 260 μm and 300 μm. 
The length of the channels taken was 100mm and tem-
perature of 15.9oC. The value of k and n for PAM at 
this temperature are 0.00799 and 0.8073 respectively. 
The measured roughness values of the channels are 

Table 1. Relative Roughness, φ v/s Power Law Index, n<1 v/s Normalized frictional resistance, Rf
*

Figure 3. Normalized frictional resistance v/s Relative Roughness for pseudo plastic fl uids
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4.6%, 5.4%, 8.2% and 11.8% for the four stainless 
steel channels of diameter equal to 300, 260, 170 and 
120 μm respectively. The Reynolds number range in 
the experiments performed by Tang et al.14 for various 
channel diameters is shown in Table 3. The experimental 
results reported by them14, showed large deviation from 
the theoretically predicted values of mass fl ow rates 
obtained from equation (4), which does not take into 
account the effect of surface roughness on the fl ow in 

Table 2. Relative roughness, φ v/s power law index, n>1 v/s normalized frictional resistance, Rf
*

Figure 4. Normalized frictional resistance v/s fl ow behavior index for pseudo plastic fl uids

Figure 5. Normalized frictional resistance v/s Relative Roughness for dilatant fl uids

Table 3. Reynolds number range in the experiments performed 
by14 for various channel diameters
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the microchannels. They predicted that the obviously 
reduced mass fl ow rate or the increased friction factors 
for PAM was probably caused by the so called elec-
troviscous effect on liquid fl ow in microchannels. This 
effect is more pronounce in shear thinning liquid fl ow. 
They did also, however hint the effect of roughness in 

decreasing the mass fl ow rate. Thus both  effects (i.e. 
the electroviscous effect combined with the effect of 
surface roughness), are responsible for decreasing the 
mass fl ow rate of PAM in the channel. In Fig. 7–10 and 
Table 4 below, we have indicated the effect of roughness 
on the fl ow of PAM in the microchannels. The values of 

Figure 6. Normalized frictional resistance v/s fl ow behavior index for dilatant fl uids

Figure 7. Comparison of the present model to theoretical 
prediction and the experimental values given by Tang 
et al.14 for PAM fl owing in microchannel having φ = 
4.6% and D = 300 μm

Figure 8. Comparison of the present model to theoretical 
prediction and the experimental values given by Tang 
et al.14 for PAM fl owing in microchannel having φ = 
5.4% and D = 260 μm

Figure 9. Comparison of the present model to theoretical 
prediction and the experimental values given by Tang 
et al.14 for PAM fl owing in microchannel having φ = 
8.2% and D = 170 μm

Figure 10. Comparison of the present model to theoretical predic-
tion and the experimental values given by Tang et al.14 
for PAM fl owing in microchannel having φ = 11.8% 
and D = 120 μm
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the mass fl ow rate derived by the present model show 
a signifi cant difference of around 4.7%, 6.49%, 15.02% 
and 31.5% for channels having diameters 300, 260, 170 
and 120 μm respectively from the theoretical predictions 
by equation (4) which does not take into account the 
effect of surface roughness. The difference in the values 
presented by our present model incorporating roughness 
and the theoretical predictions as given by equation (4), 
assuming smooth microchannel can be attributed to the 
effect of surface roughness on the fl ow of fl uid in channel 
while the difference between the values presented by our 
model and the experimental values of Tang et al.14 can 
now be linked to the so called electroviscous effect on 
the fl ow of non-Newtonian fl uids in microchannels. It 
can be seen that as the channel diameter decreases the 
effect of channel roughness becomes more pronounced 
as seen from Table 4 and Fig. 10. It can also be obse-
rved from Fig.10, that the effect of surface roughness 
is as equally crucial as the electroviscous effect in the 
fl ow of non-Newtonian liquid in circular microchannel.

CONCLUSION 

In the present model for the fl ow of the non-Newto-
nian liquid in a rough circular microchannel, a randomly 
distributed isotropic Gaussian roughness is taken. The 

fl ow behavior index is varied from 0.095 to 20 and the 
relative surface roughness has been varied up to 7% 
for the pseudo plastic fl uids and up to 9% for dilatant 
fl uids. For further increase in the relative roughness, an 
extrapolation of the table values for a particular fl ow 
behavior index can be done. We observe that as the 
relative roughness increases the normalized frictional 
resistance increases for a particular fl ow behavior index 
from 0.095 to 20. For the pseudo plastic fl uids on incre-
asing the fl ow behavior index from 0.095 to 1, it is seen 
that the normalized frictional resistance decreases for a 
particular relative roughness value. For dilatant fl uids on 
increasing the fl ow behavior index for a certain relative 
roughness value the normalized frictional resistance de-
creases and reaches its minimum value as n, approaches 
infi nity. By comparison of the present model with the 
theoretical prediction and experimental results of Tang 
et al.14, it is observed that surface roughness also plays 
an important role as does the electroviscous forces as 
observed from Fig. 10. Thus, it can be safely said that 
the surface roughness plays a crucial role in the fl ow of 
non-Newtonian liquid fl uids in circular microchannel. 
However, there still more scope for experimentation 
on fl ow of non-Newtonian liquid in a rough circular 
microchannel to arrive at a fi nal conclusion.

Table 4. Comparison of the present model to theoretical prediction and the experimental values given by Tang et al.14 for fl ow of 
PAM in microchannels with varying surface roughness and diameters
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NOMENCLATURE

D  – channel diameter, m 
f  – Fanning friction factor
k  – fl ow consistency index
L  – length of the channel, m

 – mass fl ow rate, kg/s
n  – fl ow behavior index
R  – channel radius, m
Re – Reynolds number
Rf – frictional resistance, m-1s-1

Rf
* – normalized frictional resistance

v  – velocity, m/s

  – average velocity, m/s

Greek 
φ  – relative roughness
σ  – roughness standard deviation, m
ΔP – pressure gradient, Pa
φ,ω – random variables, m
 – fl uid density, kg/m3

μ  – viscosity, kg/m.s
τ   – shear force, kg/m.s2

θ  – angle, radians
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