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1. Introduction
The development of converter systems allows us to use multiphase induction motors instead of conventional three-
phase induction motors. Major advantages of multiphase induction motors are as follows: reduced torque ripples, 
greater efficiency, lowering of the stator current per phase and improved fault tolerance (Amimeur et al., 2010; Levi 
et al., 2007; Listwan, 2017; Listwan and Pienkowski, 2016a, 2016b).

In this paper, the direct field-oriented control (DFOC) system with the application of the second-order super-
twisting sliding mode (STSM) controllers has been considered. The original contribution of this paper is the application 
of the STSM controllers in the DFOC system with six-phase induction motor and experimental investigation of this 
novel control system.

This paper is divided into seven sections. In Section 1, the introduction is presented. In Section 2, the 
mathematical model of the six-phase induction motor is described. The space vector modulation (SVM) method has 
been discussed in Section 3. In Section 4, the description of the STSM algorithm is presented. Section 5 deals with 
the description of the DFOC method with the application of STSM controllers. Experimental studies are presented 
and discussed in Section 6. The paper is concluded with a short summary.

2. Mathematical model of six-phase induction motor
Mathematical model of six-phase squirrel-cage induction motor has been formulated on the basis of commonly 
used simplifying assumptions presented in detail in Amimeur et al. (2010), Levi et al. (2007), Listwan (2017) and 
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Listwan and Pienkowski (2016a, 2016b). Mathematical model of six-phase induction motor in phase coordinate 
system is described by the set of differential equations with the coefficients changing as a function of angle rotation 
of the rotor. To simplify the mathematical model of the analysed six-phase induction motor, the equations expressed 
through phase variables can be transformed to equations with constant coefficients by the use of the appropriate 
transformation of variables.

The transformation of stator variables can be made by using the transformation matrices denoted as [C ] and 
[Ds], and the transformation of rotor variables can be made by using the transformation matrices denoted as [C ] and 
[Dr] (Levi et al., 2007).

After applying the transformation matrices denoted as [C ] to the stator and rotor equations, the original six-phase 
system can be decomposed into decoupled systems (Levi et al., 2007; Listwan, 2017; Listwan and Pienkowski, 
2016a, 2016b): the stationary α–β coordinate system, the additional coordinate system z1–z2 and the system of zero 
components (there are two zero components for the considered induction motor).

The transformation matrix [C ] for the stator and rotor of the six-phase induction motor is defined as follows  
(Levi et al., 2007):
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where α = 2π/6 is the electrical angle between the axes of the machine phase windings.
The components determined in the coordinate system α–β can be transformed by using the [D] transformation 

matrix presented as follows to the general common x–y coordinate system, which rotates at arbitrary angular speed 
ωk. The elements of the [Ds] and [Dr] transformation matrices are defined as follows (Levi et al., 2007):
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where ωk is the arbitrary angular speed of the coordinate system relative to the stator; dt.k k
0

t

∫ϑ ω=

The transformations of the phase electromagnetic variables of the stator of the six-phase induction motor into 
the x–y coordinate system and into various coordinate systems can be represented by the exemplary dependencies 
as presented in the following equation. These dependencies were formulated for motor voltages, but the same 
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relationships can be applied to other electromagnetic variables of the stator and rotor of the six-phase induction 
motor.
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The equations of six-phase induction motor after using the transformation matrices presented earlier have the 
following form (Levi et al., 2007; Listwan, 2017; Listwan and Pienkowski, 2016a, 2016b):

– � The voltage equations of the stator and rotor in the basic x–y coordinate system which rotates relative to the 
stator at arbitrary angular speed ωk:
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– � The stator voltage equations in the additional coordinate system z1–z2:

	

ψ

ψ

= +

= +

u R i d
d

u R i d
dt

sz s sz sz

sz s sz sz

1 1 1

2 2 2

	 (6)

–  The equation of the electromagnetic torque:

	 ψ ψ( )= −T p i i6
2e b sx sy sy sx 	 (7)

–  The mechanical motion equation:

	 ω− = ⋅T T J d
dte m m m 	 (8)

where us1–us6 are the stator voltages in the phase coordinate system; usx, usy, usz1, usz2, us01 and us02 are the  
components of the stator voltage vectors in the x–y coordinate system, z1–z2 coordinate system and the system of 
zero components; isx, isy, isz1, isz2, irx and iry are the components of the stator and rotor current vectors in the x–y and 
z1–z2 coordinate systems; ψsx, ψsy, ψsz1, ψsz2, ψrx and ψry are the components of the stator and rotor flux linkage vectors 
in the x–y and z1–z2 coordinate systems; pb is the number of motor pole pairs; ωk is the arbitrary angular speed of 
the coordinate system relative to the stator; ωm is the mechanical angular speed of the motor; ωe = ωm • pb is the 
electrical angular speed of the motor; Te is the motor electromagnetic torque; Rs and Rr are the stator and rotor phase 
resistance, respectively; Tm is the load torque; Jm is the inertia of the drive system.
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3. SVM method
In the analyzed DFOC method, it is assumed that six-phase induction motor is controlled by two-level six-phase 
voltage source inverter (VSI).

Voltage space vectors generated by the six-phase VSI in the stationary (ωk = 0) rectangular coordinate system 
α – β and in the z1 – z2 additional coordinate system can be determined in the general form (Listwan and Pienkowski, 
2016):
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where a = exp( j2π/6); S1,...,S6 are the switching functions of the switches of the six-phase VSI (Si = 0 or Si = 1, i = 1,..., 6) 
and ud is the voltage of the DC link of the VSI.

Voltage space vectors generated by the six-phase VSI in the coordinate system α–β are shown in Fig. 1(a), and 
voltage space vectors generated in the coordinate system z1–z2 are shown in Fig. 1(b).

Fig. 1. Voltage space vectors generated by six-phase VSI in the coordinate systems: (a) α–β and (b) z1–z2.

Voltage space vectors generated by the six-phase VSI can be considered in the stationary rectangular 
coordinate system α–β and in the z1–z2 additional coordinate system. For six-phase VSI, as shown in Fig. 1, 
there are totally 64 vectors: 60 active vectors and four zero vectors in α–β and z1–z2 coordinate systems. In 
this paper, the modulation method with the use of two long active vectors from the same sector and two zero 
vectors has been applied (Listwan and Pienkowski, 2016). The voltage vectors used in the SVM have been 
marked in blue colour.

Switching times of voltage vectors are calculated according to the following equations for the sector I (Listwan 
and Pienkowski, 2016):

	
⋅ = ⋅ + ⋅ + ⋅

= − −

u T u t u t u t

t T t t
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s

49 1 56 2 0 0

0 1 2
	 (11)

where usref is the reference voltage vector; u49 and u56 are the long active vectors; t1 and t2 are the switching times of 
long voltage vectors; t0 is the switching time of zero voltage vector; Ts is the switching period.
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4. Description of the STSM algorithm
The STSM control method maintains the advantages of the conventional sliding mode control methods (Utkin et al., 
1999) and allows for the elimination of the undesirable phenomena of chattering (Beltran et al., 2012; Benelghali 
et al., 2009; Gonzales et al., 2012; Lascu and Blaabjerg, 2014). The output signal from controller of this type is 
comparable with the control signal obtained from linear proportional–integral (PI) controllers (Beltran et al., 2012; 
Benelghali et al., 2009; Gonzales et al., 2012; Lascu and Blaabjerg, 2014).

	 The control law of the STSM controller can be defined as follows (Beltran et al., 2012; Benelghali et al., 
2009; Gonzales et al., 2012; Lascu and Blaabjerg, 2014):
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r

i
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where s is the switching function determined for the STSM controller; Kp and Ki are the coefficients of the proportional 
and integral parts of the STSM controller, respectively; r is the exponent defined for the STSM controller.

The graphical representation of the control law of the STSM controller is shown in Fig. 2.

Fig. 2. Graphical representation of the control law of the STSM controller

The values of coefficients of the proportional and integral parts of all analyzed super-twisting controllers and value 
of the exponent r have been determined according to the procedure presented in detail in Lascu and Blaabjerg 
(2014). The value of the exponent r has an impact on the dynamics of the control structure with STSM controllers. 
This exponent can have a value between zero and one. In the analyzed control structure, its value was assumed as 
0.5. The applied tuning procedure allows for ensuring the stability of the control system (Lascu and Blaabjerg, 2014).

The procedure for determining the coefficients Kp and Ki of the super-twisting controllers is based on the analysis 
of equations for the nonlinear control system and the equations of the output signals. These equations in the matrix 
form are presented as follows (Lascu and Blaabjerg, 2014; Utkin et al., 1999):

	 = + ⋅ =
dx
dt

a x t b x t u y c x t( , ) ( , ) , ( , ) 	 (13)

where x is the state vector of the system; a(x,t), b(x,t) and c(x,t) are the vector functions; u is the vector of input control 
signals; y is the vector of output control signals.

The second time derivative of equations for the output signals has the matrix form presented as follows:

	 = + ⋅
d y
dt

A x t B x t d
dt
u( , ) ( , )

2

2 	 (14)

The bounds of A(x,t) and B(x,t) of the second derivative of y can be labelled as Am, AM, Bm and BM, where AM and 
BM are upper bounds and Am and Bm are lower bounds. The coefficients Kp and Ki are determined for all STSM 
controllers according to the equations presented as follows (Lascu and Blaabjerg, 2014):
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In this paper, the procedure for determining the coefficients Kp and Ki for the super-twisting controller of the motor 
speed has been presented. The same principle has been used to determine the values of the coefficients Kp and Ki 
for the super-twisting controllers of the magnitude of the rotor flux vector and controllers of the isx and isy components 
of the stator current vector used in the DFOC system with six-phase induction motor.

5. STSM DFOC method
The DFOC method of six-phase induction motor with the application of STSM controllers is shown in Fig. 3. In this 
control system, the motor speed, the magnitude of the rotor flux vector and the components isx and isy of the stator 
current vector are controlled by the STSM controllers.

Fig. 3. DFOC system of six-phase induction motor with the application of STSM controllers

In the outer control loop of the motor speed, the reference value of the motor speed is compared with the measured 
motor speed. The switching function for motor speed controller can be specified as follows (Lascu and Blaabjerg, 
2014; Listwan, 2017; Utkin et al., 1999):

	 ω ω= −ωs m m m
* 	 (16)

The controller of the motor angular speed determines the reference isy* component of stator current vector, which is 
responsible for the control of motor electromagnetic torque. The output signal from this controller is determined by 
the following system of equations (Lascu and Blaabjerg, 2014):
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where Kpω and Kiω are the coefficients of the proportional and integral part of the STSM speed controller, respectively. 
The procedure for determining the values of the coefficients Kpω and Kiω is given in the following sections.
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The second derivative of the switching function for the controller of the motor angular speed can be defined as 
follows:

	 ω ω= −ω
d
dt
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dtm m m
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2
	 (18)

Equation (18) after the substitution of the converted mechanical motion equation (8) and the equation of the motor 
electromagnetic torque (7) and other algebraic manipulations takes the following form:
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The second derivative of the motor speed can be presented in the following form:
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which gives the coefficients A and B:
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The coefficients A and B are used for the determination of the coefficients Kpω and Kiω according to equation (15).
In the outer control loop of the rotor flux vector, the reference value of the magnitude of the rotor flux vector is 

compared with the estimated value. The switching function for rotor flux vector controller can be specified as follows 
(Lascu and Blaabjerg, 2014; Listwan, 2017; Utkin et al., 1999):

	 ψ ψ= −ψs r r r
* 	 (22)

This controller determines the reference component isx* of stator current vector, which is responsible for the control 
of the magnitude of the rotor flux vector. The output signal from the controller of the magnitude of the rotor flux 
vector is determined by the following system of equations (Lascu and Blaabjerg, 2014):
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where Kpψ and Kiψ are the coefficients of the proportional and integral parts of the STSM rotor flux controller, 
respectively.

In the analyzed DFOC system with super-twisting controllers, the two inner control loops have also been applied: 
the control loop for the component isx of the stator current vector and the control loop for the component isy of the 
stator current vector.

In the inner control loop of the isx component of the stator current vector, the reference value of this component is 
compared with the measured transformed value. The switching function for the controller of isx component of stator 
current vector can be specified as follows (Lascu and Blaabjerg, 2014; Listwan, 2017; Utkin et al., 1999):

	 = −s i iisx sx sx
* 	 (24)
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The controller of isx component of the stator current vector determines the reference component usx of stator voltage 
vector. The output signal from this controller is determined by the following system of equations (Lascu and 
Blaabjerg, 2014):
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where Kpisx and Kiisx are the coefficients of the proportional and integral parts of the STSM controller of component 
isx of stator current vector, respectively.

In the inner control loop of the isy component of the stator current vector, the reference value of this component 
is compared with the measured transformed value. The switching function for the controller of isy controller of stator 
current vector can be specified as follows (Lascu and Blaabjerg, 2014; Listwan, 2017; Utkin et al., 1999):

	 = −s i iisy sy sy
* 	 (26)

The controller of isy component of the stator current vector determines the reference component usy of stator 
voltage vector. The output signal from this controller is determined by the following system of equations (Lascu and 
Blaabjerg, 2014):
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where Kpisy and Kiisy are the coefficients of the proportional and integral parts of the STSM controller of component 
isy of stator current vector, respectively.

The reference values usx* and usy* are transformed to the α–β coordinate system and given to the SVM, which 
sets the switching states of the six-phase VSI.

The instantaneous magnitude of the rotor flux vector and the instantaneous angle of the rotor flux vector are 
determined by the flux estimator. The vector of the rotor flux has been estimated by the current model of the 
induction motor based on the measured stator currents and measured motor speed (Orlowska-Kowalska, 2003).

6. Experimental studies of STSM DFOC method
The experimental studies of the considered control method have been carried out using the specially designed and 
built laboratory set-up. The block diagram of the experimental set-up is shown in Fig. 4, and the image of the drive 
system with six-phase induction motor with the indication of the most important elements is shown in Fig. 5.

The experimental system consists of the six-phase squirrel-cage induction motor, slip-ring induction motor 
used as the load machine, the system of six-phase VSI consisting of the two three-phase VSIs, the measuring 
system of six stator currents with the LEM-type sensors, the incremental encoder, the PC computer with the 
ControlDesk Software and with the dSpace 1104 Processor card and control boards that change the signals 
from the processor to the signals transmitted through the optical fibres. The values of the load torque have 
been regulated by the braking resistance including in the rotor windings and the value of the DC current in 
the stator windings of the slip-ring induction motor. The load torque has been activated after switch on the DC 
current.

Experimental studies were carried out for the six-phase squirrel-cage induction motor with the following data and 
parameters: PN = 1.5 kW, UfN = 230 V, fN = 50 Hz, pb = 2, Rs = 7.8Ω, Rr = 11Ω, Lls = Llr = 0.06 Henr (H), Lm = 0.75 Henr (H).
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The experimental waveforms of the reference and measured speed of the six-phase induction motor are shown 
in Fig. 6 in order to compare the performance of the DFOC system with application of the STSM controllers with the 
performance of the DFOC system with application of the PI controllers. The start-up and the reverse operation of the 
motor have been presented. The load torque has been forced after reaching the set value of speed. It can be stated 
that during the start-up for the DFOC system with STSM controllers, the measured speed follows the reference 
speed faster than for the structure with PI controllers. After switching off the load torque in the DFOC system with 
STSM controllers, the amplitudes of the oscillations of the speed are smaller and occur in a shorter time period in 
comparison with the oscillations obtained for the DFOC with PI controllers.

The experimental waveform of the electromagnetic torque of six-phase induction motor for DFOC system with 
the application of STSM controllers is shown in Fig. 7. During the start-up, the electromagnetic torque has the 
biggest value. After determining the set speed, the value of the electromagnetic torque is equal to the value of idling 
state. At the load condition, the electromagnetic torque becomes identical as the load torque.

The experimental waveforms of the isy* reference component of the stator current vector, measured isy component 
of the stator current vector and the difference ∆isy between these current components are shown in Fig. 8. These 
waveforms demonstrate that the analyzed second-order sliding mode controller allows to obtain control signals with 
the waveforms similar to the output signals from linear PI controller. It can be stated that the isy component of the 
stator current vector is controlled properly at the given reference value.

The experimental waveforms of all stator phase currents of six-phase induction motor for the considered control 
system are shown in Fig. 9. The amplitudes of the stator phase currents depend on the state of the drive system 
and the value of the load torque.

Fig. 4. Block diagram of the experimental set-up

Fig. 5. Image of the laboratory set-up with six-phase induction motor
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a)

b)

Fig. 6. Experimental results: (a) the waveforms of speeds of six-phase induction motor for DFOC system with the application of STSM controllers; 
(b) the waveforms of speeds of six-phase induction motor for DFOC system with the application of PI controllers

Fig. 7. Experimental waveform of the electromagnetic torque of six-phase induction motor for DFOC system with STSM controllers

Fig. 8. Experimental waveforms of the reference and measured isy component of stator current vector and the waveform of the current error ∆isy of 
the six-phase induction motor

Fig. 9. Stator phase currents of the six-phase induction motor for DFOC system with STSM controllers
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The trajectory of the estimated magnitude of the rotor flux vector is shown in Fig. 10(a). It can be stated that the 
rotor flux vector is controlled properly at the nominal value. The waveforms of the stator current components in the 
z1–z2 coordinate system are shown in Fig. 10(b) and (c). The amplitudes of the current vector components in the 
z1–z2 coordinate system have small amplitudes and do not contribute to the performance of the six-phase induction 
motor.

a)

Fig. 10. Experimental results of the DFOC system of six-phase induction motor with the application of STSM controllers: (a) the trajectory of the 
estimated magnitude of the rotor flux vector; (b) the z1 component of the stator current vector and (c) the z2 component of the stator current vector

7. Conclusions
The DFOC system with the application of STSM controllers has been presented and described in this paper. The 
design procedure of the super-twisting controllers and the procedure for determining the values of the coefficients 
Kp and Ki for the speed controller have been presented. The performance of the drive system with the super-twisting 
controllers has been demonstrated through experimental studies.

The performance of the motor speed, motor electromagnetic torque, stator currents, rotor flux vector and 
components of stator current vector of the six-phase induction motor have been investigated. It has been stated 
that the measured motor speed follows the reference speed with great accuracy. It has been observed that there 
was a rapid torque response during transient states of the drive system. The amplitudes of the stator phase currents 
depend on the working condition of the drive system. The rotor flux vector is controlled properly at the nominal 
value. The waveform of the y component of the stator current vector demonstrates that the super-twisting sliding 
mode control algorithm allows to obtain the control signals comparable with the control signals received from 
conventional linear PI controllers.

The conducted experimental studies demonstrated the good performance of the DFOC system with STSM 
controllers. The presented speed trajectories for DFOC with the application of STSM controllers confirm obtaining 
better control accuracy in comparison with obtained results for DFOC system with the application of PI controllers.
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