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Voronoi diagrams — inventor, method, applications

Abstract. The article presents the person and works of Georgy Voronoi (1868-1908), the inventor of an
original method of diagrams, a student of the famous mathematician Andrey Markov. Georgy Voronoi graduated
from the Department of Physics and Mathematics at the University of St. Petersburg, and subsequently worked
as a professor of mathematics at the Imperial University of Warsaw. One of his students was the future out-
standing Polish mathematician Wactaw Sierpinski. In his brief lifetime G. Voronoi published several important
scientific articles on number theory. In an almost 100 page paper in French published in 1908 he described
a method of diagrams, or polygons, which became known as the method of Voronoi diagrams.

In the digital age this method and its modifications found new applications. The entry “Voronoi” is getting
more popular on the Internet, and the method of Voronoi diagrams and its modifications are widely described
in handbooks and scientific articles. The article presents application of the method in the most popular com-
puter programs from the Geographic Information System (GIS) group and presents examples of its usage
in research on geographic space in various scientific disciplines.
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1. Introduction standing scientist, popularity of his method in
GIS applications and its various uses in scien-
Voronoi diagrams are a method of spatial tific research.
data interpolation into polygons around each
point in such a way, that each location from the
area surrounding a given point is closer to it
than to any other point. This method, which
was invented over 100 years ago by a Univer-

sity of Warsaw professor, and which has been

2. Georgy Voronoi

2.1. Childhood and youth in Ukraine

Georgy Voronoi was born on 16 April 1868 in

used in many disciplines of science all over the
world, finds new applications in the digital age.
The article presents the person of Georgy Vo-
ronoi (1868—1908), collects GIS software which
uses his method and provides examples of
applying Voronoi diagrams in various discipli-
nes of science. The 150th birth anniversary is
a good occasion to learn more about the out-

the town of Zhuravka, in the former Poltava
Governorate. He came from a Ukrainian family,
but used the Russian form Voronoi of his family
name rather than the Ukrainian Voronyi (H. Syta
2010, A. Schinzel 2016). His father, Theodozij
Voronoi (1837-1910) was a Russian philolo-
gist, secondary school teacher, initiator and
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founder of several school, including a school
for working adults (H. Syta 2001).

Georgy graduated from a 5-year elementary
school in Berdiansk, and a gymnasium in Priluki.

Fig. 1. Georgy Voronoi (1868—1908)

His math teacher, lvan Bogoslovski, who en-
couraged him to publish, was a major influence
on Voronoi’s interest in science. At the age
of 17, while still in gymnasium, Voronoi pub-
lished a scientific article on decomposition of poly-
nomials in ,Zhurnal Elementarnoj Matematiki”,
one of the mathematic magazines published at
University of Kiev (H. Syta 2010, A. Schinzel
2016).

2.2. Studies in St. Petersburg

In 1885, just after graduating from gymnasium,
G. Voronoi took up studies at the Department
of Physics and Mathematics at the University
of St. Petersburg. His main area of interest was
number theory; still a student he wrote a paper
on Bernoulli numbers which he presented in
1889 as his candidate’s thesis. His scientific
tutor was the famous mathematician Andrei
Markov (A. Schinzel 2016), the inventor of the
method of research of dependent events known
now as Markov chain. This research marked the
beginning of development of modern theory of
probability — the theory of Markov stochastic pro-
cesses. After receiving the title of a candidate
and having completed his studies, G. Voronoi
became a math teacher at the progymnasium

in Peterhof (A. Schinzel 2016); in parallel he
was preparing his Master’s thesis (Russian
equivalent of a doctoral thesis) on integers,
which he completed in 1894 (MacTutor History
of Mathematics).

2.3. Work at the University of Warsaw

In 1894, after receiving his Master’s degree,
at the age of 26 Voronoi was sent to work at the
Imperial University of Warsaw. At first employed
as a docent and then as an associate profes-
sor (R. Duda 2016), he lectured in analytic
geometry, differential calculus and integral cal-
culus, as well as prepared handbooks for these
subjects (A. Schinzel 2016). In parallel he con-
ducted intensive scientific research and worked
on his doctoral thesis which he defended in
St. Petersburg in 1897. In 1898 he was elected
a member of the Moscow Mathematical Society
and in 1898 and 1901 he participated in con-
gresses of Russian biologists and physicians.
In 1904 he presented two papers at the inter-
national congress of mathematics in Heidel-
berg. In recognition of his scientific activity he
became a corresponding member of the St. Pe-
tersburg Academy of Sciences.

G. Voronoi had large contribution into the
development of the Polish school of mathema-
tics. One of his students at the University of
Warsaw was a famous Polish mathematician
Wactaw Sierpinski. Voronoi commissioned him
to solve a problem in the area of number theory.
Sierpinski received a medal for excellent solu-
tion of the problem, and later developed the
same topic in his candidate’s thesis (J. Hurwic
2016). First works of W. Sierpinski, including
his doctoral and postdoctoral theses, were
also written under strong influence of Voronoi
(A. Schinzel 2016).

It should be noted that the Imperial University
of Warsaw at that time was for the Russian
Empire a provincial school, with no particular
research objectives. Using the Polish language
was forbidden and the school showed clear
tendency towards Russification (R. Duda 2016).
Within the University there was i.a. the Depart-
ment of Physics and Mathematics with 11 chairs,
among them the Chair of Mathematics led by
Voronoi (H. Syta 2010). Voronoi refrained from
politics, just like other scientists from his de-
partment. According to J. Schiller-Walicka (2016)
some of the Russian professors, especially
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from the medical and mathematical-physical
departments attempted to perform their duties
accordingly, and many professors preferred
not to take any political stance. Additionally,
professors employed by the University sought
additional teaching jobs. Voronoi, for example,
in 1898 took the chair of mathematics at the
Polytechnic Institute of Emperor Nicholas Il
(the activity of which is continued by the War-
saw University of Technology) (J. Migso 1989,
A. Ulmer 2016).

After the revolution of 1905 in the Kingdom
of Poland, the Russian authority planned to
move the University of Warsaw into one of
Russian cities. G. Voronoi negotiated for Voro-
nezh (J. Schiller 2005), but finally for the years
1906-1907 the university was moved to Novo-
cherkassk. During a one year stay in Novo-
cherkassk Voronoi acted as the dean of the
Mechanical Department. Unfortunately, unfa-
vorable living conditions in the city resulted in
serious deterioration of his health (J. Schiller-
-Walicka 2016).

In the fall of 1908 classes at the University of
Warsaw were resumed and Voronoi returned
to Warsaw. Soon after that he died at the age
of 40 and was buried in his a family village of
Zhuravka in Ukraine (H. Syta 2010). Wactaw
Sierpinski bid farewell to his professor with
a lecture at the University of Lvov. He stated
that “all the works of Voronoi are distinguished
with utmost accuracy from the scientific point
of view, and with exceptional clarity and simpli-
city of discourse from the didactic one. He was
a person never short of topics for scientific
research. It is a well known fact that in mathema-
tics it is perhaps most difficult to find for one-
self a topic both appropriate and productive...
All his works are truly original and prove his
outstanding talent...” (W. Sierpinski 1908).

3. Voronoi diagrams
3.1. Scientific papers

During his brief lifetime G. Voronoi managed
to start several new directions in modern num-

ber theory. He wrote 12 scientific papers, 8 of
which are scientifically relevant also today’.

" http://mir-prekrasen.net/referat/4254-georgiy-feodose-
vich.html

Voronoi published his discoveries on polygons
and number theory in 1907 in the paper titled
Properties of positive, perfect quadratic forms®.

The first idea of applying spatial division in
a way resembling Voronoi diagrams known in
literature was the method describing distribu-
tion of matter in the universe mentioned by
Descartes in 1644 (R. Descartes 1644). Later
that method was presented by G.L. Dirichlet
(1850) and after him it was named Dirichlet
tessellation (A. Okabe et al. 2009).

G. Voronoi proposed a development of that
method in an almost one hundred page paper
Nouvelles applications des paramétres conti-
nus a la théorie de formes quadratiques publi-
shed in ,Journal fiir die Reine und Angewandte
Mathematik” (G. Voronoi 1908), the oldest ma-
thematical journal still published. He signed it
Georges Voronoi a Varsovie; he quoted i.a. works
of Dirichlet, whose method he developed. A hun-
dred years since its publication in print the
article was published online in www.degruyter.
com?® repository.

3.2. Thiessen or Voronoi polygons?

In the article Precipitation averages for large
areas published in 1911, the American mete-
orologist Alfred H. Thiessen (1872—-1931) pro-
posed a method of delimitation of polygons of
precipitation areas (A. Thiessen 1911, A.H. Schu-
mann 1998) which made it possible to delimit
polygons identical to those obtained with the
method of Voronoi diagrams. The method of
Thiessen polygons found its use in meteorology
to elaborate the precipitation area on the basis
of measured values as the so-called method
of polygons of equal precipitation (P.Z. Sen
2009).

The method of designing Thiessen/Voronoi
diagrams described in encyclopedias, hand-
books and tutorials is referred to as Voronoi
diagrams or polygons (fig. 2), and sometimes
as Thiessen polygons. According to a discus-
sion on a popular forum devoted to GIS, both
scientists worked on the same idea and method
independently, therefore it should bear a double

2 https://slovar.wikireading.ru/2408143, https://dic.acade-
mic.ru/dic.nsf/ruwiki/140128

3 https://www.degruyter.com/view/j/crll.1909.issue-136/
crll.1909.136.67/crll.1909.136.67.xml
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Fig. 2. Graphic representation of Voronoi polygons
(own elaboration)

name*. The most popular GIS package distri-
buted as Open Source QGIS uses the name
Voronoi polygon.

It is worth mentioning that the problem of
building reference fields around points was
analyzed by Lech Ratajski, who introduced the
concept of variable-dense network to cartogra-
phic literature (J. Szewczuk 1977).

3.3. Popularity of the entry Voronoi on the
Internet

The method of Voronoi diagrams is becoming
more popular and its significance can be seen
in the query conducted online (10 April 2018).
After entering “voronoi” or “voronoi diagram” into
Google search engine we received respectively
over 2 million and 1 million hits, on youtube.
com channel we got access to over 6 thousand
films; some of which have over 100 thousand
views. On the scientific site Researchgate we
get a set of about 100 articles with the word
Voronoi in the title placed on the site since the
beginning of 2017 (last 18 months). Another
proof of the popularity of the method is Wikipe-
dia, where Voronoi diagrams are described in
no less than 25 languages®.

4 https://gis.meta.stackexchange.com/questions/3677/
voronoi-vs-thiessen-vs-delaunay-triangulation-one-or-more-
tags).

5 https://pl.wikipedia.org/wiki/Diagram_Woronoja

3.4. Popularity of the method in scientific
handbooks

The entry Voronoi did not appear in encyclo-
pedias published in the 1980s and 1990s, such
as the Polish edition of Brittanica, Larousse’s
encyclopedia or the ,Wielka Encyklopedia PWN”
(Great Encyclopedia of Polish Scientific Publi-
shers). It was only the development of computer
calculation methods, computer graphic design,
molecular biology and, most importantly, soft-
ware of Geographic Information Systems (GIS)
that amplified the significance of calculation of
Voronoi diagrams in many disciplines: compu-
tational geometry, engineering, mathematics,
geography, geoinformatics.

One of the first book publications fully de-
voted to the Voronoi method dates from 2000
(A. Okabe et al. 2009). In the following years
there appeared several important publications
on Voronoi diagrams, i.a. Voronoi diagram:
A geometry-based approach to computational
intelligence published by Springer in 2008,
which aimed to “perform a profound review
and analysis of basic methods and techniques
elaborated according to Voronoi's concepts”
(M. Gavrilova 2008) and Voronoi diagrams
and Delaunay triangulations published by
World Scientific Publishing in 2013 (F. Auren-
hammer et al. 2013). Explanations of Voronoi
diagrams were also prepared for student hand-
books and various training materials (M. Ser-
wecinska 2014).

In Geographic Information Systems and
science (P.A. Longley et al. 2005) handbook
the authors use the name Thiessen polygons,
mentioning that the method is also known as
Voronoi and Dirichlet polygons. A special note
devoted to the scientist Atsu Okabe reads that
he is a specialist in “designating Thiessen po-
lygons using Voronoi diagrams”.

Polish authors of handbooks in geoinforma-
tics (GIS), when referring to the method of
polygons, interchangeably use two names —
Thiessen and Voronoi. Thiessen polygons
appear in the first Polish handbook of geoin-
formatics by J. Gazdzicki (1990). In some later
publications authors give both names together.
A. Magnuszewski (1999) uses the term “Thies-
sen polygons, also known as Voronoi polygons
or Dirichlet tessalation”, J. Urbanski (2008)
writes about Thiessen polygons, but also men-
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tions interchangeable names — Dirichlet or
Voronoi diagrams.

Cyclical international symposia devoted to
Voronoi diagrams are another proof of the
method’s significance (International sympo-
sium on Voronoi diagrams in science and en-
gineering)®. The conference organized on the
145 anniversary of Voronoi's birth in Kiev in
2013 included papers referring to his scientific
heritage in six research areas’.

4. Popularity of the method in GIS
application and its significance in
scientific research

Most popular examples and applications of
Voronoi diagrams (Thiessen polygons) as a GIS
software tool are presented below.

4.1. Implementation of Voronoi diagrams
in GIS applications

Not many methods and algorithms pro-
grammed in GIS are named after their inventors.
The method of Voronoi diagrams (Thiessen
polygons) is an exception here.

On the list of computational modules of
GRASS GIS there is only one module with aname,
and it is Voronoi (v.voronoi — Creates a Voro-
noi diagram constrained to the extents of the

current region from an input vector map con-
taining points or centroids)®.

In computer programs from GIS group which
were created in the United States the above
method was described using the name of Thies-
sen (ArcGIS) or Voronoi (GRASS GIS, Maplnfo).
Older versions of ArcGIS program (e.g. 9.2)
still used the term Voronoi maps?®. In programs
distributed with free license the name Voronoi
is used more often (ILWIS, GRASS GIS, QGIS)
than Thiessen, (e.g. in SAGA). Table 1 presents
a selection of GIS programs, and shows place-
ment of tools in program menus or tool boxes.

4.2. Application of Voronoi diagrams

Below follows a list of example applications
of Voronoi diagrams, both in the classic form of
two-dimensional polygons and with modifica-
tions. The method of Voronoi diagrams (often
under the name of Thiessen polygons) is used
to construct maps of representativeness of
points (fig. 3), e.g. such as the method of pre-
cipitation areas mentioned earlier.

Voronoi diagrams are also used in the re-
search of socio-economic phenomena. Poly-
gons in their classic form were used to determine
transportation accessibility of, i.a. railway sta-
tions and other transportation stops, schools,
hospitals (H. Wu et al. 2013, F. Karimi et al.
2009, F. Rezende et al. 2000).

Legend

[ ] Thiessen polygons
—— Voivodeship border
o Towns

0 25  50km

Fig. 3. Thiessen/Voronoi polygons for towns in Warmia-Mazury Voivodship (own elaboration)

8 http://voronoi.hanyang.ac.kr/vd2005/ http://bioinf.spbau.
ru/isvd2013/home

7 http://www.fmi.npu.edu.ua/ua/voronoi2013

8 GRASS GIS manual — https://grass.osgeo.org/grass75/
manuals/v.voronoi.html

9 http://webhelp.esri.com/arcgisdesktop/9.2/index.
cfm?TopicName=\Voronoi_maps
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Table 1. Modules to calculate Voronoi (Thiessen) polygons in the most popular GIS programs; the program,

location in the program menu, graphic presentation of the tool window

Program Location in program menu Graphic presetation of the tool window
‘t\ Create Thiessen Polygons
@ Input Features @ i
ArcMap (Toolbox), PBLENOE = =
ArcGIS 10.4 Analyst Tools, Proximity, .
Create Thiessen Polygons Output Fields (optional)
ONLY_FID v
[ OK ] [ Cancel ] [Env'rom)ems... ] [ Show Help >> ]
Table Voronoi [wE3m]
(Menu) Perform Yoronoi using objects from table: | WORLDCAP v
Maplnfo 12.1 Table, Voronoi, S
Table Voronoi ' =
[ Next > } [ Cancel } [ Help ]
. Voronoi polygon
Input point vector layer
v
(M enu) Buffer region 0,0000 % :
QGIS 2.14 Vect\;)r, Gec_)meltry Tools, i
‘oronoi polygon
Browse
X Add result to canvas
| 0% ‘ OK Close
./ Voronoi polygons 7 ==
Parameters Log Help
Input layer
(Menu) . .- ]2]
Processing Buffer region -
; : 0,000000 Sl
QGIS 218 Processing Toolbox, r— —
. ronol n:
QGIS geoalgoritms, [,° TR —
Vector geometry tools, : ol L)
Vor on Oi p Oly g ons % Open output file after running algorithm
0 0% \
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Program Location in program menu Graphic presetation of the tool window
& i [vector, g iang [E=8 FoR =
Creates a Voronoi diagram in current region from an input vector
' map containing points or centroids.
Required | Optional | Command output | £ Manual
Name of input vector point map: = (input=name)
[ =]
(Menu) Name for output vector map: > (output=name)
Vector, Generate areas =]
GRASS GIS from points, Voronoi
7.4.0 . .
diagram/Thiessen polygons
[v.voronoi]
[zomkm | [ R ] [ ko ] [ romec |
[V] Add created map(s) into layer tree
[~ Close dialog on finish
v.verenoi input=<required> output= <required>
E, ﬁa%oronoimap gapointmap ﬁ
Fist Input map [
(Menu) Minimum Distance 0.000000
ILWIS 3.8.5 .
Operations, Segment
Operations, Voronoi map Output Segment Map | |
Description:
Show I Define | Cancel ‘
B Data Objects Okay
s
>> Points <not set> [E]
<< Polygons <create>
SAGAGIS (Menu) B Options
2.3.2 Geoprocessing, Shapes, Frame Size 0
Points, Thiessen polygons Save
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The polygon method was used to analyze
spatial patterns of distribution and accessibility
of discount stores (W. Kisiata, M. Rudkiewicz
2017), to determine accessibility of green areas
in certain large cities in Europe (A. Bochenek,
T. Jasinski 2015) and to determine relation
between community and the closest service
provider (S. Lovacka 2008). The most popular
examples of the method’s application are deli-
mitation of school zones and availability of me-
dical services in the area of Presov in Slovakia
(S. Lovacka, 2008) and elaboration of ranges
of landscape in cultural borderland (A. Awra-
miuk-Godun 2013). In research conducted on
the Beijing agglomeration, Voronoi (Thiessen)
polygons were used to determine the zone of
transit transportation (S. Wang et al. 2014).
Voronoi polygons were also used for delimita-
tion of maritime zones, e.g. in the Gulf of Salwa
between Saudi Arabia and Qatar (G. Cosquer,
J.F. Hangouét 2003).

The so-called weighted Voronoi diagram
method is a modification of Voronoi diagrams.
It consists in increasing or decreasing the ranges
of diagrams around a point depending on the
weight given to such a point (F. Aurenhammer,
H. Edelsbrunner 1984; A. Okabe et al. 2009;
P. Dong 2008). The method in such form was
used to obtain algorithm for calculation of convex
distances in transportation networks (W. Bae,
K.Y. Chwa 2005).

4.3. Computer graphic design

Development of computer graphic design
makes it possible to construct Voronoi dia-
grams in 3D version using computer anima-
tions (H. Ledoux 2007), e.g. to describe crystal
structure and the structure of atoms in a three-
-dimensional form (Y. Xu et al. 2013), or for
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