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The propagation of uncertainties, when the International Temperature Scale of 1990 (ITS-90) is used by a standard platinum
resistance thermometer (SPRT) calibrated at defining fixed points (DFP), can be solved by applying several approaches. The
article presents an analysis of contribution of covariance between resistances of SPRT at the defining fixed points (DFP). Its effect
on temperature measured by calibrated SPRT is demonstrated by using real calibration data.

Keywords: ITS-90, standard platinum resistance thermometer, defining fixed point, calibration, uncertainty

1. INTRODUCTION

HE DETERMINATION of the temperature 7oy on the
ITS-90 is based on the determination of the SPRT

resistance ratio W(T90)= R(T,,) / R oy » when R(Ty)

is the resistance of the SPRT at the temperature 7o, and
Rrpw is its resistance at the temperature of triple point of
water (273.16 K). The determination of SPRT uncertainties
is based on the ISO Guide to the Expression of Uncertainty
in Measurement (GUM) [2]. The various aspects of
determination of uncertainties, when measuring temperature
Ty by the calibrated SPRT, have been discussed in many
publications. Solid models for both the identification and
evaluation of typical uncertainty sources have been
presented and they are routinely used by the SPRT users.

When determining 7Ty, one of uncertainty sources, is the
calibration of SPRT itself. The uncertainties of SPRT
resistance at defining fixed points temperatures are
propagated through interpolation equations of ITS-90 and
contribute to the uncertainty of Ty. Moreover, the
determination of Rypw value for SPRT calibration/use also
affects the result of measurement.

White [4], Mayer and Ripple [6] investigated several cases
of Rrpw determination for SPRT calibration and use, but the
covariance between resistances of the SPRT at the DFPs
(Rprp;) was not included (except the covariance between
Rrpw). In this paper we present models for calculating the
SPRT calibration contribution to the uncertainty of
temperature 7o) measured by the calibrated SPRT (u(Ty))
between fixed points, when covariance between Rpgp; is
included.

We discuss the subrange of ITS-90 from 0 °C up to 660
°C. In this subrange, the SPRT is calibrated at the triple
point of water, freezing point of tin, freezing point of zinc,
and freezing point of aluminum [1].

The effect of covariance between Rppp; is demonstrated by
using the real calibration data.

2. CONTRIBUTION OF SPRT CALIBRATION TO U(Ty)

Temperature Ty is defined by the SPRT reference
function. For the range from 0 °C up to 961 °C it is:

9 _ i
Y;O/K—273.15=DO+ZD{WT(T‘10242'64} (1)
i=1 .

where the constants D; are provided in [1] and values of
W(To) are determined from the deviation function.

WAT,))=W(T,)— AW (T, )=
aW(T,) 1) = bW (T,)) 1)’ —c(W(T,)-1)’

2)

AW(Ty) is determined from the SPRT calibration.

The values of resistances Rpgp;, their uncertainties u(Rpgp;),
and covariance between them u(Rprp;, Rprp;) are evaluated as
a result of the SPRT calibration.

Temperature Ty is evaluated from the inverse function to
the reference function (1).

Uncertainty of temperature Ty is evaluated by the following
equation:

”(T9o): Ayiroo u(Wr (T9o)) (3)

where Ay, are sensitivity coefficients,
u (Wr (T90 )) is a standard uncertainty of W(To).

Sensitivity coefficient 4, is evaluated by derivation of
the function (1)

_0S() _$iD[WE)-264]"
T OWAT,,) 1,64 1,64

i=1

Regarding the equation (2), u(W(Ty)) is given by
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W W(T,,)) = (W (T,))+u* (AW(T,,)) 5)
—2u(W(T,)), AW (T,,))

Where u(VVr (T % )) is a standard uncertainty of Wy(Ty),
u(A W(T90 )) is a standard uncertainty of AW(Ty),

u(W(T % ), AW (T, )) is covariance between
W(Tgo) and A W(Tgo)

In the equations [7, 10] we presented a method for
evaluating the SPRT calibration, when covariance between
Rppp; 1s included, and a method for evaluating the
calibration contribution to uncertainty of Ty, which is
measured by the calibrated SPRT. The presented method
was based on coefficients of the deviation function. In this
article we present methods based on SPRT resistance ratios
Whorp; and resistances Rppp;.

Regarding the equation (5), u(W(Ty)) is evaluated by the

following
equation.
uz(Wr(T«)u))z ) zAerou DFP! +2ZZAIT‘)OAJT9()M(WDFPI WDFP/)
4
ZZA:T‘)OM(W(T‘)U)’WDFPI) (6)
=
ow (1.
Where Airoo = M
aVI/DPBZ'

Various methods, including algebraic approximations [6]
would be used to calculate these derivations. Sensitivity
coefficients would be evaluated also by using the Lagrange
polynominal, as demonstrated at [3, 5].

A
1.4

1,2

0,8 1
0,6

-0,6

Fig.1. Sensitivity coefficients Arpw, Asn, Aznss Aal

Uncertainty of Wppp; is given by

) uz ( DFPi )+ W[fFP!

u’ (WDFPi = (RTPWi ) @)

R TPWi

The covariance u(Wpgp;, Worp;) are as
follows

(WDFI’ W,

DFP/) R [H(RDFP:’RDFF/) WDFPM(RTP\M’RDFP/) WDFP,“(RTPW,’RDFP:)+

TPWi H TPW)

WDFP WDFP/ (RTPWr * RTI’W/ )]

u(W(Tso), Worp;) are given by ®
(W (Tyo), Wiy ) = — L Wr9o”(RTPw W oepi ) ©)
where u(Rrpw, Wprp:) -
1 4
U(Rupy s Rogor) == >t Repus ) Roen) (10)

34

A substitution of u(W(Tyy)) from the equation (7), when
index ,,i is replaced by (7o), u(Wprp;) for i = 2,3,4 also
from (7), u( Worpi, Worp;) from (8) and u(W(Ty), Wprp;) from
(9) (we assume that u(R(To)), Rprp:) = u(R(T50)), Rrew:) = 0
and Rrpwi = Rrpwz = Rrpws = Rrpvs) into the equation (5),
results in

1 4
R |: (R(qu))+ W(Ty)*u* (Rypy + Z 4 T«w[ Roppi + Wit (RTPWl )]+
=)

TPW

> (W,(Tyy)) =

34

3
22 ZA,T%A,T%“(RDFP DFP,)+ 22 ZA T%A;T‘)OWDFMWDFP/u(RTPW:’RTI’W/ )_
i=2 j=i+l

i=2 j=itl
4 4

22 Z Airoo A ;790 WDFP/u(RDFPt s Rypy; )_
i=2 j=2

4 4
22 Az (T )WDFPru(RTPW Repys ) + 22 Airoo W (To) u(RTFW > Ropei )i|
i=2 i=2

)

The uncertainties and covariance in the equation (11) are,
except for u(Rrpw, Rprp;) and u(Rrpw, Rrpw;:), determined in
the SPRT calibration. The three different cases of u(Rrpw,
Rppp;) and u(Rrpw, Rrpw;) are described below.

a) Rrpw used for the SPRT calibration and Rypy used for the
determination of Ty (measurement) are determined from the
independent no correlated measurements and also all the
Rppp; are determined from the independent no correlated
measurements, 1.e. M(Rpr, RDFP[) = 0, M(Rpr,RTW[) =0
u(RrpwiRrew;) = 0, u(Rrpwi,Rprp;) = 0, u(Rprpi, Rorp;) = 0.
This is a rather theoretical case, because correlations
between Rpgp; always exist.

1
W O, ()= —

TPW

{” : (R(Ty0)) + W (T, )2 u? (Rppw )+ i (u : (RDFPz )+ erPBi u (RTPW ))AZ j|
(12)

bl) All the Rypw; are from the single calibration of SPRT at
TPW and Rpgp; are not correlated, i.e. u(Rrpw, Rrpwi) =
MZ(RTPW)s u(Rrpw,Rprp;) = MZ(RTPW)s u(Rrpw, Rpppi) = 0
u(Rrpwi,Rprp;) = 0, u(Rprei, Rprey) = 0.

uz(VV;(I;o>)=}[uz(R(Tgo>)+i/fmuz(Rm)} (13)
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b2) All the Rypy; are from the single calibration of SPRT at
TPW and RDFPi are Correlated, i.€e. U(Rpr, RTPWi) = MZ(Rpr),
u(Rrpwi, Rrpw)) = u2(RTPW)-

0 0=

TPW

|:u2(R(Z-")0))+ W( 9[))” TPW ZAT)()[ DFR DFPqu(RTPWi )]+

3 4 3
ZZ 241‘9014,'1'90”(Rm17’Rnr17)+ ZZ zAvwoA,/-)onanm (Rn’w)_

=2 j=itl =2 j=itl

2224190 JT90" mu mn’Rer)7

2 j=2

4 4
2ZA1T‘JOW(1;0)WDFRMZ (RTPW)Jr 22147T90 W(T) U(RTPW’ Roen ):|
=]

i=2

(14)

cl) one of Rrpw is used for the calibration (denoted as Rrpw,
ca) and the other one for the measuring of Tyy. Rpgp; are not
Correlated, i.€. M(Rpr, RTPW[) = 0, M(RTPWi:RDFPi) =
w(Rrpw), u(Rrpw, Rore)) = 0, t(RrpwiRorp) = 0.

2(w.(T,
W ()= —

{M(R(Tgn D+ (1) 1 R )+ 3 At Ry, )+ 0 (T3~ Ay (Ty) 16 (Rrpg ) }

3. CALCULATIONS AND SUMMARY

The presented model was used with the real SPRT
calibration data (calibration was performed at the Slovak
Institute of Metrology). The calibration data are shown in
the Tab.1, Tab.2, Tab.3, Tab.4, and Tab.5.

The considered uncertainty sources are:

- purity of the DFP substance /column 1 at Tab.3, Tab.4
and Tab.5/

- hydrostatic pressure /column 2/

- self-heating of SPRT /column 3/

- perturbing heat exchanges between the both sensor
and surrounding parts different in temperature from
the liquid-solid phase change /column 4/

- gas pressure in the cell /column 5/

- choice of fixed point value /column 6/

- isotopic composition (only for TPW) /column 7/

- residual gas pressure at the TPW cell /column 8/

- resistance of standard resistor /column 9/

- nonlinearity of resistance bridge /column 10/

- calibration of the standard resistance /column 11/

1
(15 Table 1 SPRT calibration data.
DFB Rppp/ Q U(Rprp) / Q
c2) one of Rypy is used for the calibration (denoted as Rrypy, TPWs, 24.800200 1.17-107
1) and the other one for the measuring of To). Rppp; are TPWy, 24.800193 1.17-107
Correlated,.i.e. M(Rpr, RTPW[) = 0, u(RTPWi,RTPWj) = TPWAI 24.800187 11710_5
w2 (Repw), t(Rrpw,Ropps) = 0 Sn 46.939753 3.85:10°
Zn 63.705675 4.98-10°
Al 83.719187 6.32:10°
W (W, (T3)) =i [ (R(T )+ W (T (R ) +
TPW
ZA@O” DFPi (W(T90)_ATPWT)2 MZ(RTPwm)"'
4 4
222: ZIAIT‘?OA/T%M( ppis B DF]/) ZZ:Z;A:T%A/T%W u(RDFPx’RTPW,caI)
i=2 j=i+ i=2 )=
(16)
Table 2 Expanded uncertainties of the SPRT calibration at DFPs (k=2) / mK.
Source 1 2 3 4 5 6 7 8 9 10 11 B* A* C*
W(Repwss) - 4.0(3 2.0(2 2.0(2 - - 4.9(2 1.5(3 2.07 2.0(2 9.896 1.2558 1.9% 1.2753
n 107 107 .10 1070 107 10" .10 .10 107 107 .10
W(Rypwzs) - 4,0(3 2,0(2 2,0(2 - - 4.9(2 1.5(3 2.07 2.0(2 9.896 1.2558 1.9% 1.2753
n 107 107 .10 1070 107 107 .10 .10 107 107 .10
W(Rroya)) - 4.09 2.0(2 2.0(2 - - 4.9(2 1.5(3 2.07 2.0(2 9.896 1.2558 1.9% 1.2753
107 107 10 1070 107 .10 .10 107 107 107 .10
u(Rs,) 1.93;1 1.666 1.842 4.6(2 3».136 7.376 - - 2.17 1.015 2.395 3.3758 1.8452 3.8458
n 107 .10° .10 .10 .10™ .10° 107 .10 .10° .107 107 .10
u(Ry) 312 191 173 433 3.81 6093 - - 2.7 953 321 4.67 1.734 4981
Zn 107 .10° .10 .10° .10° .10° 107 .10° .10° 107 107 107
u(Ra) 3974 1.03 159 795 564 1795 - - 3.6 1.03 397 5.854 2385 6.321
Al 10° .10° .10° .10° .10° .10° 107 .10° .10° .10° .10° .10°
A¥* - type A evaluation of standard uncertainty, B* - type B evaluation of uncertainty from the contributions 1-11, C* -

combined standard uncertainty
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Table 3. Correlation coefficients

Source 1 2 3 4 5 6 7 8 9 10 11
7(Rrpwsn.Rrpwzn) 1 1 1 1 - 1 1 1 1 1
P(Rrpwsn.Rrpwal) 1 1 1 1 - - 1 1 1 1 1
r(Rrpwzn,Rrpwal) 1 1 1 1 - - 1 1 1 1 1

(Rrpwsns Rsn) o 0 1 -1 0 0 [ T
H(Rrpwsns Rzn) 0 0 1 -1 0 0 - - 1 1 1
r(Rrpwsn, Rai) 0 0 1 -1 0 0 - - 1 1 1
F(Rrpwzns Rsn) 0 0 1 -1 0 0 - - 1 1 1
r(Rrpwzn, Rzn) 0 0 1 -1 0 0 - - 1 1 1
F(Rrpwzn, Ra1) 0 0 1 -1 0 0 - - 1 1 1
r(Rrpwas Rsn) 0 0 1 -1 0 0 - - 1 1 1
r(Rrewal, Rzn) 0 0 1 -1 0 0 - - 1 1 1
r(Rrpwal, Rar) 0 0 1 -1 0 0 - - 1 1 1
7(Rsn,Rzn) 0 0 1 1 0 0 - - 1 1 1
7(Rsn, RaD) 0 0 1 1 0 0 - - 1 1 1
"Ry, Ra)) o o 1 1 0 0 - - 1 1 1
Table 4 Covariance on SPRT calibration at the DFPs

Source 1 2 3 4 5 6 7 8 9 10 11 Sum

1.6 40 4.0 0 0 240 225 4.0 4.0 9.787 1.341

u(RTPWSnaRTPWZn) '10-13 .10—12 '10—12 .10—11 '10—18 .10-]4 .10—12 '10—1] '10-10

1.6 4.0 4.0 0 0 240 225 4.0 4.0 9.787 1.341

u(Rypwsn.Rrpwal) 10 1072 102 10 107 10 107 107 10710

1.6 4.0 4.0 0 0 240 225 4.0 4.0 9.787 1.341

u(RTPWZmRTPWAl) .10>13 .10-12 .10-12 .10-11 .10-18 '10-14 .10-12 .10-11 .10>10

0 0 37 921 0 0 0 0 42 203 2368 2.516

u(Rrpwsn, Rsn) 1072 1012 104 10" 101 107°

0 0 35 -8.67 0 0 0 0 54 191 3,173 3,312

u(Rtpwsn, Rzn) 1012 1072 10 10" 101 1071°

0 0 32 -159 0 0 0 0 7,2 2,07 3,931 4,012

u(Rypwsn, Ra1) 10712 107! 10 10 100 1071°

0 0 37 921 0 0 0 0 4,2 2,03 2368 2,516

u(Rtpwzn, Rsn) 102 10712 104 101 1010 10710

0 0 35 -8.67 0 0 0 0 54 191 3,173 3,312

u(Rypwzn, Rzn) 102 10712 104 101 1070 10710

0 0 32 -1.59 0 0 0 0 7,2 2,07 3,931 4,012

u(Rrpwzn, Ra1) 1012 10! 104 10" 1010 10710

0 0 37 921 0 0 0 0 42 203 2,368 2,516

u(Rrpwal, Rsn) 1012 1012 104 10" 107 107°

0 0 35 -8.67 0 0 0 0 54 191 3,173 3,312

u(Rrpwal, Rzn) 1012 1072 10 10" 101 1071°

0 0 32 -1,59 0 0 0 0 7,2 2,07 3,931 4,012

u(Rrpwar, Ra1) 1072 107! 10 10 1010 10710

u(Rs.Ry) 0 0 32 200 O 0 0 0 5,7 9,65 7,678 8,875

Smzn 101 10" A0 10! 10" 1070

u(Ry, Ro) 0 0 29 366 0 0 0 0 7,56 1,05 9,514 1,096

Sm AL 101 10 A0 101 10" 10°

Ry, Ra)) 0 0 28 345 0 0 0 0 9,72 9,84 1,274 1,410

Zn DAl 1072 10" 10" 10" 107 107
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Table 5 Correlation coefficients

7(Rrpwsn.Rrpwzn) 0.97
r(Rrpwsn.Rrpwar) 0.97
r(Rrpwzn,Rrpwal) 0.97
7(Rrpwsn,Rsn) 0.56
r(RrpwsnoRzn) 0.54
r(Rrpwsn,Ra) 0.57
7(Rrpwzn,Rsn) 0.56
r(Rrpwzn,Rzn) 0.54
r(Rrpwzn,Ra1) 0.57
7(Rrpwai.Rsn) 0.56
r(RrpwanRzn) 0.54
r(RrpwaiRa1) 0.57
V(RSnaRZn) 0.46
V(RSnaRAl) 0.45
Rz, RaD 0.45

We assess the effect of covariance from various origins to

uncertainty of temperature To,.

Individual contributions of terms of the equation (5) (or
(11), (14)) to standard uncertainty, when u(R(Toy)) is not

included, are shown in the Fig.2.

Fig.3 demonstrates the effect of covariance between Rpgp; to

u(Typ). As we can see, it should not be neglected.

a)
7,0E-12
Z‘Z(Wm)u)
6,0E-12 —
5,0E-12
. W (Wrs0)
= 40E-12 mof
Ag /‘M“‘b'l/
£ 3,0E-12
= / W(AWp90)
< 20812 /AW el
1,0E-12 +—
W (W90, AWrgo)
0,0E+00 - : : ‘

100 200 300 400 500 600 7

-1,0E-12 +
Tg!/°C

b) 1,0E-11
uz<W,m}

8,0E-12
6,0E-12 -

4,0E-12

2,0E-12 -

(W(Too)) /-

~_ 0,0E+00 -

u

100 200 300 400 500 600 K
-2,0E-12 -
(W0, AWrno
-4,0E-12 -

-6,0E-12

Te!°C

Fig. 2. Uncertainty of W (7o) and its components,
(see the equation (5)).

a) real calibration data (presented in tables above),
when  r(Rprpi,Rprp)=0.45 and  r(Rrpwi,Rrew;)=0.97,
r(Rrpwi,Rprp;)=0.55.

b) real calibration data (presented in tables above),
when correlations between Rppp; are not included,
but correlations between Rrpwi are

a) 9 0g-04

8,0E-04

7,0E-04

r(RrpviR1ev;)=0.97.

6,0E-04 /d
5,0E-04 2 /

4,0E-04 m A,x/

3,0E-04 //-

u(Tog) / °C

2,0E-04 |
1,0E-04 1
0,0E+00 T T T T T T
0 100 200 300 400 500 600 700
Too/°C
b)
1,2E-03
1,0E-03 N/
8,0E-04 7
- P —
< 6,0E-04 1 waia,
[ N/
>
4,0E-04 2
2,0E-04 /
0,0E+00 : : : : : :
0 100 200 300 400 500 600 700

Tg/°C

Fig.3. Calibration contribution to u(7oy), when covariance
between Rppp; is considered.

a)

b)

1 — real calibration data, when 7(Rpgp;Rprp))=0.45 and
I’(Rpr,',RTpvvj):O,97, I”(RTpWi,RDij): 055, 2 — data from
1, when covariance between Rppp; is not considered, but
r(RTPWi’RTPVVj):Os973 RTPW,cal was used for the
determination of Ty

1 - real calibration data when r(Rppp;Rprp)= 0.45,
r(RTpW,-,Rpr,-)ZO.97, r(RTPWi)RDFPj): 055, 2 - data from
1, when correlations between Rpgp; are not considered,
but 7(RrpwiRrpw;)=0.97, Rrpw was considered for the
determination of T
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