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Anharmonic phonon properties in Eu0.5Ba0.5TiO3
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Phonon properties have been studied using reduced sound velocity of Eu0.5Ba0.5TiO3 (EBTO). To achieve this aim, the
anharmonic phonon-phonon interaction and the spin-phonon interaction were used. It was shown that the reduced sound velocity
of multiferroic EBTO exhibits a kink at TN = 1.9 K. This anomalously reduced sound velocity can be interpreted as an effect
of vanishing magnetic ordering above TN. What’s more, the ferroelectric subsystem cannot be influenced by the magnetic
subsystem above TN for TN � TC in the EBTO. It was found that the reduced sound velocity decreases as T increases near
ferroelectric transition TC. That is to say, the sound velocity softens near ferroelectric transition TC. It is also noteworthy that
the reduced sound velocity softens when the RE (the coupling between the ferroelectric pseudo-spins and phonons), V(3) and
|V(4)| (the third- and fourth-order atomic force constants of the anharmonic phonons, respectively) increase. These conclusions
are all in good accordance with the experimental data and theoretical results.
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1. Introduction

Eu0.5Ba0.5TiO3 (EBTO) has a ferroelectric
phase transition temperature (TC = 213 K) and
an antiferromagnetic phase transition temperature
(TN = 1.9 K) [1–4]. EBTO represents the coex-
istence of ferroelectric and antiferromagnetic or-
ders, and for this reason, it has attracted much at-
tention [1–6]. EuTiO3 has a low Neel tempera-
ture (TN ∼ 5.3 K) typical of G-type antiferromag-
netism. BaTiO3 has a Curie temperature of ferro-
electricity TC ∼ 400 K. In addition, Rushchanskii
et al. [6] took a 50/50 (Eu, Ba)TiO3 ordered alloy
as a starting point and calculated the properties of
EBTO using the first principles approach. Rowan-
Weetaluktuk et al. [7] studied the effects of phonon
mode softening at TC in EBTO by Mössbauer spec-
troscopy. At last but not least, the reduced sound
velocity is a powerful technique to study the prop-
erties of lattice. Further, many researchers have
used microscopic theoretical approaches to study
the multiferroic properties of EBTO [5, 7–9]. Es-
pecially, Wesselinowa [8] investigated the origin
of the multiferroicity of EBTO. Nevertheless, they
have not studied the reduced sound velocity of
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EBTO. To the best of our knowledge, little micro-
scopic theoretical work has been done on reduced
sound velocity in multiferroic EBTO. In this paper,
we have studied the phonon properties using the re-
duced sound velocity.

2. The model
The Hamiltonian of the EBTO can be described

as [8]:

Hmu = HM +HE +HME +HPH (1)

HM is the Hamiltonian of the magnetic subsystem
(MS) EuTiO3:

HM =−1
2 ∑

[i j]
J1(i, j)Pi ·Pj−

1
2 ∑
〈i j〉

J2(i, j)Pi ·Pj (2)

Pi is the magnetic spin at the site i, [ij] and 〈ij〉 de-
note the sum of the nearest neighbor (nn) magnetic
spins and the next-nearest neighbor (nnn) magnetic
spins, respectively. J1 > 0 and J2 < 0 are the ex-
change coupling constants of the nn magnetic spins
and the nnn magnetic spins, respectively.

HE is the Hamiltonian of the electrical subsys-
tem (ES) BaTiO3:
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HE =−Ω∑
k

Sx
k−

1
2 ∑

kl
IklSz

kSz
l (3)

Sx
k and Sz

k are the pseudo-spins at the site k.
The exchange coupling constant between the nn
pseudo-spins is Ikl > 0 the ES, and the tunneling
frequency is Ω.

HME is the Hamiltonian of the coupling be-
tween MS and ES:

HME =−K ∑
i j

∑
kl

Sz
kSz

l Pi ·Pj (4)

where K is the magnetoelectric (ME) coupling
constant.

HPH is the Hamiltonian of the phonon and
phonon-spin/ phonon-pseudospin interactions:

HPH =−∑
q

FM(q)AqPz
−q

− 1
2 ∑

qq1

RM(q,q1)AqA−q1Pz
q1−q

−∑
q

FE(q)AqSz
−q−

1
2 ∑

qq1

RE(q,q1)AqA−q1Sz
q1−q

+
1
2 ∑

q
(BqB−q +ω

2
0 AqA−q)

+
1
3 ∑

qq1

V (3)AqA−q1Aq1−q

+
1
4 ∑

qq1q2

V (4)Aq1Aq2A−q−q2A−q1+q (5)

The first two terms describe the coupling be-
tween the magnetic order parameters and the
phonons, while the following two terms refer to the
coupling between the ferroelectric pseudo-spins
and phonons. The last term is the harmonic phonon
Hamiltonian, where ω0 is the harmonic phonon
frequency of the lattice mode. Aq =

√
1/2ω0(aq+

a+q ), Bq = i
√
ω0/2(a+q − aq). V(3) and V(4) are the

third- and fourth-order atomic force constants of
the anharmonic phonons, respectively [10].

3. Reduced sound velocity
The reduced sound velocity [11–13]:

ṽ =
√

1−H2 (6)

where:

H =

√
RM〈Pz〉+RE〈Sz〉−V (4)〈A2〉−2V (3)〈A〉

2ω2
0

.

According to the method described in the liter-
ature [11], the 〈A〉 can be written as:

〈A〉= [2FM(k)〈Pz〉+2FE(k)〈Sz〉

− 1
N ∑

q
V (3)〈2N̄q +1〉]/[ω0−∑

q1

RM(k)〈Pz〉

−∑
q1

RE(k)〈Sz
q1−q〉+

1
N ∑

q
V (4)〈2N̄q +1〉] (7)

where N̄q = 1/[exp(ω̄q/T)−1].

The expression of the magnetization can be
solved on the basis of Callen method [14]:

〈Pz〉= (Φ+1+P)Φ2P+1− (Φ−P)(Φ+1)2P+1

(Φ+1)2P+1−Φ2P+1

(8)

Here, Φ = 1
N ∑

k

1
eβEM(k)−1

, EM = 〈Pz
k 〉(J

′
10 −

J
′
1k + J20− J2k)+FM(O)〈A〉+ 1

2 RM(O)〈A2〉, J
′
10 =

n1J
′
1, J

′
1k = J

′
1 ∑
[i j]

eik(i− j), J20 = n2J2, J2k =

J2 ∑
〈i j〉

eik(i− j) and J
′
1 = J1+2K ∑[kl]〈Sz

kSz
l 〉 (n1 and n2

are the numbers of nn and nnn spins, respectively).

The z-component of the pseudo-spin 〈Sz〉, fol-
lowing the method of Teng et al. [15], can be
written as:

〈Sz〉= (δ/2ωE) tanh(EE/2kBT ) (9)

where E2
E = I2

E +Ω2, IE = I1 ∑l〈Sz
l 〉 and I1 = I/2+

2K∑[ij](〈P+
i +P−j 〉+ 〈Pz

i Pz
j 〉).

4. Results and discussion
The parameters of the model have been used

for the ES (electrical) and the MS (magnetic)
systems: J1 = 0.8 K, J2 = −0.5 K, Ω = 5 K ,
and the bare phonon frequency (i.e. harmonic
phonon frequency) ω0 = 253 cm−1 [8, 16],
FE = 3 cm−1, FM = 0.8 cm−1, RE = −3.0 cm−1,
RM = −1.0 cm−1, V(3) = 0.5 cm−1,
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V(4) = −2.5 cm−1, the spin P = 3.5 and the
pseudo-spin S = 0.5. These parameters can
produce TC = 213 K and TN = 1.9 K.

Fig. 1 to Fig. 4 show how the reduced sound
velocity (ṽ) vary with temperature (T). It has been
found that the reduced sound velocity of EBTO ex-
hibits a kink at TN = 1.9 K. This anomalous re-
duced sound velocity can be interpreted as an ef-
fect of vanishing magnetic ordering above TN. In
addition, the ES can not be influenced by the MS
above TN for TN � TC in the EBTO. This the-
oretical conclusion obtained from the study is in
good accordance with the phonon energy [8] and
other experimental results [6, 7]. It has also been
found that the reduced sound velocities will soften
at TC. That is to say, the sound velocity is soft-
ened near ferroelectric transition temperature TC.
These results are the same as the theoretical data
of Wesselinowa [8] and the experimental results of
Rowan-Weetaluktuk et al. [7].

Fig. 1. Plot of reduced sound velocity ṽ vs. T for differ-
ent values of FE = 3.0 K, 9.0 K.

Fig. 1 and Fig. 2 show how the reduced sound
velocity ṽ change with the temperature for different
values of FE and RE, respectively. It is found that
the TN moves to higher temperature with the in-
crease of these two parameters. This behavior can
be explained as the enhancement of coupling be-
tween the ferroelectric pseudo-spins and phonons.
It is noteworthy that the reduced sound veloc-
ity softens with the increase of RE. The conclu-
sion is in good accordance with the experimental
data [2, 3, 5–7].

Fig. 2. Plot of reduced sound velocity ṽ vs. T for differ-
ent values of RE = −2.5 K, −3.0 K.

Fig. 3. Plot of reduced sound velocity ṽ vs. T for differ-
ent values of V(3) = 0.5 K, 5.0 K.

Fig. 3 and Fig. 4 show how the reduced sound
velocity ṽ change with temperature for different
values of V(3) and V(4), respectively. It has been
found that the reduced sound velocity softens with
the increase of V(3) and |V(4)|. As mentioned ear-
lier, V(3) and V(4) are the third- and fourth-order
atomic force constants of the anharmonic phonons,
respectively. Then, the increase of the values of
V(3) and |V(4)|means that the lattice distortions in-
creases too. This result is also in good agreement
with the experimental data [2, 3, 5]. A similar re-
sult has also been obtained in the sound velocity of
BiFeO3 [11].



144 Xian-Sheng Cao

Fig. 4. Plot of reduced sound velocity ṽ vs. T for differ-
ent values of V(4) = −2.5 K, −3.0 K.

5. Conclusion
Phonon properties have been studied using the

reduced sound velocity in EBTO. To achieve this
aim, the anharmonic phonon-phonon interaction
and the spin-phonon interaction have been intro-
duced. It has been shown that the reduced sound
velocity of multiferroic EBTO exhibits a kink at
TN = 1.9 K. This anomalous reduced sound ve-
locity can be interpreted as an effect of vanishing
magnetic ordering above TN. What’s more, the ES
is insensitive to MS above TN for TN � TC in the
EBTO. It has been found that reduced sound veloc-
ity decreases as T increases near ferroelectric tran-
sition TC. That is to say, the sound velocities are
softened near ferroelectric transition TC. It is also
noteworthy that the reduced sound velocity soften
with the increase of RE, V(3) and |V(4)|. These con-
clusions are in good accordance with the experi-
mental and theoretical data.

Acknowledgements
The financial support of this research project by the Open

Research Fund of the Institute of Modern Optical Technolo-
gies of the Soochow University (KJS1405) is gratefully ac-
knowledged.

References
[1] JANES D. L., BODNAR R. E., TAYLOR A. L., J. Appl.

Phys., 49 (1978), 1452.
[2] MACA K., KACHLIK M., VANEK P., Phase Transit., 86

(2013), 73.
[3] GOIAN V., KAMBA S., VANEK P., SAVINOV M., Phase

Transit., 86 (2013), 191.

[4] WEI T., ZHOU Q.J., YANG X., SONG Q.G., LI Z.P.,
QI X.L., LIU J.-M., Appl. Surf. Sci., 258 (2012), 4601.

[5] GOIAN W., KAMBA S., NUZHNYY D., VANEK P.,
KEMPA M., BOVTUN V., KNIZEK K., PROKLESKA J.,
BORODAVKA F., LEDINSKY M., GREGORA I., J.
Phys.: Condens. Matter, 23 (2011), 025904.

[6] RUSHCHANSKII K.Z., KAMBA S., GOIAN V.,
VANEK P., SAVINOV M., PROKLESKA J., NUZH-
NYY D., KNÍZEK K., LAUFEK F., ECKEL S., LAM-
OREAUX S.K., SUSHKOV A.O., LEZAIC M., SPALDIN

N.A., Nature Mater., 9 (2010), 649.
[7] ROWAN-WEETALUKTUK W.N., RYAN D.H.,

SUSHKOV A.O., ECKEL S., LAMOREAUX S.K.,
SUSHKOV O.P., CADOGAN J.M., YETHIRA M.,
STUDER A.J., Hyperfine Interact, 198 (2010), 1.

[8] WESSELINOWA J.M., Phys. Status Solidi B, 249 (2012),
615.

[9] SKRIPNIKOV L.V., TITOV A.V., PETROV A.N.,
MOSYAGIN N.S., SUSHKOV O.P., Phys. Rev. A, 84
(2011), 022505.

[10] PATHAK K.N., Phys. Rev., 139 A (1965), 1569.
[11] CAO X.-S., JI G.-F., JIANG X.-F., Solid State Com-

mun., 245 (2016), 55.
[12] CAO X.-S., JI G.-F., JIANG X.-F., J. Alloy. Compd.,

685 (2016), 978.
[13] ROUT G.C., PANDA S., J. Phys.: Condens. Matter, 21

(2009), 416001.
[14] CALLEN H. B., Phys. Rev., 130 (1963), 890.
[15] TENG B.-H., SY H.K., Phys. Rev. B, 70 (2004),

104115.
[16] GARCÍA-HERNÁNDEZ M., GARCÍA-MURILLO A.,

DE J. CARRILLO-ROMO F., JARAMILLO-VIGUERAS

D., CHADEYRON G., DE LA ROSA E., BOYER D., ,
Int. J. Mol. Sci., 10 (2009), 4088.

Received 2017-08-10
Accepted 2018-01-14


	Introduction
	The model
	Reduced sound velocity
	Results and discussion
	Conclusion

