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Determination of the electronic band structure of the rutile
polymorph of TiO2: a quantum chemical approach
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The aim of this work is the investigation of the relationship between the electronic band structure of the TiO2 rutile and
the dimensionality of the system. For three dimensional system the bulk form of rutile was considered, while a slab model was
chosen in order to represent the titanium (IV) dioxide (110) surface. The influence of changing the number of atomic layers on
the bandgap value for the (110) surface was also examined. Density of states referring to the bands from the first valence band up
to the bottom of the conduction band was projected on the whole set of atomic orbitals as well as on the significant shells of the
titanium and oxygen atoms. Ab initio calculations with a B3LYP functional were carried out. Basis sets used were modified
Ti 86-411(d31)G darco unpub and O 8-411 muscat 1999. The results are compared with experimental and computational data
already available in the literature. Surface termination problem was discussed and the application of the obtained results as a
starting point to obtain the first model of the rutile titania nanotube was proposed. The surface formation energies for rutile
planes with a different surface terminations were compared and the modification to the equation needed for surface energy
calculation was introduced.
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1. Introduction
In the recent years, titanium (IV) dioxide in its

various structural forms was attracting attention of
the researchers from many fields. It is due to its
many possible applications, such as photocatalysis
[1], solar cells [2] or water photocleavage [3], which
could be significant for the renewable energy eco-
nomy. The focus on this particular compound, TiO2,
results from its unique physico-chemical properties,
which distinguishes it among others, rendering it
the best material for the mentioned applications [4].
Thus, it becomes obvious that determination of the
electronical structure as well as the value of corre-
sponding electronic and optical bandgap of the ma-
terial is becoming a task of prior importance, both
for experimental [5, 6] and theoretical [7] research
groups. In this work, the mentioned quantities were
calculated from first principles. Due to significant
inaccuracy in estimation of the bandgap value in
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the cases when pure HF (Hartree-Fock) or DFT
(Density Functional Theory) functionals were used
[7, 8], the hybrid functional was chosen, as in the
work of Zhang Yong-fan et al. [9] or Nilsing et al.
[10], which show, that the approach like this could
lead to much better results.

2. Methodology
In this work, quantum mechanical calculation

have been performed. The method adopted to solve
the time independent Schrödinger equation is the
Density Functional Theory (DFT). The hamilto-
nian consists of a kinetic energy part and a part
describing potential, which takes into account both
the exchange and the Coulomb-type electron cor-
relation. The main approximation used is a Born-
Oppenheimer approximation, where the total wave-
funtion is a product of the electronic and nuclear
wavefunctions that are computed separately.

The wave function of a crystal is approximated
by means of a linear combination of atomic orbitals
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(LCAO). For a periodic system – like a crystal –
each crystalline orbital is expressed by a linear com-
bination of Bloch functions. These Bloch functions
start from the atomic orbitals, which are given by a
linear combination of Gaussian type functions.

3. Calculations
The calculations were carried out using the

CRYSTAL06 software [11], except those for the
purpose of evaluating the surface formation energy,
which were done using Gaussian09 [12]. For visu-
alizations the DLV [13] was utilized. The model

of a surface was obtained by cutting out from the
optimized bulk crystal structure a two dimensional
infinite system, normal to the chosen (110) plane.
This is called the slab approach.

It is known that while the bandgap value of a
semiconductor is usually overestimated when the
HF approach is used, pure DFT methods give the
underestimated width of the bandgap. It was the
reason of choosing the hybrid, B3LYP (Becke-3
parameter-Lee-Yang-Parr) functional in this work.
The form of the functional [14] used is as fol-
lowing:

EB3LY P
exch−corr = 0.80(ELDA

exch +90EBecke
exch )+20EHF

exch +0.19EVWN
corr +0.81ELY P

corr

where ELDA
exch is a local density approximation (LDA)

exchange functional of the electron density, EBecke
exch

is the exchange functional of Becke, EHF
exch is the ex-

act Hartree-Fock exchange functional, EVWN
corr is the

Vosko-Wilk-Nusair, LDA correlation functional and
ELY P

corr is the Lee-Yang-Parr correlation functional.
In this work, the shrinking factor with the value

of 8 was chosen for the Monkhorst net, which cor-
responds to 75 k points in the Irreducible Brillouin
Zone. The restricted closed shell formalism with a
Kohn-Sham hamiltonian was applied in the calcula-
tions performed.

The basis set chosen for titanium atom was
shown in the Appendix, which is available on
the website: http://www.immt.pwr.wroc.pl/

~bardzinski/MatSciPol/APPENDIX_rutile.

pdf.
The core part of the basis set chosen for Ti atom

is the same as the Ti 86-411(d31)G darco unpub
[15, 16]. The exponents in the functions describ-
ing two additional sp shells were changed from
0.8099 and 0.3242 to 0.8126 and 0.3297, respec-
tively. For the first titanium d shell, the number of
primitives GTF ng was changed from 3 to 4. All of
the exponents as well as their corresponding contrac-
tion coefficients were changed from 7.6781 0.1127,
1.8117 0.3927, 0.4630 0.5206, to: 16.2685 0.0675,
4.3719 0.2934, 1.4640 0.5658 and one extra function

was added to describe this d shell, with an exponent
(which is the most diffuse) set to 0.5485 and con-
traction coefficient of 0.5450. Note that the formal
charge of this d shell was set to 2 instead of 0, as it
was in the previous version of the basis set. In the last
d shell from the original basis set, the exponent was
changed from 0.23 to 0.26. The basis set for oxygen
was the O 8-411 muscat 1999 [17, 18] with a minor
modification. Namely, the extra d shell was added,
described with the function with an exponent of 0.6
and the value of 1.0 of its corresponding coefficient.

For the titanium 3d shell, the fourth exponent,
with a value of 5.485 ∗ 10−1 is the most diffuse,
while for 2 sp and 3 sp Ti shells the most diffuse ex-
ponents are the sixth (2.412) and the fourth (1.890),
respectively. For the oxygen 2 sp shell, the most
diffuse exponent is the fourth one, with a value of
1.217. The use of the modified basis sets led to the
minor improvement of the resulting total energy
value of the system, which was slightly lowered.
The space group of rutile polymorph of TiO2 is
P42/mnm – which corresponds to 16 symmetry ope-
rators – when the three dimensional system (bulk)
is considered. However, in the case of the (110)
surface (slab), the number of symmetry operators
(there are 8 symmetry operators, instead of 16) is de-
creased with respect to the bulk and thus, the space
group is different.

http://www.immt.pwr.wroc.pl/~bardzinski/MatSciPol/APPENDIX_rutile.pdf
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Table 1. Final optimized lattice parameters for 3D and
2D systems. They are given in Angstroms and
degrees.

Dimensionality of the system – 3
A B C α β γ

B3LYP 4.6391 4.6391 2.9794 90 90 90
experimental [19] 4.5931 4.5931 2.9589

Dimensionality of the system – 2
A B γ

B3LYP 2.9794 6.5607 90

Table 2. Coordinates of atoms in the primitive cell (given
in fractionary units) obtained after the final op-
timization for the 3D system of bulk rutile and
their experimental counterparts from the neu-
tron powder diffraction method [19] obtained
at the temperature of 15 K.

atom x y z

this work (optimized) Ti 0 0 0
O 0.306153 0.306153 0

experimental [19] Ti 0 0 0
O 0.306153 0.306153 0

Full optimization, involving both cell parameters
and atomic coordinates was performed for the bulk.
It is worth mentioning, that atoms in the internal
part of the slab had the literature-based parameters
with respect to their counterparts in the bulk, thus
in the case of a slab, only the atomic coordinates
were optimized. The parameters obtained after final
optimization for the three- and two-dimensional sys-
tems are given in Table 1. Note that the C-parameter
in 2D system refers to non periodic direction, and
thus was formally set to 500 Å. The related neu-
tron powder diffraction data [19] obtained at the
temperature of 15 K is also added for comparison.

The finally optimized coordinates of the atoms
in the primitive cell (given in fractionary units) and
their corresponding experimental [19] values are
collected in Table 2. The calculated deviation for the
x and y coordinates (where x = y) was 0.48 %. The
(110) plane was defined and the slab was chosen to
describe the surface, with the thickness of 9 atomic
layers and surface termination on the layer built up
from the oxygen anions.

The volume of the 3D cell was 64.120 Å3 with
a density of 4.138 g/cm3 and the area of the 2D
cell was 19.547 Å2. The number of atoms in the
asymmetric unit and in the unit cell, are 2 and 6 for
3D system and 9 and 18 for 2D system, respectively.

The density of states (DOS) was calculated by
means of a Fourier-Legendre method. The Legen-
dre polynomial with a degree of 12 was used for
DOS expansion in every calculation. The DOS was
covering the bands from the first valence band up
to the bottom of the conduction band. In the case
of 9 layers (110) rutile slab, the energy range in
which the DOS was computed, was from −1.03230
to −0.13504 Eh (from band 67 to 119) and for the
bulk it was from −0.87736 to 0.04113 Eh (which
covers the band range from band 23 to 43).

4. Results
The calculations for a bulk rutile have been per-

formed for the cell with 6 atoms, 76 electrons (from
which 44 are core electrons), and the number of
symmetry operators was 16. Similarly, for the (110)
surface slab, there were 18 atoms per cell, 228 elec-
trons per cell (132 core electrons), and 8 symmetry
operators. The resulting band structure is presented
in Fig. 1. The calculated value for a direct bandgap
of the bulk rutile was 3.4063 eV (0.1252 Eh). For the
(110) surface it was equal to 2.8982 eV (0.1065 Eh).
The influence of changing the number of atomic
layers, while other parametrs of the calculation re-
mained the same, on the bandgap value of the (110)
TiO2 rutile surface was studied and shown in Ta-
ble 3. The corresponding primitive cells for each
system are given in Fig. 2 and Fig. 3, respectively.

4.1. Surface termination problem
According to the Tasker’s work [20], when a

dipole moment is present in the unit that is repeated
in the direction perpendicular to the surface, it leads
to the situation where the surface energy is tending
to infinity and thus such layer is unstable without the
addition of certain defects. The author distinguishes
three types of surfaces that can be present in a ionic
crystal. In the first type, the surface is composed
of planes with alternating ions of opposite charges,
rendering the whole structure electrostatically neu-
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Fig. 1. The electronic band structure of the rutile TiO2 from the first valence band up to five unoccupied bands
above the total number of occupied bands. Note that figure on the left corresponds to the bulk rutile, while
the one on right side is related to its (110) surface with 9 atomic layers.

Fig. 2. The primitive cell of the bulk rutile TiO2. Note that large and small spheres are O and Ti, respectively.

Fig. 3. The primitive cell of the TiO2 rutile slab (built up from 9 atomic layers), with two lattice vectors perpendicular
to [110] direction. Note that large and small spheres are O and Ti, respectively.
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Fig. 4. The slab model of the TiO2 rutile (110) surface was constructed from 6 atomic layers in order to show the
periodicity. Subsequent figures are representing the surface termination on the first, second and third layer,
respectively. The large spheres refer to oxygen, while small ones are the titanium atoms.

Table 3. Electronic bandgap values (given in [eV]), ob-
tained from the calculations for a different num-
ber of atomic layers for a (110) plane of TiO2
rutile. The experimental data are also shown for
a comparison.

Number of layers Bandgap [eV] Source
3 0.0018 this work
6 4.0616 this work
9 2.8982 this work

surface (110) 3.40 experimental [23]
surface (110) 3.37 experimental [24]

tral. Due to the arrangement of ions in the studied
rutile lattice, such surface is not possible to obtain.
The second one is built of a symmetrical stack of
charged planes with no dipole moment normal to
the surface. The last type is a charged surface with
a perpendicular dipole moment. It is important to
note that each atomic layer can be charged or neu-
tral, but the slab may consist of many atomic layers.
This leads to the conclusion that by changing the
sequence of them, one can change the type of the
resulting surface.

In this work, it was shown in Fig. 4, that the
(110) surface termination on the first or third atomic
layer (which are the equivalent but rotated variants
of rutile surface termination) leads to such charged
surface (with the two outer layers of O2−). It was
the reason of choosing the second atomic layer as a
surface termination in the current work. Although
such choice also revealed a charged layer, there is
no dipole moment in the repeating sequence for the

planar charge density. In this case, the neutral plane
with ions of both charges lies under the layer built of
O2− anions and there are two O2− layers underneath
the neutral plane.

4.2. Surface formation energy
The formation energy of the rutile (110) surface,

was calculated from the modified form of the equa-
tion 87 proposed by Lipkowitz et al. [21], which
looks as following:

En−layers
sur f ace =

En − kEbulk

2A

where En is the energy of the slab, n is a number of
layers forming a model of the surface, Ebulk is the
energy per atomic layer in three-dimensional system
and A is the area of the primitive surface unit cell
(which was found to be equal to 19,547 Å2).

The original equation was modified by substitut-
ing k, the number of repetitive units in a direction
normal to the surface, for n, which stands for the
number of atomic layers the slab was composed
of. For the metal oxide surfaces which have only
one atomic layer as a repetitive unit – such as MgO
(100) – the application of the original equation is
leading to the correct values of En−layers

sur f ace . However,
if the repetitive unit is made of more non-identical
atomic planes, what we encounter in the case of
TiO2 (110) rutile, the equation yields unphysical
values of surface formation energy, of the order of
tens of kJ/m2, as we can see in Table 4. It was con-
firmed for three and six atomic layers chosen to
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Table 4. A comparison of the surface formation energies Esur f ace for 3 and 6 layers
(110) TiO2 rutile slab with a surface termination on the second atomic plane,
obtained by using the equation suggested in the book of Lipkowitz et al. [21]
and its modified form. “n” stands for the number of layers in a slab, while
“k” is a number of repetitive units in a direction perpendicular to the surface.
Take note that the bulk energy was −1994,39502 Ha.

n k
Slab energy

[Ha]
Esur f ace[kJ/m2] –

original equation [21]
Esur f ace[J/m2]

modified equation

3 1 −1994,19514 44,49 2,23
6 2 −3988,62097 88,97 1,89

Table 5. Surface formation energies Esur f ace of a (110)
TiO2 rutile, for different atomic layers chosen
for surface termination. The bulk energy was
equal to −1994,39502 Ha. The energies were
calculated from the modified equation, devel-
oped in this work.

Termination layer Esur f ace[J/m2] Slab energy [Ha]

1 3,96 −1994,04024
2 2,23 −1994,19514
3 3,96 −1994,04024

build a model of the examined surface. If one use k
instead of n in the equation, the obtained values of
energy will be of the order of a few J/m2, similar to
those obtained by Kiejna et al. [22].

The results given in Table 5 confirm my previous
assumption about the stability of the chosen model
of the rutile plane. The surface termination on the
second atomic layer leads to the most stable (in the
terms of surface formation energy) TiO2 rutile (110)
surface.

5. Discussion and conclusions
It was clearly shown in Fig. 5 that the conduction

band in both bulk and 9-layer (110) surface of rutile
is primarily composed of titanium 3d shells, while
the main contribution to the upper valence band is
from the oxygen 2p shells with a minor participation
of the titanium 3d shells. The oxygen 2s shells have
the major contribution to the lower valence band. In
Fig. 6 we can see the dominant contribution for the
conduction band of titanium atomic orbitals, while

the valence band is mainly composed of the oxygen
orbitals.

The obtained bandgap value for the bulk rutile,
namely 3.41 eV, was the same as obtained by J. Mus-
cat et al. [25], but higher than the one presented
by M. Nilsing et al. [10], who also used B3LYP
functional to estimate the rutile TiO2 bandgap. The
obtained value, although still not perfect in compa-
rison with experimental data which is 3.02–3.16 eV
[24, 26, 27], is far much more accurate than the cor-
responding values obtained by LDA (Local Density
Approximation) or GGA (Generalized Gradient Ap-
proximation) DFT calculations [7, 8], collected in
Table 6.

However, the value of Eg for the (110) surface
of rutile TiO2, was approximately 2.90 eV, and was
suprisingly much lower than the value of around
3.40 eV (obtained by S. Fujiyoshi et al. [23]).

The similar calculations, also carried out with a
B3LYP functional – undertaken by M. Nilsing et al.
[10] – returned the value of 3.70 eV for the rutile
(110) surface, which overestimates the experimental
one. The discrepancies might be due to the use of
different basis sets in each case.

According to the results given in Table 3, there
is a strong, nonlinear dependence of the bandgap
value with respect to the given number of atomic
layers. It could indicate, that quantization of states
can vary in the direction perpendicular to the TiO2
surface, when additional atomic layers are inserted
to the slab model. Introduction of such extra lay-
ers may lead to the formation of the new discrete
states, that will be more energetically preferred by
the valence electrons in the system. The combina-
tion of constant electronic band structure related to
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Fig. 5. The density of states projected on the s and p subsets of atomic orbitals of Oxygen and d subset of atomic
orbitals for Titanium. The figure on the left corresponds to the bulk rutile, while the one on the right to the
9 layers (110) rutile TiO2 surface. Note that only valence bands and five unoccupied bands above the total
number of occupied bands are considered.
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Fig. 6. The density of states projected on the whole set of atomic orbitals of all of the Oxygen and Titanium atoms
in the unit cell. The figure on left side shows the DOS of bulk rutile and the second one is related to 9 layers
(110) rutile TiO2 surface. Only the valence bands and first five conduction bands are taken into account.

infinite TiO2 plane and the distribution of energy
levels in the direction normal to the surface, which
is a function of a number of layers, might lead to
the observed oscillations of the bandgap value. In
different cases, the Eg was overestimated (6 lay-
ers) or slightly underestimated (9 layers) but for
3 layers the underestimation was three fold in com-
parison with a corresponding experimental value
for the (110) surface. However, the last mentioned
case might be analogical to the graphene-like struc-
ture [28].

Anyway, the above calculations clearly show
that the utilization of the hybrid functional leads to

better results than the HF or DFT functional alone.
The approach needs modifications to improve the
accuracy in the bandgap determination, mainly by
making it independent from the chosen basis set.

5.1. Future work

Recently, many groups have been focusing their
research on the titania nanotubes, because of their
wide spectrum of possible applications [31, 32]. Ac-
cording to the literature, both anatase and rutile
phases in this nanoscale tubular structures of TiO2
are possible to occur [33]. While it was an exten-
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Table 6. Comparison of results obtained both in experimental and computational determina-
tions of pure rutile TiO2 bandgap.

System Eg [eV] Method Reference

bulk 3.20 B3LYP [10]
bulk 3.40 B3LYP [25]
bulk 1.90 EV-GGA, Eg from DOS calculations [7]
bulk 2.14 EV-GGA, Eg from optical calculations [7]
bulk 3.03 experimental [24]
bulk 3.02 experimental [26]
bulk 3.16 experimental [27]
bulk 1.84 GGA [8]
bulk 1.85 GGA-PBE [29]
bulk 1.39 GGA: WIEN2K (FP-LAPW), Eg from DOS calculations [7]
bulk 2.01 GGA: WIEN2K (FP-LAPW), Eg from optical calculations [7]
bulk 1.56 GGA+SOC , Eg from DOS calculations [7]
bulk 2.00 GGA+SOC , Eg from optical calculations [7]
bulk 3.25 LCMTO [30]
bulk 2.99 LDA with 13 % HF exchange [9]
bulk 1.44 LDA+SOC, Eg from DOS calculations [7]
bulk 1.30 LDA+SOC, Eg from DOS calculations [7]
bulk 1.91 LDA+SOC, Eg from optical calculations [7]
bulk 1.93 LDA+SOC, Eg from optical calculations [7]

surface (110) 3.70 B3LYP [10]
surface (110) 3.40 experimental [23]

surface 3.37 experimental [24]
surface (110) 3.50 GGA+U (U = 2.0) [8]

sive experimental investigation of these structures
[34–40], there are only a few papers [33, 41, 42]
related to theoretical models thereof, and most prob-
ably all of them are devoted to only the anatase
phase.

The present work thus could serve as a starting
point to obtain the first model of the rutile titania
nanotube, however, some additional computational
effort should be done in order to verify the stability
of such thin TiO2 (110) sheets and their tendency to
self-reconstruction must be also investigated. The
way to move from the rutile (110) surface to the
respective nanotube is to wrap the (110) rutile slab
longwise the [001] direction [41]. The other option
is to replace some of the surface oxygen ions with
the OH ones, what could lead to the torsion of the
surface and subsequent nanotube formation. Such
behavior could be observed after the treatment of

the titanium (IV) oxide with a solution of NaOH
[43, 44]. This opens a wide field of research, be-
cause many variables could be taken into account,
such as the relationship between the bandgap and the
internal diameter of the nanotube, number of atomic
layers of which it is composed or the dependence of
light absorption versus the curvature and length.
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