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Abstract: In this paper a functional model to estimate the inelastic displacement ratio as a function 
of the ductility factor is presented. The coefficients of the functional model are approximated using 
nonlinear regression. The used data is in the form of computed displacement for an inelastic single 
degree of freedom system with a fixed ductility factor. The inelastic seismic response spectra of 
constant ductility factors are used for generating data. A method for selecting ground-motions that 
have similar frequency content to that of the ones picked for the comparison is presented. The 
variability of the seismic response of nonlinear single degree of freedom systems with different 
hysteretic behavior is presented. 
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1. Introduction  

The inelastic displacement ratio is a response parameter that is often used in the design or 
assessment of buildings in seismic regions. This factor represents the ratio between the inelastic 
and elastic displacements of a single degree of freedom system with period iT . Usually the 

structural engineer uses this ratio to multiply the elastic displacements of structures with a fixed 
strength factor. Empirical relations, or functional forms, are used to estimate the inelastic 
displacement ratio. In this paper a functional form is used, having as dependent variables the 
elastic period of the single degree of freedom iT , the ground fundamental period at the site pT  

and a constant ductility factor k .  

The response is not dependent on these three terms only. The advantage of these models is that 
using simple relations, with a few modeling parameters, the response is estimated with a 
particular confidence factor. 

For the development of functional forms, inelastic seismic response spectra of constant ductility 
are estimated using recorded accelerograms. A method of selection of ground motions based on 
the shape of the elastic response spectra, the dissipated hysteretic energy spectra and the ground 
fundamental period at the site pT  is used. Using this method the ground motions are not 

modified. The inelastic response spectra are computed using the algorithms presented in [5, 6]. 

The coefficients for the parameters of the functional model are approximated using the nonlinear 
regression method [3]. The uncertainty of the response is quantified using a functional form for 
the standard deviation observed for the data. The functional form in the regression model is 
composed of two parts. The first is a deterministic one and the second a stochastic one. The first 
term is considered as the estimate of the mean of the response and the second as the standard 
deviation of the response. 

2. Seismic Action 

The general criterion for selecting accelerograms is that the provided intensity measure IM  
guarantee efficiency and sufficiency [14, 15]. The efficiency and sufficiency of an intensity 
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measure is expressed as a function of the response of a structural system to the chosen IM .  
A set of accelerograms is considered efficient if the standard deviation of the response, or 
engineering demand parameters EDP, have low values compared to other sets. A set of 
accelerograms is considered sufficient if the obtained engineering demand parameters are 
independent of the characteristics of the earthquake forecast model. For example, the EDP 
should be independent of the magnitude, distance and other parameters of the source of the 
seismic event. The duration of the event and the frequency content of the ground motion are path 
dependent, although the corner period is a function of the magnitude of the event [13]. 

The site of interest is situated in the Vrancea seismic zone, characterized by an elastic response 
spectrum with a corner period of s1.6 , as in the present seismic design code used in Romania 
[11]. The value of a particular intensity measure for single degree of systems is not of interest, so 
that the value of the peak ground acceleration is not considered. 

The ground motion selection method, GMSM, is composed of two steps. The first step is to 
choose a ground motion from available data-bases of accelerograms that have the shape of the 
elastic response spectrum similar to the one in the design code. Two data-bases were used, the 
first one is PEER data-base [1] and the second is ROMPLUS data-base. A total of 26  
accelerograms were selected, with 23  from the first data-base and 3 from the second one. The 
second step is the final selection of accelerograms, based on the shape of the hysteretic energy 
response spectra and the number of plastic cycles [6]. The shape of compared spectra is that for 
the 3 accelerograms selected as being those recorded in the site of interest. This way, a bias in 
the response is expected. Taking as criterion of comparison the shape of the spectra of these 3 
accelerograms, the expected events will have general characteristics similar to the selected 
recorded ground motions [7]. In this step, ground-motions that have similar frequency content 
are selected. A final number of 15  real accelerograms is chosen. The advantage of this method of 
selection is that the scaling of accelerograms is avoided. Its disadvantage is that only a few 
scenarios of events are modeled and these are similar to the ones picked for the comparison. The 
list of the used accelerograms is found in the annex attached at the end of this paper. 

In figure 1 the elastic response spectra for the absolute accelerations and relative displacements 
are plotted, together with the mean and the standard deviation. It is observed that the ground 
fundamental period pT , defined as the period at which the maximum pseudo-velocity is 

computed, has values on all period intervals for each of the accelerograms. 

Like any other intensity measure, an accelerogram must represent the seismic hazard for a specific 
probability of exceedance for the chosen site. In the ground-motion selection method, the probability 
of exceedance is assigned only for a scalar parameter IM , usually PGA  or )(TSa . All the other 

parameters that have an influence on the vector of intensity measure IM are not considered.  

 

Fig. 1 - Elastic response spectra and the mean values 
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The aspect mentioned above cant be surpassed by any of the ground-motion selection procedures. 
The aleatory nature of the ground-motions is not considered and generally the epistemic errors are 
not quantified by these types of methods. The result is that the response spectra will define an 
incomplete space of variables. Using a deterministic approach for selecting the response spectra will 
not guarantee that for some periods their associated spectral values will be conservative.  

The entire set of used accelerograms should define a complete space of variables for the vector 
IM . This is a difficult task to achieve. Usually there are not enough accelerograms in the data-
bases to define the complete space of variables. So the efficiency and sufficiency of the 
accelerograms are the only criteria for establishing if the chosen set of ground-motions should be 
used for computing the response spectra. There are two alternatives for generating response 
spectra: the uniform hazard spectra and the conditional spectra [2, 4]. This two types of spectra 
are based on empirical ground-motion models [7], coupled with the probabilistic seismic 
analysis. The space of variables isn't restricted to the available data. The spectra choice is based 
on a period of exceedance and it guarantees that uniform hazard is associated to each oscillator.   

3. Inelastic response spectra of constant ductility  

The inelastic response spectrum is a representation of the absolute maximum response in EDP 
of an inelastic single degree of freedom system. Generally, the EDP is considered as the mean 
value plus a standard deviation obtained from a set of ground-motions. The EDP can be 
displacement, acceleration, velocity, dissipated hysteretic energy, number of plastic cycles or 
other parameter. In general quantities that are compared with the values obtained from an elastic 
spectrum are preferred, so that the ductility factor of the system  , the strength factor q  
(behavior factor) or the inelastic displacement ratio c  is used.  

The definition of the strength factor used in this paper is different from that given in the 
Romanian seismic design code. In the code, the strength factor is defined as the ratio of the 
maximum elastic lateral force to the yield strength of an elasto-perfect-plastic model. In the 
paper, the used system can have any cyclic law and the over-strength of the system has no 
influence in the definitions of the factors used herein. 

 

Fig. 2 - Equivalence between elastic and inelastic parameters [4] 

Figure 2 presents the equivalence of the factors used herein, where yu  is the displacement 

corresponding to the yield force, plu  is the maximum computed inelastic displacement and elu  is 
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the elastic displacement, which is proportional to the maximum force elsf ,  for the initial tangent 

stiffness of the inelastic single of degree system. 

The characteristic yield force of the single degree of freedom system is computed by dividing the 
equivalent maximum elastic force to a strength factor q  chosen or computed for a specified 
ductility factor  . The inelastic displacement ratio is defined as the ratio of the plastic 
displacement to the elastic displacement and it can be written as:  

qu

u
c

el

pl 
==          (1) 

In the Romanian code, the inelastic displacement ratio has a similar definition to that of equation 
(1), though there are some differences. One of these differences is that the parameter used in the 
code is for systems with constant yield force and it is conditioned by the ductility factor, the 
period of the system and the corner period. In earlier versions of the code, the value of the 
inelastic displacement ratio was a function of the periods only and, in the same time, it was 
limited at a maximum value equal to 2 . The definition presented in equation (1) is applied for a 
single degree of freedom system and no limit is imposed on the inelastic displacement ratio.  

Five cyclic models of the material are selected for the inelastic SDOF system behavior: (a) 
elasto-perfect-plastic EPP, (b) elasto-plastic with hardening EPC, (c) Menegotto Pinto modified 
by Filippou MPF, (d) with loss of stiffness and strength H1 and (e) with loss of strength only H2. 
For each of these models, an initial tangent stiffness can be assigned using the maximum yield 
force and elastic displacement. The damping is proportional with the mass of the SDOF system 
and the value of the damping factor is 0.05= . 

In order to compute inelastic spectra of constant ductility for a particular period iT , the following 

relation between the ductility factor and the strength factor of the system can be assumed, 

baq exp=          (2) 
where the coefficients a  and b  are estimated using linear regression, considering that   and q  
are exponentially distributed. So, for a chosen value of the ductility factor, a strength factor is 
estimated for iT  and the analysis of the nonlinear model is made with this estimated value of q . 

A procedure that follows the algorithm presented in [5, 6], including the equation (2), was 
implemented in OpenSees [10]. 

 

Fig. 3 - Inelastic spectra of constant ductility a) Mean of the inelastic displacement ratio c;  
b) Standard deviation. 

Considering four values for the ductility factor and the response for all the cyclic laws, the spectra 
from figure 3 are plotted. For each ductility factor, a total number of 75  nonlinear analyses are 



5 

done. The general conclusion is that for the short period oscillators, the inelastic displacement ratio 
is greater than 1 and for the long period range the factor is smaller or equal to 1. The standard 
deviation is observed for all periods, with greater values for the short period interval. 

The constant ductility spectra approximates the values of the response quantities for a fixed 
chosen ductility factor. In order to estimate these values an iterative solution is used because, by 
using equation (2), different values of the strength factor will be obtained. The initial step for 
computing the inelastic response spectra is to choose a ductility factor and, based on equation 
(2), to evaluate a strength factor. After the analysis is made, the obtained ductility factor is 
compared with the one chosen in the initial step. Generally, the initial q factor has a different 
value from the solution obtained by iteration. 

It is mentioned that equation (2) is not satisfied for all periods. For example, imposing a 
tolerance of 0.01 for the computed ductility factor, it was observed that for periods smaller than 
0.05s, the error in the results varies from 1 to 100%, and for periods greater than 0.05s, the error 
varies from 1 to 7%. It is expected that the imposed ductility factor to be not correlated to the 
estimated strength factor for all periods. For periods that are smaller than 0.05s, if a nonlinear 
behavior is expected, the plastic demands can be much larger than for greater periods. In this 
cases, the authors recommend nonlinear behavior to be avoided. 

The values estimated for the inelastic displacement ratio for the chosen ductility factors are plotted 
in figure 4 for two periods. The period from figure 4 (a) corresponds to the short period interval, 
while the period from figure 4 (b) corresponds to the long or medium period interval. It is observed 
the increasing of the inelastic displacement ratio c with the increasing of the ductility factor.  

The variability of c is larger for systems with short periods, especially for high ductility factors. 
For systems with long periods, the variability is still present, but it is reduced for high ductility 
factors. For example, at periods of 0.20s and ductility factor equal to 5, the estimated inelastic 
displacement ratio, for some particular systems, can take values as high as 7…9. So for systems 
with periods in the short period interval, the use of high values for the strength factor or ductility 
factor will have an associated high degree of uncertainty in the estimated seismic response. 

The response is affected by the frequency content of the ground-motion and the cyclic law of the 
material. These are two types of uncertainties in the model. The first one, which is a function of 
the number of used data, can be considered as an aleatory one, and the second one is function of 
the used model and of the influence of the frequency content. The total standard deviation 
presented in figure 3 (b) is not the sum of these two types of uncertainty, because these types 
have common elements. 

 

 

Fig. 4 - Influence of the ductility factor and period on the inelastic displacement ratio. 
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Fig. 5 - Influence of the hysteretic model on the inelastic displacement factor c  

The influence of the hysteretic model is represented in figure 5. It can be observed that the 
highest values of the response are obtained for the system with stiffness and strength 
degradation. These differences are higher for the short period interval and are observed for all 
periods and chosen ductility factors. Another observation is that the variability of the response 
tends to be higher as the ductility factor is increased and the highest variability is associated with 
the H1 model, with loss of strength and stiffness. 
The model uncertainties influence on the response can be estimated using data for a single event 
and normalized at the fundamental period pT . In figure 6 it is observed that the standard deviation 

of the response is correlated with pT . The variability in a single event is a function of the frequency 

content and the hysteretic model. In figure 6 (b) the data is interpolated for all ductility factors and 
it is observed that the standard deviation increases as the ductility factor increases. 
The separation of uncertainties in model uncertainty and response uncertainty exposes the fact 
that the variability of response is a function of the parameters of the dynamic model. For 
oscillators with period smaller than pT , the influence of the model parameters in the response 

can be substantial. This is of particular interest when residual displacements are estimated [9] or 
when systems with loss of strength or stiffness are analyzed. 

 

Fig. 6 - Variability in a single event for periods normalized at pT
 a) Standard deviation in a single event;  

b) interpolation on all data set 

4. Functional forms  

With data approximated using the inelastic response spectra, a functional form can be expressed. 
These functional forms are described using mathematical expressions for the relationship 
between the response parameters and those of the dynamic model and of the seismic action. It is 
proposed the functional form used in [12], having the following expression, 
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where i  are coefficients estimated by nonlinear regression on the available data [3]. Using the data 

corresponding to all hysteretic models and all accelerograms, the coefficients from table 1 are given. 
Table 1 

Coefficients for the functional form ),,/(ˆ ipTTc   for the entire data set  

i  3=  4=  5=  

1  11.665  11.867  18.929  

2  0.142  0.219  0.167  

3  0.518  0.514  0.522  

The nonlinear regression is made on constant ductility planes and the functional forms describe 
an approximate mean ĉ . The values are approximated for the complete interval of values. The 
correlation between the model parameters and the response vector EDP is ignored. The 
estimated values for ĉ  are not the same to those from figure 4 (a). Considering only the mean 
values of the inelastic displacement ratio, the coefficients from table 2 are estimated. These mean 
values are obtained by taking into account all hysteretic models. 

Table 2 

Coefficients for the functional form ),,/(ˆ ipTTc   for mean values of hysteretic models 

i  2=  3=  4=  5=  

1  630.08  13.212  25.017  19.425  

2  0.100  0.125  0.095  0.166  

3  0.850  0.518  0.522  0.521  

The statistic measure of how close the functional form is to the available data is denoted as the r2 
coefficient or the determination coefficient. The r2 values obtained for the data sets are in general 
less than 0.50 . Usually a functional form is considered to approximate well the given data if r2 is 
greater then 0.50  and almost equal to 1.00. The obtained low values were expected given the 
strong variability in response observed in the previous section. The values of r2 are increasing as 
the ductility factor is increased and have lowest values for the short period interval. Equation (3) 
identifies which oscillators can present consistent variability in the response as a function of the 
fundamental period. 
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Fig. 7 - Response spectra of approximated mean ĉ  for different  
ductility factors using coefficients from table 2.  

In figure 7, the response spectra of the mean values using equation (3) and the coefficients from 
table 2 are plotted. It can be observed that for the ductility factor equal to 2 , the proposed 
equation doesn’t estimate with confidence the mean value ĉ  for all periods. For all other used 
ductility factors, the values approximated are reasonable for intervals greater than pT . On the 

short period interval, that is for periods smaller than pT , the mean keeps the observed variability 

in response.  

Equation (3) keeps the observed particularities of the variability of response as in the previous 
section. As it was observed, the standard deviation of the response was present for all ductility 
factors. This standard deviation can be considered aleatory, ignoring its mixed nature. The data 
used in nonlinear regression in this case is that associated with the standard deviation observed 
for the mean values of the hysteretic models. To associate the uncertainties to equation (3), a 
stochastic term is added, 

 
cipiip TTcTTc  ),,/(ˆ=),,,/(       (4) 

where 
c

  is the stochastic component of c . All the uncertainties are treated as aleatory with 

distribution 
c

 , with zero mean and standard deviation ),,/(= ip
c

TTf  .  

Coefficients i  are approximated using nonlinear regression with a model that describes this 

standard deviation. The distribution of the stochastic term is considered log-normal and 
dependent on the variables used to estimate the mean ĉ .  

The following functional form is proposed for approximating the standard deviation:  

3
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      (5) 

The data used is that of the standard deviation obtained for the mean values of c  from the 
hysteretic models. Because the data is considered with log-normal distribution, the following 
transformations are done: first, a transformation in log-format with the corresponding mean and 
standard deviation and, second, a backward transformation to normal variables. The final 
obtained coefficients using the nonlinear regression on the normal data are given in table 3. 
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Table 3 
Coefficients for the functional form ),,/( ip

c
qTT   

i  3= 4= 5=  

1  0.0034  0.0087  0.0022  

2  1.8777  5.7624  4.4652  

3  1.4188  1.3649  1.3978  

The approximated values for the standard deviation of the regression model c  are not equal to that 
of the available data. This standard deviation can be considered as specific for a period pTT/ . 

In figure 8 the approximated values of the standard deviation for different ductility factors are 
plotted using coefficients from table 3 and equation 5. The r2 values are less than 0.50  and smaller 
than those obtained for the mean values. The variability of standard deviation is more pronounced 
and, for periods smaller than pT , the values approximated keep a high degree of uncertainty.  

Using the above equations, one can approximate the values for the inelastic displacement ratio c  
and consider its intrinsic uncertainty for a specific period ratio pTT/  and a chosen ductility 

factor. These equations approximate in a marginal way the values of c , the real function of c  
being a strong nonlinear function. For some periods there is no correlation between ductility, 
period and c . The functional forms used herein have a few degrees of freedom, but its advantage 
is that it keeps the characteristics observed for the available data.  

These functional forms are useful for choosing a yield level for a particular chosen ductility 
factor. They can be used in design when a displacement based design procedure is performed. For 
the assessment of structures, when the strength factor is known, using response spectra of constant 
ductility can lead to nonconservative results [12]. In this case, using data from the constant yield 
response spectrum, with a chosen strength factor,  can lead to conservative estimates. 

 

Fig. 8 - Approximated standard deviation using equation (5).   

5. Conclusions  

In the preceding sections the following procedures were exemplified:   

- A ground-motion selection procedure that has two steps, in which accelerograms with similar 
frequency content to the ones picked for comparison are chosen. By using this procedure, 
real records are selected, that are neither scaled nor transformed.  

- Use of inelastic response spectra of constant ductility for determining the inelastic 
displacement ratio and the influence of the hysteretic material model on the single degree of 
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freedom response. It has been shown that for systems with loss of strength and stiffness the 
response is strongly affected. Using bilinear models for these systems is nonconservative.  

- Choice of functional forms for approximating the inelastic displacement ratio as a function of 
SDOF period, fundamental period on site and ductility factor. These equations are 
approximate ones and can be used for evaluating the response of existing buildings.  

The functional form presented herein estimates a mean and standard deviation for the inelastic 
displacement ratio. Considering that the probability distribution of c  is log-normal, with the 
approximated mean and standard deviation, estimates for the cumulative distribution functions 
are available. With these distributions and data from PSHA, a probabilistic seismic demand 
analysis for a particular oscillator can be done and the probability of exceedance for the inelastic 
displacement ratio can be approximated. These probabilities of exceedance are useful in 
performance based design. 

The coefficients given in this paper for approximating inelastic displacement ratios are only for sites 
that are similar to Vrancea seismic zone. The used accelerograms have similar frequency content to 
the ones recorded at INCERC station at the seismic for the events from  march 1977 and august 
1986. They correspond for a soft soil site and with the fundamental period corresponding to all 
intervals. The functional form used herein is similar to other forms found in literature. 
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