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The Upper and Lower Approximations in Rough Subgroupoid
of a Groupoid

H. TasBozaN “* AND L. IceN 2%

ABsTRACT. In this article, we introduce the concept of rough subgroupoid of a groupoid as a generalization
of a rough subgroup and give some features about the lower and the upper approximations in a groupoid
[1]. We give some of the characterization of them. Key words and phrases. rough set, rough groupoid,
rough subgroupoid.

1. Introduction

The rough set is not only concerned with uncertainty. It is also effective in the calculation methods of soft
clusters. These areas include artificial intelligence, data mining, pattern recognition, decision analysis and fault
diagnosis. The concept of a rough set was introduced by Pawlak in [2]. The algebraic approach of rough set was
studied by some authors [1, 3,4, 5, 6, 7, 8,9, 10]. Recently, the notion of rough group, rough subgroup and some
properties were studied [1]. Groupoid was introduced by Brandt [11] on the composition of quadratic forms with
four variables. Grothendick [12] used groupoid for the construction of module space. Also groupoids play an
essential role in physics and mathematics as moduli space. In algebraic topology, the fundamental groupoid of a
topological space has been exploited by R.Brown and other [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

Groupoid have been used in a wide different area of mathematic such as functional analysis, ergodic theory,
algebraic topology, algebraic geometry, differential geometry and group theory.

In this article we define the concept of rough subgroupoid of a groupoid and discuss some features about it.
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2. Preliminaries

Definition 2.1. Let U be a nonempty set and let R be an equivalence relation on U. Then S = (U, R) is called the
approximation space and U is called a universe [2].

Definition 2.2. Let S = (U, R) be an approximation space. Suppose @ # X C U. Then the sets
R(X) = {x[[xlrxnX #}
R(X) = {x[[]r € X}

are called respectively lower and upper approximations of the set X in the approximation space S, where [x]r denotes the

equivalence class of the relation R containing x. The set R(X) = (R(X), R(X)) is called the rough set of X in S. The set
R(X) — R(X) is called the boundary region of X. If the boundary region of X is not an empty set, then X is a rough set.

For a fixed approximation space S = (U, R) and for a fixed nonempty subset X of U, the rough set of X, i.e. R(X) is
unique [2].

Definition 2.3. A groupoid G consists of two sets G and Gg called respectively the set of elements or morphisms and the
set of objects of the groupoid, together with two maps a, B : G — Gy, called respectively the source and target maps, a map
1) : Go = G, x = 1 called the object map and a partial multiplication

GxG—=G, (a,b)—aob
defined on the fibre product set
GxG={(a,b)eGxG: a(b)=p(a)}.

These maps are subject to the following conditions:

(1) a(boa) =wa(a) and p(boa) = B(b) forall a,b € G;

(2) co(boa)=(cob)oaforallab,c € G such that a(c) = B(b) and a(b) = B(a);

(3) a(1ly) = B(1x) = x for all x € Gy, where 1y is the identity at x;

(4) aoly,y =aandlg,yoa=aforalla € G;

(5) each a € G has an inverse a~'such that a(a=') = B(a), a(a) = f(a~') and a1 oa = Ly(a) A0 al = 1g(a)

If (G, Gyp) is a groupoid then we say G is a groupoid on Gy [13].

Definition 2.4. Let G be a groupoid on Go. A subgroupoid H of G is a pair of subsets H C G and Hy C Gg such that
«(H) C Hy, B(H) € Hy, 1x € H for x € Hy and H is closed under the partial multiplication and inversion in G [13].

Definition 2.5. A normal subgroupoid N of G is subgroupoid N of G such that Ny = Go and for each x,y,z € Gg,a €
G(z,y),b € G(x,z),aob € G(x,z) and for a(a) = B(b) we have ao N(z) = N(y)oaand (aoN(z))o(boN(x)) =a
obo N(x). In other words, a subgroupoid N of G is called normal if Ny = Gg and for x,y € Gopand ao N(z)oa~! = N(y)
[13, 25].

3. Lower and Upper Approximations in a Groupoid

Definition 3.1. Let G be a groupoid, N be a normal subgroupoid of G and Ny : x — x be a morphism. Let A be a nonempty
subset of G and Ay is the set of end points of the morphisms in A. Then the sets

Nx(A) = {aeG|laoNy C A ua(a),p(a) € Ay, x € G},
N(A) = U Ng(A)
x€Gy
and
Ny(A) = {aeG|laoNyNA#Q,a(a)B(a) € Ay, x € Gy},
N(A) = U Nx(A)

xeGo
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are called respectively, lower and upper approximations of a set A with respect to the normal subgroupoid N of
G. Then we say that the pair of N(A) = <x€LJGOMC(A),x€LJGOM(A)> is a rough set of A in G.

Definition 3.2. Let N(A) = (N (A),N(A)) be a rough set of A in G. A nonempty subset A of a groupoid G is called an
N rough(normal) subgroupoid of G if the upper approximation erGON (A) of A is a (normal)subgroupoid of G. Similarly
a nonempty subset A of G is called an N rough (normal) subgroupoid of G if the lower approximation erGOM (A)of Ais
a (normal)subgroupoid of G.

Example 3.1. G = {1g,a,a!,11} is a groupoid with a : 0 — 1,a=' : 1 — 0and N = {1y, 11} is a normal subgroupoid
of G. Let us take Nog = Go, Ny is the set of the morphism with source objects of G and the set A = {a} C G. In this case,
we have a o Ny = {a} C Aand a=' o Ny = {a~'}. Then, we have

No(A)={acG|laoNy C A} = A,
No(A)={a€G|aoNgNA#D}=A

and also
A)= U A)=A
M( ) xeGONx( ) 7
N(A) = U N;(A) =A.
( ) xeGy X( )

Because of N(A) — N(A) = @, A is not a N rough subgroupoid of G and a N rough subgroupoid of G.

Example 3.2. Let X = {x,y,z} be a set. Then there is a groupoid with object set X and set of arrows the product set X x X
so that an arrow x — y is simply the ordered pair (y,x). The composition is then given by (z,y) o (y,x) = (z,x). Then
R = X x X is an equivalence relation on X. R is a groupoid with the composition [14].

R=A{(xx),(y,y) (22),(xy), (v, %), (x,2), (2, x),(y,2), (2. y)}
is a groupoid,
N =A{(xx), (y,v), (z2)}

is a normal subgroupoid of N and let

A={(x,x),(v,y),(y,x), (zx),(y,2)} CR
be a set. We have

aoNy = {(x,x),(xy) (x2)},
aoNy = {(yy),(y,x),(v,2)}

aoN: = {(z2),(zx),(zy)},
and thus from the Definition 6, we obtain
Nx(A) 2,
Ni(A) = {aeGlaoNy, C A} ={(yy) (v,%),(y2)}
Nz(A) 2,
N(A) Nx(A) UNy(A) UN:(A) = {(y,v), (v, %), (v,2)},
N(A) = N:(A)UNy(A)UN;(A)=R.

A'is a N rough subgroupoid of G and N rough subgroupoid of G.
Proposition 3.1. Let N and H be normal subgroupoids of a groupoid G. Let A and B be any nonempty subsets of G. Then
(1) U No(A)CAC U Ny(A).
x€Gq

xeGq

@ uNaus) = (U K)o U N
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® uN(ans) = (U )0y NE).
U

xeGyp [
(4) ACB implies U NX(A) C ) Nx(B).
Ny xeG—%
(5) ACB 1mphes U NX(A) C UG Ni(B).
0 xe

6 U NJ(AUB) ( ) ( J Nx(B)>.
x€Gy— x€Gy— x€Gy—
(7) U Nd(ANB)C ( Nx(A)> m( u Nx(B)>.
xeGy xeGy
8) N Q H implies U Ny(A) C U Hy(A).
xeGy x€Gq

Proof. (1) If Va € UG Ny(A), 3x € Gy, thena =ao1y, €aoN, C A. Thus N(A) C A. Next, if Va € A, then
xeGy™
a=ao0ly €aoNy. Thusa € ao Ny N A, thatis, Vx € Gy, ao Ny N A # @. This implies a € UGE(A),
xeGp
andso A C U Ny(A).
XEGU
(2 ae UGE(AUB) & aoNy N (AUB) # @, Vx € Gy
xeGo

@(uoNxﬂA)U(aoNxﬂB)#@,VxEGO
& (aoNyNA)#Qor(aoNyNB) #D

Sa€ U N(A € U N,(B
a XEO X( )Ora xEGO X()

soe (UN@)u(uNe)
Thus XEUGOE(A UB) = (XELJGONx(A)> U (erGON"(B)) )

(3 a€ U Ni(ANB) & aoN: CANB, Vx € Go
xeGo—

< agoNy CAandao N, C B

Sae UNx( )Janda € UNx(B)
xeGo— xeGo—

sae (U N@)n (L N)
Thus U Ny(ANB) = ( éJGONx(A)> N ( EUGOM(B)).

x€Gy—

(4) Since A C B, AN B = A. With the help of (3),
U Ny(A)= U Ny(ANB) —( U NX(A)> ﬁ( U Nx(B)>
xeGo— xeGy— xeGy™ xeGy™
gives us U Nx( ) C U Ni(B).
xeGy™

xeG

(5) Since A C B AUB = B. With the help of (2),

L) = U s = (W) ) oy M)

givesus U Ny(A) C U Ny(B).
XEGQ XEGO
(6) A C AUB, B C AUB and with the help of (4), U Ny(A) € U Ny(AUB) and U Ny(B) C
xeGy— xeGy— x€Gy
U Ny(A U B). Therefore
XEGO

< U NX(A)> U (XELJGOM(B)> C U Ny(AUB).

xeGy xeGyp
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(7) ANB € A, AN B C B and with the help of (5), UGE(AI’]B) -
xeGo

U Ny(A)and U Ny(ANB) C
x€Gq x€Gy

U Nx(B). Therefore
xeGg

U Nx(ANB) C ( U NX(A)) N <erGON"(B)>‘

xeGy x€Gy
(8) If Ve € UG Ny(A), then Vx € Gy, 3x € coNyN A, and so x € co Ny C co Hy. Therefore, x € co Hy N
xeGp
A. Thisgivesusc € U Hy(A),and U Ny(A) C U Hy(A).
x€Gy x€Go xeGo

Proposition 3.2. Let N be a normal subgroupoid of a groupoid G. Let @ # A C G and @ # B C G are subgroupoids of
G. Then ( U NX(A)> o ( U NX(B)> = U Ny(AoB).
x€Gy x€Gy x€Gy
Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gp and for each x,y,z € Gg,a € G(z,y),b €
G(x,z),a0b € G(x,z) and for a(b) = B(a) we have (ao N(z)) o (boN(x)) =a oboN(x). Letc € UG Ny(AoB).
xeGg

Then Vx € Gy, co NyN Ao B # @. Thus there exists an element m in G such that m € co Ny N A o B, and
som € coNyand m € coAoB. Thenm = aob witha € Aand b € B. Since c € moN, = (aob)o
Ny = (aoNz)o(boNy), we have c = kol withk € aoN; and ! € boN,. Thena € koN;, and so a € ko N;

NA. Thus k € U Ny(A). We have same [ € U Ny(B). Thenc = kol € ( U NX(A)) o ( U NX(B)), gives
xeGy xeG xeG xeGy

0 0

U Ny(AoB) C ( U Nx(A)> o ( U NX(B)) Contrarily, let ¢ € ( U Nx(A)) o ( U Nx(B)>, thenc=uao0b
xeGy xeGo x€Gy xeGy xeGy
witha € UG Nx(A)and b € UG Nx(A). Then there consists r,s € Gwithr € ao NN A and s € bo N, N B, and so

x€Gy xeGo
reaoN;, r€ A ,s€boNy, s €B.Since Nisnormal, ros € (aoN;)(boNy) =aoboNy,and ros € AoB. Thus
ros € aobo NyN Ao B, which yields that c = aob € U Ny(Ao B), and so ( U NX(A)> o ( U M(A)) C
XEGO XEGO XEGO

U Nx(A o B). For this reason we have ( U NX(A)) o ( U Nx(B)) = U Ny(AoB).
x€Gy x€Gy x€Gy x€Gy
Proposition 3.3. Let N be a normal subgroupoid of a groupoid G, @ # A C G and @ # B C G are subgroupoids of G.

Then( U Nx(A)) o( U NX(B)> C U Ny(AoB).
xeGo— xeGo— xeGo—

Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gg and for each x,y,z € Go,a € G(z,y),b €
G(x,z),a0b € G(x,z) and for a(b) = B(a) we have (a0 N(z)) o (boN(x)) =aoboN(x). Letc € ( ))

< U Nx(B )) Then a € UGNx(A) and b € U Ni(B) givesc = aob. ThenaoN, C Aand boN, C B
xeGo—

xeGo— x€Go

Since N is normal, coNy = aobo Ny = (aoNz)o(boNy) C AoB, then ¢ € UG Nyx(A o B). Therefore
xeGy™

(ngOwa) o (ngONx(B)) C U Ni(40B)

Remark 3.1. Let H and N be normal subgroupoids of a groupoid G. Clearly H N N is also a normal subgroupoid of G.

Proposition 3.4. Let H and N be normal subgroupoids of a groupoid G and @ # A C G. Then UG (HNN)x(A) =
xeGo

(erGOHX(A)> : (erGOM(A))'
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Proof. Let ¢ € UG (HNN)x(A). Thenco (HNN)yNA # @. This gives a € co(HNN), N A, Vx € Gy. Since
xeGo

a€co(HNN)yanda € A, thena € coHy,a € Aanda € coNy,a € A, Vx € Go.Thus a € co HyN A and
da € coNyN A, Vx € Gy.Therefore ¢ € UG Hy(A)and c € UG Ny (A).
xeGo xeGo

Thus U THANT(A) = (U F(4) 0 (4 N(a)).

xeGy

Proposition 3.5. Let H and N be normal subgroupoids of a groupoid G. Let A be a nonempty subset of G. Then
U (HNN)x(A) = ( U HX(A)> N ( U NX(A)).
- xeGo™ xeGo™

xeGyp
Proof. Ve € L,lG (HNN)x(A) < co(HNN), C
xeGp————

& coHy CAandcoNy C A, Vx € Gy
& c€ U Hy(A)andc € UNXA)
xeGp—

Sce (xéJ on(A)) N <x€GO >

Thos 0 (E0N):(4) = (U () 0 (0 Na)).

xeGyp
Proposition 3.6. Let N be a normal subgroupoid of a groupoid G. If A is a subgroupoid of G, then it is an UG Ny rough
xeGy
subgroupoid of G.
Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gy and for each x,y,z € Go,a € G(z,),
b€ G(x,z),aob € G(x,z) and for a(b) = B(a) we have (a0 N(z)) o (bo N(x)) = a obo N(x). Let 1, be the

identity of G. Since N and A are subgroups of G, 1y € A and 1y= 150 1y € 1y 0 Ny, and so 1y € 1, 0o Ny N A.
Thus 1, o Ny N A # @. This implies that 1, € UG Ny(A),Vx € Gy. Leta, b € UG Ny(A) . Thenk, ! € G so
xeGo xeGo

keaoN,NAand ! € boNyNA. Thusk €aoN; I € boNyand k € A, | € A. Since A is a subgroupoid of

G, kol € A. And since N is a normal subgroupoid of G, kol € (aoN;)o (boNy) = aoboNy. Thus kol €

aoboNyNA,and soaob € UGVX(A). Let a be any element of UGE(A). Then k € ao N, N A for some
x€Gy xeGo

k € G, that is, k € ao N, and k € A. Then since A is a subgroupoid of G, k1 € A. On the other hand,

since k = ao h for some i € N, and since N is a normal subgroupoid of G, h~! € N, and it implies that

k' =(aoh)'=hloateN,oal=a1oN, Thusk ! €aloN,NA andsoa?! € Y Ny (A). This show
xeGo

that U Ny(A) is a subgroupoid of G.
xeGop

Proposition 3.7. Let N be a normal subgroupoid of a groupoid G. If A is a normal subgroupoid of G, then it isan U_Ny
xeGop
rough normal subgroupoid of G.
Proof. We must indicate U Ny(A) is normal. Let a € G(x,x) € UG Ny(A) and k € G(x,y) € G for each
x€Gy xeGg

x,y € Go. Then!l € G such that/ € ao Ny N A, thatis, ] € ao Ny and | € A. Since N is normal, kolok™1

€ko(aoNy)ok™t = (koa)o(Nok )= (koa)o (k"1oNy) = (koaok™!)oN,.Since A is normal, kolok™! €

kAk! C A. Thuskolok™t € (koaok™')oN,NA, andsokoaock™! € U Ny(A). This implies that U Ny(A)

x€Gy xeGo

is normal.

Proposition 3.8. Let N be a normal subgroupoid of a groupoid G. If A is a subgroupoid of G which N C A, then it is an
UG Ny rough subgroupoid of G.

xeGo™

Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gy and for each x,y,z € Gp,a € G(z,y)
b € G(x,z),aob € G(x,z) and for a(b) = B(a) we have (4o N(z)) o (boN(x)) = a obo N(x). Since A and
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N are subgroupoids of G, 1, € A, 1, € Ny. Since 1, oN, = N, C A, 1, € UG Ny(A) and 10N, = N, C A,
xeGo
then 1, € N(A) and 1, € UG Ny(A) . Leta, b € UG Ny(A). ThenaoN, C A and bo N, C A. SinceN is
xeGg xelg

a normal subgroupoid and A is a subgroupoid of G, aobo Ny = (aoN;)o(boNy) C Ao A C A. So that

aob e UG Ny(A). Leta € UG Ny(A). Thena =aol, € aoN, C A. Since A is a subgroupoid of G, a~! € A.
xeGo™ xeGy™

Thus we have a1 o N, € Ao A C A. This implies that ale UG Ny (A). Therefore, UG N (A) is a subgroupoid
xeGo xeGo
of G.

Proposition 3.9. Let N be a normal subgroupoid of a groupoid G. If A is a normal subgroupoid of G such that N C A,
then it is an Y Ny (A) rough normal subgroupoid of G.
xeGy™

Proof. We must indicate UG Ny (A) is normal. Let a € G(x,x) UG Ny (A) and k € G(x,y) for each x,y € Gy .
xeGo™ xeGy

Then, a o Ny, C A. Since N and A are normal,
(koaok)*loNx :ko(aoNx)ok*1 CkoAok1CA

andsoko Aok ' € U Ny(A). Thus U Ny(A) is normal.

xeGy xeGyp

Proposition 3.10. Let H and N be normal subgroupoids of a groupoid G. If A is a subgroupoid of G, then ( UG Hx(A)>
xeGg

— c THoNL( A,

° <X€UG0NX(A)> - XGUGO(H ° N)X(A>

Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gy and for each x,y,z € Gy, a € G(z,y),

be G(x,z),aob € G(x,z) and for a(b) = B(a) we have (a0 N(z)) o (boN(x)) =aoboN(x). Letc € UG Hy(A)
xeGg

o U Ny(A). Thenc =aobwithae U Hy(A)andb e U Ny(A).Thenk,! € G whichk € ao H,N A and
XGGQ XEGO XGGO

leboNyNA Thusk€aoH, l€boNy, ke A, 1€ A. Then, since H is normal,

kol € (aoH;)o(boNy)={ao(Hzob)oNy} ={ao(boHy)oNy}={(aob)oHy}oNy
= (aob)oHyoNy =coHyoN,.

Since A is a subgroupoid of G, kol € A. Therefore, kol € coHyoNyNA,andsowehavec € U (HoN)y(A).

xeGo

Thus ( U HX(A)> o( U NX(A)) C U (HoN)x(A). This completes the proof.
x€Gy x€Gp x€Gy

Proposition 3.11. Let H and N be normal subgroupoids of a groupoid G. If A is a subgroupoid of G, then ( U Hx(A)>

xeGy

o( U Nx(A)> C U (HoN)u(A).
xeGy™ xeGp—
Proof. Let N be a normal subgroupoid of a groupoid G such that Ny = Gp and for each x,y,z € Gy, a €
G(z,y), b € G(x,z),a0b € G(x,z) and for a(b) = B(a) we have (a0 N(z)) o (boN(x)) =a oboN(x). Letc €
U Hy(A)o UG Ny(A). Thenc =aobwitha € UG Hy(A)and b € UG Ny(A). ThusaoH; C Aand bo N, C A.
xeGo™ xeGo— xeGy —

xeGy™
Since H is a normal subgroupoid and Ais a subgroupoid of G, we have (aob) o Hyo Ny = {ao (boHy)} o Ny =
{ao(H;0b)} oNy = {(aoH;)ob}oNy = (aoH;)o(boNy) C Ao A C A. Therefore, we have c = aob €

U (HoN)x(A), and so ( U HX(A)) o ( U Nx(A)) C U (HoN)x(A), which completes the proof.
xeGp—— xeGo— xeGp™ xeGp——
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4. Conclusion

In this article, we introduced some features of a rough subgroupoid of a groupoid. Let G be a groupoid, N
be a normal subgroupoid of G. Let @ # A C G. The sets Y Ny (A), Y Ni(A) are called lower and upper
xeGy™ xelg

approximations of A respectively. N(A) = <xéJG0Nx (A), erGONx(A)) is called a rough set of A in G.A nonempty
subset A of a groupoid G is called an erGONx rough(normal) subgroupoid of G if the upper approximation
XGUGOVX(A) of A is a (normal)subgroupoid of G. Similarly a nonempty subset A of G is called an erGO& rough
(normal) subgroupoid of G if XEUGO& (A) is a (normal)subgroupoid of G.

The authors are grateful to the anonymous referees for their careful checking of the details and for their helpful
comments that contributed to the improvement of this paper.
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