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Obstacle parabolic equations in non-reflexive Musielak-Orlicz
spaces
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ABsTRACT. We prove existence of entropy solutions to general class of unilateral nonlinear parabolic equa-
tion in inhomogeneous Musielak-Orlicz spaces avoiding ceorcivity restrictions on the second lower order
term. Namely, we consider

u 2 '-P in QT/ (0 1)

ab(a’;’”) —div(a(x,t,u,Vu)) = f +div(g(x,t,u)) € L'(Qr). ’
The growths of the monotone vector field a(x,t,u, Vu) and the non-coercive vector field g(x,t,u) are con-
trolled by a generalized nonhomogeneous N- function M (see (3.3)-(3.6)). The approach does not require
any particular type of growth of M (neither A; nor V). The proof is based on penalization method.
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1. Introduction

Generalized Orlicz-spaces Ly, () have been studied since the 1940’s. A major synthesis of functional analysis in
these spaces is given in the 1983-monograph of Musielak [16], hence the alternative name Musielak-Orlicz spaces.
These spaces are similar to Orlicz spaces, but defined by a more general function M(x, t) which may vary with
the location in space.
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Let Q) be a bounded open set of RN (N > 2), T is a positive real number and Qr = Q x (0,T). Consider the
following nonlinear Dirichlet equation:

u> in  Qr,
ab(x, . .
G+ A(w) — div(g(xt,u)) = f in Qr, W
u(x,t) =0 on 90 x(0,T),
b(x,u)(t =0) = b(x,up) in Q,
where A(u) = —div(a(x,t,u, Vu)) is a Leary-Lions operator defined on the inhomogeneous Musielak-Orlicz-

Sobolev space Wg’x Lp(Qr), M is a Musielak-Orlicz function related to the growths of the Carathéodory functions
a(x,t,u, Vu) and g(x,t,u) (see assumptions (3.3)-(3.6)), b : Q x R — R is a Carathéodory function such that for
every x € Q, b(x,.) is a strictly increasing C! (R)-function, the data f and b(., ug) in L' (Qr) and L' (Q) respectively
and uy > ¢ with ¢ is a measurable function with values in R.

The parabolic problems have invaded several fields as well in mathematics, physics as in the economy. Among
the first equations appears the transport equation where b(x, u) = u and ¢ = 0 and the solution is a fairly regular
function. Since these problems have evolved over the last decades by adding other hypotheses and changing the
space of functions solutions as needed. Several works dealing with this type of problem (1.1) in Classical Sobolev
spaces, in orlicz spaces, lastly in Sobolev spaces with variable exponents and rarely in Musielak-Orlicz spaces.
Starting with the paper [8] where ¢ = 0, the existence results have been proved in the framework of Classical
Sobolev spaces in ([5], [7], [15]) where g(x,t,u) = g(u) continuous function on u in the Orlicz spaces. For the
lower order g # 0 depending on x,t and u and without coercivity condition, the problem (1.1) was treated firstly
in [14] and recently in ([1]), [2], [9]) using the framework of renormalized solutions.

In Musielak spaces Gwiazda et al. in [11], have been proved the renormalized solution where the conjugate of
Musielak-Orlicz function satisfies the Ay-condition and in [12] where b(x, 1) = u and ¢ = 0.

The aim of this paper is to generalize [1, 11, 12] and reducing the hypotheses either for the lower nonlinear
term ¢ and the framework, i.e. the inhomogeneous space WlfoM(QT) without Aj-condition on M and M,
which introduces some complexity understanding if the dual pairing. The difficulties that arise in problem
(1.1) are due to the control of the term div(g(x,t,u)) which depend on x,t and u, lose of coercivity condition
and the functional setting in these works involve the Musielak-Orlicz spaces which fail to be reflexive (no more
approximation properties of spaces via Mazur’s Lemma and Stokes formula) and any regularity on the obstacle.
An example of equations to which the present result can be applied

u>yp in - Qr,
Jdu ——1 xo .
E—AM(u)ﬁ—uM(x,Vu) = f+c(x, t)M, M(x,?|u|) in Qr,
u(x,t) =0 on 90 x (0,T),
. m(x,|Vul) . o . . .
where —Ap; (1) = —div(——=——=.Vu), m is the derivative of M with respect to t and ¢ is an admissible obstacle

|Vl
function.

Our approach is to investigate the relationship between the obstacle problem (1.1) and some penalized sequence
of approximate Equation (4.7). We study the possibility to find a solution of (1.1) (See Theorem 4.1) as limit of a
subsequence u; of solutions of (4.7).

This paper is organized as follows. In section 2, we recall some definitions, properties and technical Lemmas
about Musielak-Orlicz-Sobolev spaces. The section 3 is devoted to specify the assumptions on b,g, f, ug and
giving the definition of a entropy solution of (1.1) and statement of main results. In section 4, we give the proof
of the theorem (4.1).

2. Inhomogeous Musielak-Orlicz space- Notation and properties

Let Q) be a bounded open subset in RN (N > 2) and let M be a real-valued function defined in Q x R and
satisfying the conditions:
(My): M(x,.) is an N-function for all x € (),
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(M) : M(., t) is a measurable function for all + > 0.

A function M which satisfies the conditions (M;) and (M) is called a Musielak-Orlicz function.

Let M, (t) = M(x,t), we associate its non-negative reciprocal function M !, with respect to t, thatis My 1 (M(x,t)) =

M(x, M71(t)) = t.

Let M and P be two Musielak-Orlicz functions, we say that P grows essentially less rapidly than M at 0 (resp.

P(x,ct)
0 ) = 0 (resp.

near infinity) and we write P << M, if for every positive constant ¢, we have lim (sup Mz,
=0 " xe
)=0).

Proposition 2.1. (See[10]) Let P << M near infinity and for all t > 0, sup,. P(x,t) < oo, then for all € > 0, there
exists Ce > 0 such that

P(x,ct)
Jfim (sup 3

P(x,t) < M(x,et)+Ce, Vt>0, foraexecQ. (2.1)

The Musielak-Orlicz function M(x, t) is said to satisfy the Ap-condition if, there exists k > 0 and a nonnegative
function h(.) € L}(Q), such that
M(x,2t) < M(x,t) +h(x) a.e. in Q.

for large values of t, or for all values of f.
The Musielak-Orlicz space Ly (Q)) is define as

Ly(Q) ={u:Q — R mesurable: QM,Q(%) < oo, forsome A >0}.
where 0p1 0 ( / M(x ), dx, equipped with the Luxemburg norm

luflpg = inf{A >0 /M ()‘ )dx <1}

Denote M(x,s) = sup,.o(st — M(x,)) the conjugate Mu51e1ak-Orhcz function of M.

We define Ep(Q) as the subset of Ly (Q)) of all measurable function u : Q — R such that / M(x,
o)

for all A > 0. It is a separable space and (Ep(Q)))* = Ly7(Q)).
We define the Musielak-Orlicz-Sobolev space as
WILM(Q) = {u € Lyy(Q) : D*u € Ly(Q), V|a| <1},
endowed with the norm .
. D*u
HuH}\/IQ =inf{A >0: Z QM,Q(T) <1}
la|<1

Lemma 2.1. [4](Approximation theorem) Let Q) be a bounded Lipschitz domain in RN and let M and M be two comple-
mentary Musielak-Orlicz functions which satisfy the following conditions:

(1) There exists a constant ¢ > 0 such that infycq M(x,1) > ¢,
(2) There exists a constant A > 0 such that for all x,y € Q with |x — y| < 3, we have

( A
e
<|t] " forall £>1,

M(x,t)
M(y,t)
(3) / (x,A)dx < oo, VA >0 and for every compact K C Q,
(4) There exists a constant C >0 such that M(x,1) < C ae. in Q.

Under this assumptions D(() is dense in Ly (Q)) with respect to the modular topology, D(Q2) is dense in
WiLpm(Q) for the modular convergence and D(Q) is dense in WLy (Q) for the modular convergence.

Example 2.1. We give some example for a Musielak-Orlicz functions of approximation theorem
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o M(x,t) = |[t|PY) with p : O — [1,00) a measurable function with Log-Holder continuity

M(x, t)
M(x,t)
o The next Musielak-Orlicz function satisfying also the Ap-condition
M(x,t) = a(x)(exp(|t]) =14 [|t]), 0 < a(x) € L=(Q).
Lemma 2.2. [3](Modular Poincaré inequality) Under the assumptions of Lemma 2.1, and by assuming that M(x,.) de-
creases with respect to one of coordinate of x, there exists a constant 6 > 0 which depends only on Q) such that

/ M(x, |u|)dxdt < / M(x, 8|V u|)dxdt. 2.2)
Qr Qr

(1 (Al ))
_ |t‘p(X)—P(y) <t Bl forall t>1.

Inhomogeneous Musielak-Orlicz-Sobolev spaces :
Let Mbe an Musielak-Orlicz function. For each « € NY, denote by V% the distributional derivative on Qr of
order a with respect to the variable x € RN. The inhomogeneous Musielak-Orlicz-Sobolev spaces are defined as
follows,

W' Ly (Qr) = {u € Lm(Qr) : Viu € Li(Qr), Va € NV, |a] <1},
W' Em(Qr) = {u € Em(Qr) : Viu € Em(Qr), Vo € NV, |a] < 1}.
The last space is a subspace of the first one and both are Banach spaces under the norm

lull =} 1Viullmeor-

la|<1

The space W(}'x Epm(Qr) is defined as the (norm) closure in WY*E;;(Qr) of D(Qr). We can easily show as in
[6], that when Q) has the segment property, then each element u of the closure of D(Q7) with respect of the

weak* topology o (IILy, I1Ey;) is a limit, in Wg’xE M(Qr), of some subsequence in D(Qr) for the modular con-
vergence. This implies that D(QT)U(HLM’HEM) = D(QT)U(HLM'HLH). This space will be denoted by W(}’XL Mm(Qr).
Furthermore, W&’x Em(Qr) = W&’x Lp(Qr) NTIEy,;, and the dual space of W&’XE M (Qr) will be denoted by
W L4(Qr) = {f =Y Vifa: fac LM(QT)}.
la|<1

This space will be equipped with the usual quotient norm || f|| = inf ¥y <1 [| fall37 o, -

Lemma 2.3. ([10]) Let a < b € R and Q be a bounded open subset of RN with the segment property, then
{u € Wy Lp(Q x (a,b)) NLY(Q x (a,b)) : 2 € WA L(Q x (a,b)) + LY (Q x (a,b))} € C([a, b], L} (Q)).

Ty, k > 0, denotes the Truncation function at level k defined on R by Ty (r) = max(—k, min(k,r)).
3. Formulation of the problem and main results

Let Q) be a bounded Lipschitz domain in RN (N > 2) and let M and P be two Musielak-Orlicz functions such
that M and its complementary M satisfies conditions of Lemma (2.2) and P << M.

b: Q) x R — R is a Carathéodory function such that for every x € (2, (3.1)
b(x,.) is a strictly increasing C! (R)-function and b € L®(Q x R) with b(x,0) = 0.
There exists a constant A > 0 and functions A € L*(Q)) and B € Ly;(Q) such that
ob(x,s) ob(x,s)
0s 0s
a:Qr x Rx RN — RN is Carathéodory function such that for a.e. x € Q and forall s € R, &, & € RN, ¢ # &
and there exists a constant v > 0,

la(x,t,5,8)| < v(ag(x,t) + My P(x,|s|)) with ag € Egz(Qr), (3.3)

A< < A(x), ‘vx( )’SB(x) ae.xecQ,VseR. (3.2)
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(a(x,t,5,¢) —a(x,t,5,57))(¢—¢") >0, (34)
a(x,t,s,6).¢ > aM(x,|E]). (3.5)
¢:Qr x IR x IRN — IRN is a Carathéodory function such that
——1 b
(0, t,9)] < q(x,8) +c(x, )M, M(x, 2 s]), (3.6)
Aw

where 0 <ag <1, [lc(x,t)|[ro(0,) < min(

),

!
L% —+ 1, (20(0 =+ 1)||A||Loo =+ xQ
q: Qr — IR" is positive function which belong to E;7(Qr) -

feLi@r), (37)
uy € L1(Q) such that b(x, ug) € L}(Q). (3.8)

Let 1 a measurable function with values in R such that
¥ € WEM(Qr) NL®(Qr), aif € LY(Qr) suchthat ug >, (3.9)

and let Ky = {u € Wy* Ly (Qr) 1 4 > p ae. in Qr }.
Note that <,> means for either the pairing between Wé’xLM(QT) NL*(Qr) and W *L+(Q7) + LY(Qr) or
between W&’XLM(QT) and W L+-(Qr).

Example 3.1. Our framework admits the following examples

b(x,u) = by(x)u, where A < by(x) < A(x), |[Vx(bo(x))| < B(x) and by € C1(Q),
p(x)
A(x,tu, Vi) = ag(x, ) [Vu P20+ [ulP), g (x, t,u) = e(x, 1) Fu) [0, where 15 +

function is M(x, t) = |t|P()

1 and the Musielak

l p—
P (x)

4. Definition of entropy solutions and statement of main results

Definition 4.1. A measurable function u defined on Qr is a entropy solution of problem (1.1), if it satisfies the following
conditions:
b(x,u) € L®(0, T; LY(Q)), b(x,u)(t = 0) = b(x,ug) in Q,

Ti(u) € Wy Lp(Qr), Vk >0, Vt€lo,T],

/ /u ab( xz)Tk( _ o)dz ds+/ / 0 9b(x )Tk(S—U(O))dsdx
—I—/ a(x s,u, Viu)VTi(u — v)dxds + /QTg(x,s,u)VTk(u — v)dxds
<

4.1)
ka(u —v)dxds, Vk>0,Yv e KyNLY(Qr) with v(T)=0,

such that % € Liz(0, T, W~ Lg7(Q)).

Theorem 4.1. Assume that (3.1)-(3.9) hold true. Then there exists at least one entropy solution u of the problem (1.1) in
the sense of the definition (4.1).

Proof of theorem 4.1 Truncated problem .
For each n > 0, we define the following approximations

bu(x,8) = b(x,Tu(s)), Vs€ER, (4.2)
an(x,t,5,&) = a(x,t,Ty(s),&) ae. (x,t)€Qr, Vs€ R, V&cRY, (4.3)
en(x,t,s) = g(x,t,Ty(s)) ae. (x,t) €Qr, VsER, (4.4)

{fu}n € LY(Qr) be a sequence of smooth functions such that
fu — f strongly in L1(Qr), (4.5)
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and
Uugn € CF(Q) such that by, (x, ug,) — b(x, up) strongly in L}(QQ). (4.6)
Let us now consider the penalized approximate equations:
W —div(ay(x,t,un, Vitg))
—div(gn(x,t,uy)) —nTy(uy — )~ = fn in Qr, (4.7)

up(x,t) =0 on 0Qx(0,T),
by(x,uy)(t =0) = by(x,ug,) in Q.

For any fixed n > 0, let u,, € W&’XLM(QT), using (3.6) we get

q(x, t)

|gn(x, t, 1) Vu,| < M(x, -

) +eM(x, |Vuy|)

— 11— o —
et (Mlx, My Mz, 21T (1)) + €M(x, [ Vi),

then
|8 (X, £, 10 ) Vit | < de(x,) + €(1+[le(,) o (p) ) M(x, [Vitn]),
by (3.5)
[an(x,t, 1, Viin) + gn(x,t,un)|Vin > [0 —e(1+ [le(., ) || poo(gp) ) IM(x, [Vitn]) — dpe(x, t).

Choosing € such that & — e(l + e, ) ||L°°(Qr)) > 5, we obtain

x
[an(x, t, ttn, Vitn) + gn(x,t, 1) |V, > EM(X' [Viuy|) —dye(x,t)
where d,, ¢ € Ll(QT). Then the operator [a,(x,t, n, Vi) + gn(x, t, 1y, )] satisfies the conditions of Theorem 1 of
[13] and there exists at last one solution u, € W&’x Lap(Qr) of (4.7).

Remark 4.1. The explicit dependence in x and t of the functions a and g will be omitted so that a(x,t,u, Vu) = a(u, Vu)
and g(x,t,u) = g(u) (resp. ay and gy,).

Proposition 4.1. Let u, be a solution of approximate equation (4.7) and there exists a measurable function u such that

Te(uy) = Ti(u) weakly in- WYLy (Qr),uy — u  ae. in Qr,
bu(x,uy) — b(x,u) ae in Qr and b(x,u) € L®(Qr),

. 4.8
a(Ti10n), 9 Ti(102)) VT (1) = a(Tio0), VT()) VTy ) weakly in L' (Qr), 4
Vu, - Vu ae in Qr.
Then u be a solution of problem (4.1).
Proof. Let w € Ky N L®(Qr) such that & € W, " Li7(Qr), with w(T) = 0.
Pointwise multiplication of the approximation equation (4.7) by Ty (u, — w), we get
T by (x,up)
/ < —5 Tk (up — w) > dt + an(un, Vit ) )V Ty (g — w) dx dt
0 ot Qr
—i—/ 90 (un) VT (uy —w) dxdt — /Q nTy(uy — )~ Ti(upy — w) dx dt (4.9)
T T

= fuTe(uy —w) dx dt
Qr

Passing to the limit as in (4.9) n — +co.
Limit of the first term of (4.9), The first term can be written

T 0by(x,up) (T ow [ oby(x,z).,
/ < T, Tk(un *ZU) > dt —/0 < g, 0 TT]{(Z*W)EZZ > dt

0
(1) b, (x,) wr b (x, )
+/Q/O < P Tyt — w(T)) > dtdx — /Q/O < DT~ w(0)) > ddx
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un(T)
Since w(T) = 0 and ob(x,t) > 0, then, / / ob Ty (t)dtdx > 0. Since ug, converge to ug strongly in
OJo

ot
Ll(Q), we obtain,

) Uon by (x,t) 4o ab (x, t
lim /Q /0 T (1 — w(0) dtx / / — w(0))dtdx.

On the other hand, we know that T, (u,) converges to T, (u) weakly in Wg’x Ly (Qr), and

T Uy
< w, MTé(z—w)dz>dt

ngl}-loo 0 ot Jo ot
) T 9w (Tulun) 9by,(x,z) .,
T ()
= / ab(;t’z) Ti(z — w)dz > dt

with m = k + ||w||co. We have

T Bw_ Tn(u) 9b(x, z)
/0 NFTX ot
T
< tim [ <Oy s / /
n—-+o Jo ot

Limit of a, (1, Vi)V Ti(uy — w):
We have a,, (ttn, Vit )VTi(uy — w) = a(Tm(un), VT (ttn))VTx(Tn(uy) — w) for n > m. By proposition 4.1 and the
pointwise convergence of u, to u as n — +oo, we get a, (ttn, Vi) VT (uy —w) — a(u, Vu) VT (u — w) weakly in
L'(Qr).
Limit of g, (uy)V Ty (1p — w):
Since gn (un)VTi(uy —w) = §(Tn(un)) VT (T (un) — w) ae. in Qr, with m = k + ||w||c, and the weakly con-
vergence of T, (uy) to T,y(u) as n — +oo, allows us to have g, (1) VTy(uy —w) — g(u)VT(u — w) weakly in
LY(Qr).
Limit of f, Ty (u, — w):
Using (4.5) we can easily see that f, Ty (1, — w) — fTi(u —w) in L'(Qr).
Since —nTy (up — )~ Tr(un — w) > 0 since w € Ky, then, as a consequence of the above convergence result, we
are in a position to pass to the limit as n — 400 in (4.9) to conclude that u satisfies (4.1).
e It remains to show that b(x, u) satisfies the initial condition.
Firstly, remark that, in view of the definition of Bjl’x (see (4.21)), we have B}’zg(x, ) is bounded in L*(Q7). Sec-
9B (X, 14n)
ondly, by (4.9) we show that T
Co([0, T]; LY (Q)) (see Lemma 2.3).

It follows that, B;’fé(x,un)(t = 0) converges to Bg”(x,u)(t = 0) strongly in L'(Q)). On the other hand, the

smoothness of ¢ imply that Br’?/é(x, ug)(t = 0) = B;T,g(x' g, ) converges to Bgl(x,u)(t = 0) strongly in L1(Q),
we obtain B%”(x,u)(t =0) = B?(x, up) a.e. in Q and for all m > 0, now letting m to +oo, we conclude that
b(x,u)(t =0) =b(x,up) a.e. in Q.

Ti(z — w)dz > dt

Ti(t —w(0)) > dtdx.

is bounded in L' (Qr) + W 1*L;(Qr)). As a consequence, Bng(x, Uy) €

Remark 4.2. We focus our work to show the conditions of the proposition 4.8, then for this we go through 3 steps to arrive
at our result.

Step 1: In this step let us begin by showing
Ti(un) — Ti(u) weakly in - W Ly (Qr), (4.10)

and
u>1p. ae in Qr. (4.11)
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Fix k > 0,
Let a function wy, = by (x,u,) — b(x,¥) in L'(Qr), then
ob, (x,u ob(x,
VT (wn) = [%Vun + %VQU]X{WMS;(}
JF(ben (x, un) = Vab(x, l/’))?({wn\gk}r
and

1
] < 5 lwonl + [l =(gr)-
Let T € (0, T) and using Ty(wn)X (0,r) as a test function in problem (4.7), we get

/QBk(wn)(T)dx—l—/Q an (X, t, tn, Vit )V T (wp )dxdt

+/Q gn(x,t,un)VTk(wn)dxdt—n/Q Tu(un — )~ Ti(wn )dxdt

T

< k(Ifullirop) + 10(x, uon) — b(x, $(0)) 11y

where Bi(r) = /Or Ti(s)ds.

For the first right hand side of (4.14):
We know that 3| Ti(s)|? < 3sTi(s) < Bi(s) < ks, Vs € R, then we obtain

1
/QBk(wn)dx 25 /Q | Tie(wy)[Pdx >0, Vk > 0.
For the second right hand side of (4.14):

/an(un,Vun)VTk(wn)dxdt:/Qan(un,Vun)WVunx”wnSk}dxdt
oby (x, uy)

+ ,/QT an(un, V“ﬂ)TV¢X{|wn\gk}dxdt

4.12)

(4.13)

(4.14)

(4.15)

+ /Q an (ttn, Vitg) (Vibu(x, 1) — be(x,lp))xﬂwn‘ﬁk} dx dt.

Using (3.5), we get
oby (x,uy)

/Q an(un,Vun)TVun)({‘wﬂgk}dxdt > )\zx/Q M(x, | Vun|) X |0, | <kydxdt.

And using (3.3), (2.1), Young inequality and Lemma 2.2 for any € > 0,

ob, (x,
/é ﬂn(un/ vun)%quc{‘wn‘ék}dx{it

SUHAHLm(Q)[/Q M(x,ao(x,t))dxdt—i-/Q M(x, |Vy|) dx dt]

T

+€UHA||Loo(Q)/Q M(x,|Vun|))({‘wn|§k}dxdt+C2.

T

Using again (3.3), (2.1) and Young inequality, we get
/Q ay (un, Viiy) (ben (x,un) — Vb(x, w))X{\wn|§k}dth

T

< v[/QTM(x,uo(x,t))dxdt—f—/QT M(x, |Vabu(x,uy) — Vib(x, )| )dxdt]

+ ve/Q M(x,|Vun|)x{‘wn|§k}dxdt+v/Q M(x, |Vibn(x,un) — Vib(x, ¢)|) dx dt.
T T
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For the third right hand side of (4.14):
Thanks to (3.6), (2.1), Young inequality and Lemma 2.2, we get

/Q Qn(un) VT (wy)dxdt

- ot
SHAHLoo[/ M(x,q(x ))dth+€./(Q M(x,|Vun|)x{‘wn|§k}dxdt]

Qr €

T

+ \|A||Loo[/QTM(x,q(x,t))dxdt+/QTM(x,|Vzp|)dxdt]
+ 0 M(x,q(x,t))dxdt—l—/Q M(x, |Vbn(x,un) — Vib(x,9)|) dx dt

+ HA||L°°Hc(x/t)HL""(QT)(“O+1)/Q M(x, |Vin|) X { || <k dx dt

+ | Al lle(x, )l (o) 50 /Q MU, [Vt )X (o <ty At + /Q M(x, |Vp|) dx dt]
T T

+ le(x, )| oy [0 /Q MU, |Vt )X (o < A0t

4 [ M |Vaba( ) = Vb)) d]

Finally we obtain

)ux/QT M(x, [Vun) X {0 <k} dxdt—n/QT T (tty — )~ Ty (wy )dxdt

< ollAllisoyl [, M ao(e ) drdt+ [ M, [Vyl)dra]

+evlAllum | MOVl iyt +Co

ol [ Mo aole 1) drd+ [ MO [ (500)) = Vbl ) ]

+ve /QT M, [Vitn]) X {|w, <k} dx dt +v /Q ) M(x, [ Vb (x,un)) = Vib(x, ¢)|)dxdt
+ \|A||Loo[/Q M(x,’“’;'t))dxdtJre/Q MU, = Vit ])X o iy 5 1]

T T
+All=[ |
Q

+f, M(x,q(x,)) dxdt + /Q M(x, |V by (%, 1tn) — Vib(x, )| )dxdt
T T

+ \|A||L°°||C(x/t)\|L°°(QT)(“o+1)/Q M(x, V)X {|w, <k} dx dt

T

M(x,q(x,t))dxdt+/QTM(x,|V¢|)dxdt]

T

+ 1Al s lle(x, )l gop) 20 /Q MU, | Vit )Xy <y A+ /Q M(x, |Vp|) dx dt]
T T

+[le(x, £) (0 o /Q MU, |Vt )X (o < A0t

T

+/ %, [V (%, 1) = Vb (%, 9) )X {0y <k} 4% 21
+k(||fn||L1(QT) + 116, o) — b(x, (0)) [ 11(02))
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Using (3.5), we get,

1 o
Il /Q M(x, VT (1)) X { || <k dxdt — n/Q Tu(up — )~ Ti(wn)dxdt < kCq + Ce.
where &, = {Aa — e[v||Al|~ + v + || Al =] = [|e(x, Bl (op) [(2a0 + 1)[|Al[ = + ao] }-
Choosing € such that,
A — le(x, 1) | o p) [(20 + 1) | Al L + o]
V[[A[[L= +v + || Al

7

we deduce
/Q MU, | Vit )X { oy <kt < KC'Cr+C'C, (4.16)

and
0< —n /Q Ty (1ty — )~ Ty (con)dxdt < kC1 + G, (4.17)

passing to limit as k — 0, we get,

C
0< /QT T (up — )~ dxdt < ?2

By letting n — 400, we obtain / (u — )~ dxdt = 0, then we conclude (4.11).

t
On the other hand since {|u,| < B} C {|bn(x, un) —b(x,¢)| <k} forall p >0
and k = ||A||1=(B + ||¢|| =) and using (4.16), we have

/Q M(x, [V Ty (1) )dxdt < /Q MU, |Vitn]) X { oy <% < BCs + Ca,

where C3 = kC'C; and C4 = C'Cs.
Using (2.2), we have

A

inf M(x,g)measﬂun\ > B} Mi(x M)dxdt

220 - /{\unms} &

< /Q M(x, |V Tg(un)]) dx dt < BCs + C,
then
meas{|u,| > B} < ’BCLQ!%, forall n and forall B.
infxEQ M(xr S)
Assuming that there exists a positive function m such that tlim @ = 400
—r00

and m(t) < ess in(f2 M(x,t), Vt > 0. Thus, we get /Slim meas{|u,| > B} = 0.
xXe —00

Now we turn to prove the almost every convergence of u, , b, (x, uy)
and convergence of a,(x,t, Ty (un), VTi(1y)).

Proposition 4.2. Let uy be a solution of the approximate problem, then there exsits a measurable function u such that

Uy, > u aein Q. (4.18)
bu(x,uy) — b(x,u) aein Qr and b(x,u) € L*(0,T,L}(Q)). (4.19)
an(Te(utn), VTi(un)) = 0 in (L (Qr))N, for o(IlLy; IEm), (4.20)

for some 0y € (L37(Qr))N.
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Proof.
Proof of (4.18) and (4.19): Consider a function non decreasing & € C?(R) such that &(s) = s for |s| < % and
¢k(s) = k for |s| > k and multiplying the approximate equation (4.7) by (',‘;((un), we get

aBk g(x, Lln) , "
”’T = div(& (un)an(x, t, ttn, Vity)) — & (Un)an(x, t, 11y, Vi) Vi,
—l—div(é’;((un)gn(x, tun)) — CIZ (un)gn(x,t, un) Viy + fng;c(”n) in D(Qr), (4.21)

« " by (x,s) o
where B;, +(x, 1) :/0 "aisgk(s)ds. k
/ 0B Uy
As a consequence of (4.16), we deduce that & (u,) is bounded in W&’XLM(QT) and # is bounded in

W12 L2(Qr) + LY(Qr). Using (3.2) we get % is bounded in W~ *Ly7(Qr) + L (Qr), then (1) is compact
in L'(Qr). We conclude that for each k, the sequence T (u,) converges almost everywhere in Q, which implies
that the sequence u, converges almost everywhere to some measurable function u in Qr.

To prove that b(x,u) € L®(0,T,L}(Q)), proceeding as in [1], it is easy to show that if we use (4.21) and (4.16),

we deduce / BZ g(x,un)dx < kC4 + Cs, for almost any ¢ in (0, T). Using the pointwise convergence of u, and
Qo

u d
Bﬁg(x, uy) and passing to limit as k — +oo allows to show that |b(x,u)| = / sg(s)Mds < C4. Thus
’ 0

ds
b(x,u) € L®(0, T, L1(Q)).

Proof of 4.20 : Using (3.3) and (4.16), we allows us to prove that {a, (T (), VT (un))}» is bounded in (LM(Q))N
for all k > 0 and we conclude (4.20).

Step 2:
This technical Lemma will help us in the step 3 of the demonstration,

Lemma 4.1. If the subsequence uy satisfies (4.7), then

lim limsup

/ a(uy, Vuy)Vuydxdt = 0. (4.22)
M=+ yyteo J{m<|uy|<m+1}

Proof.
Multiplying the approximating equation (4.7) by the test function

/QBm(x,un(T))dx—b—/Q an(un,Vun)VZm(un)dxdt—i-/Q S0 (Un)V Zy (1 )dx dt
T T

—n/ Tn(un—v,b)*Zm(un)dxdt:/ fan(un)dxdt—f—/ By (x, ug,)dx, (4.23)
Qr Qr Q
r
where B, (x,r) :/ Zm(s)st.
0
By (3.6), we have
t)
z ddt</ Mex, 15D g ay
J, s Vnluydza < f e T
+ [||CHLoo(a0—|—1)—|—e]/ M(x, |Vuy,|)dxdt.
{m<|up|<m+1}

Since —n / Tty — )~ Zy(uy)dxdt > 0, / By (x,un(T))dx > 0 and following the same techniques in step 2,
Jo Q
we obtain !
/ M(X, |V Zu (1)) dxdt < C(/ M(x, 150 g gy +/ By (, ttgn )dx
Qr {m<|uy|<m+1} € Q

+ /QT FuZo (1) dxdt),
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where C = and taking € such that € < & — (g + 1) ||c]| .

I S
a—e—(ao+1)llc] Lo
Passing to limit as n — oo, since the pointwise convergence of 1, and the strongly convergence in L'(Qr) of
fn and By, (x, ugy,), we get

lim M(x,VZy,(uy))dxdt < C( M(x, 9(x,t) )dx dt —|—/ By (x, up)dx
n—+o0 JQr {m<|u|<m-+1} € Q

+ / FZom(w)dxdt)
Qr
By Lebesgue’s theorem and passing to limit as m — 400, in the all term of the right-hand side, we get

lim lim M(x, |V Zy(uy)|)dxdt =0, (4.24)

m——+00 n—-+400 Qr

On the other hand, we have
lim lim | / @n (1) Zn(up)dxdt] < Lim  lim [ M(x, |V Zy (i) )dxdlt,
Qr

m——+00 n—-+00 m——+00 n—-+0o0 Or
+ lim lim M(x, |gn(un)|)dxdt.
m——+00 n——4o0 {mﬁ\un|§m+l}

Using the pointwise convergence of 1, and by Lebesgue’s theorem, in the second term of the right side, we get

lim M(x, |gn(uy)|)dxdt = M(x,|g(u)|)dxdt,

n=+00 J{m<|uy|<m+1} /{m§|u|§m+l}
and by Lebesgue’s theorem
lim M(x,|g(u)|)dxdt =0, (4.25)

m—+00 J{m<|u|<m+1}

By (4.24) and (4.25), we have lim lim Sn(un)VZm(uy)dxdt = 0, then passing to the limit in (4.23), we get
T

m——4o00 n——+oo

the (4.22).
Step 3: We will concentrate on the following last two conditions of proposition 4.1.
a(Ti(un), VTi(tin)) VT () — a(Ti(u), VTi(u))VTi(u) weakly in  L'(Qr), (4.26)
and
Vu, - Vu ae. in Qr. (4.27)

This step is devoted to introduce for k > 0 fixed a time regularization of the function Ty (b(x, u) — b(x, 1)) in order
to perform the monotonicity method.
Let v}, be a sequence of function in L°°( ) N WELm(Q)) such that ||} || =) < k forall u > 0, and v}y converge

to Ti(b(x,ug) — b(x, 1)) a.e. in Q and L ||1/0 () — 0aspu—0.
Let us consider the unique solution (Tk(b(x, u)— b(x, )y € L%(Qr) N W&'XL M(Qr) of the monotone problem:

{3”"("(""%& S p((Ti(b( 1) = b(x, ) = Telb(x ) = b(x,)) =0 D'(Qr) 408
(Te(b(x,u) = b(x, 9)))u(t = 0) = w} in Q.
Remark that

(Ti(b(x,u) —b(x,¢))), convergeto Ti(b(x,u)—b(x,¢)) (4.29)

a.e. in Qr, weakly-* in L*(Qr) and in Wg’xL M(Qr) for the modular convergence as y — +00, and we have

I(Ti(b(x, 1) = b(x, )l () < max([|Te(b(x, 1) = b(x, 1)) Loy 1V () < K.

Let S, be a sequence of increasing C®-function such that S, (r) = r, |r| < m; supp(S),) C [—2m,2m] and
1571l L= (r <7 forany m > 1.

Denote e(m u,n) the value, such that: lim lim lim e(n,p,m) =0.
M—>=400 P—»+400 n—r+00
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Lemma 4.2. Let S be a C*®-function such that S(r) = r for |r| <k, and supp(S’) is compact. The subsequence u, satisfies
fork >0

T ab(x,uy)

.. . I _ _
liminf lim | <=3 ,S'(b(x, un) — b(x, ) Te(b(x, un) — b(x, )

—(T(b(x,u) — b(x,9))), > dt >0,
Proof. see Appendix

where < .,. > denotes the duality pairing between L!(Qr) + W~ 'Ly(Qr) and
L*(Qr) N WLy (Qr). We prove the following Lemma which is the critical point in the development of the
monotonicity method.

Lemma 4.3. The subsequence u,, satisfies for k > 0

limsup | a(un, VTi(un))VTi(uy)dxdt < / 01V Ty (1, )dxdt.
n—+oo JQr Qr

Proof.

We use the sequence (T (u)), of approximation of Ty(u) and plug the test function

S (wn)(Tie(wn) — (Ti(wn))y) for m > 0 and p > 0, where wy, = b(x, uy) — b(x, ).

For fixed m > 0, let W}, = Ty(wy) — (Ti(w)), we obtain:

ot

an(un,Vun) (wn)V(wn)Wflldxdt—i-/ g (1) Sy (W) VWI dxdt
Qr (4.30)

+ / @ (10) S () ¥ ()WL dxcdt — /Q Ty (1t — ) S, (con) Wi doxdlt
T
_ /Q fns;n(wn)w,’:dxdt
T

T
/ < Wulin) o1 (o W S dt+/Q A (tn, Vin)) Sy (wn) VWG doxdt
0 T

Now we pass to the limit in as n — +oo,y — +co and then m — +oco. In order to perform this task we prove
below the following results for any fixed k > 0 .

liminf lim ! < M‘S’ (W)W} >dt >0 forany m >k (4.31)
U——+00 n—+o00 Jo ot 7 omATn n = y = .
yETw nlirfw' o gn(un))Sh (wy) VWhdxdt =0 forany m > 1, (4.32)
T
Hl_i)rlloo nl_i)r}rloo/o o g (un) S (Wi )V (wy ) Wdxdt = 0, (4.33)
lim limsup lim sup A (Un, Vun))S,’é(wn)V(wn)Wﬁdxdt =0, (4.34)
M=+ 4 160 n—4o0 JQr
. . ' T H —
yng nlirfw. o, nTy(up — )~ Sy, (wy )Wy dxdt =0, (4.35)
~ - / z _
Jim | lim /Q FuShu(wn)Whdxdt = 0. (4.36)

Proof of (4.31):
The function S, € L®(R) and is increasing. We have m >k, S,,(r) = r for |r| <k, and supp(S},) is compact. In
view of the definition of W)/, Lemma 4.2 applies with S = S,,, for fixed m > k. As a consequence (4.31) holds true.
Proof of (4.32):
Let us recall the main properties of W},.
For fixed y1 > 0, W} converge to W# = Ty(b(x,u) — b(x,9)) — (Ti(b(x,u) — b(x,9))), weakly in Wé’xLM(QT) as
n — +oo.
Remark that

Wi lro(0p) <2k forany n,pu>0, (4.37)
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then we deduce that
Wl — WF ae.in Qr and L%(Qr), (4.38)
weakly-* when n — +oo. One had suppS), C [—2m,—m] N [m,2m] for any fixed m > 1 and n > m + 1, then
91 () Sty (W) VW = g1 (110) Sy (Tam (wn ) ) VWY a.e. in Qr since suppS,, C [—2m,2ml.
On the other hand g, (14)S}, (Tom (wn)) — g(14) Sy, (Tom (b(x, 1) — b(x,¢))) a.e. in Qr and
|gn(1n)) Sl (Tom (wn))| < 2mlg(x,t) +c(x,t)M;lM(x, 2m)] for m > 1.
As W}, converge to W# weakly in W&'xL Mm(Qr) as 4 — +o0, we obtain (4.32).
Proof of (4.33):
For any fixed m > 1 and n > 2m

Sn(1n)Spy, (wn)v(wn)w;}: = gn(1n) S (Tam (wn))VTZm(wn)Wﬁf ae. in Qr.
As in the previous step it is possible to pass to the limit for n — +oco since by (4.37) and (4.38).

91 (1) S (Tom (wn ) YWE — g(1))SI (Tom (b(x,u) — b(x,$)))W#, ae.in Qr.
Since

85} (Tan(b(x, 1) — (e, P))WP| < > [e(, )M, ' M(x, ")) aecin Qr.

And W¥ converge to 0 in Wé’xL M(Qr) for the modular convergence, we obtain (4.33).
Proof of (4.34):

In view of the definition of S;,;, we have

suppS,, C [—2m, —m] N [m,2m] for any fixed m > 1, as a consequence

| /Q (1, Vitn))S" (wn )V (con) WY dixdt|

T

< ISl W i) [ o o, V) (o)

<|(wn|<2m
1
< 3”W#“L°°<QT>E/|M|<M (11, Vi) )V (o) dx dt

1
<3|Will=(op) - /‘u » an (ttn, Vity) Vitydxdt,

with s = 21 4 ¥l (g, for any m > 1, any n > 2m and any p > 0.

By Lemma (4.22) it is possible to establish (4.34).

proof of (4.35): By (4.5), the pointwise convergence of u, and W} and its boundlessness it is possible to pass to
the limit for n — +oo for any y > 0 and any m > 1

nl—i)Too /QT FuSh(wn)Wdxdt = /Qr 1S, (b(x,u) — b(x,p))WHdxdt.
Now for fixed m > 1, using that

[(Tk (1)) ull Lo (0p) < max(|| Tie(u) |1y, ||ngLoo(Q)) <k, Yu > 0,Vk > 0, it is easy to deduce (4.35).
Proof of (4.36): Similar to (4.35).

Finally we adopt the same technics used in [17] to obtain the Lemma 4.4.

Lemma 4.4. The subsequence of u,, satisfies for any k > 0

nE)IJIrloo o (a(Ti(un), VTi(un)) — a(T(un), V(1)) (VTie(n) — VTie(u))dxdt = 0, (4.39)
0p = a(Ti(u), VT(u)) ae in  Qr, as n— +oo (4.40)
a(Ti(un), VTi(tin)) VT (tn) = a(Ti(u), VTi(u))VTi(u), weaklyin LY(Qr). (4.41)

Remark 4.3. Note the (4.39) allows us to deduce that Vu, — Vu a.e. in Qr. This complete the proof of proposition 4.1
and Theorem 4.1.
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Appendix
Proof of Lemma 4.2

Le]’E usn = B(x,un) — B(x,9) and w = B(x,u) — B(x, ), then
[P 1 0,) (1) — (i)t

_ /T<aﬂ,s'(wn)(Tk(wn) — (Ti(w)),))dt

4 [OPED), 5 ) (i) — (Tila)) )t (42

%)
S') is compact and tends 7 to +o0 and we have
)

p))dt

On the first time we use (4.18), (4.19), supp(
T 3B(x, ,
lim / <w,s (wn ) (T (wn) — (Tie(w)

n—+o0 JQ

= [ 1(00) () — (Teta) )i

On the second time we use the fact that (Ti(w)), — Ti(w) for the modular convergence as y — 400 in
WXLy (Qr), then
T o

< IB(x’ lp)’sl<

timin tim [ (S () (i) = (Tu(w)),)dt = 0 (43)
On the other hand we write the first term on the right-hand side of (.42) as

Jwy,

[ 2 ) () — (Tt = [ (520, Ty o)

T ow
— [ G o) (Te(w)) )
=1 +1L"

We denote Bg (r) = /r S'(0)Tx(0)do and Bs(r) = /r S'(0)do.
0 0

Then, for I} we can pass to limit as n — +oc0 and we deduce

tim B = tim [ [Box(wa(T)) = Bo(wa(0))dx

n—r+00 n—+0o

= [ Bsx(w(T)) = Bsx(w(0))ax (44)

By the definition of (Tj(w))y, the second integral I, can be written as

B - /0T<a§";,s'<wn><n<w>>y>dt

+ ‘u./Q ./(; Bs(wy) (Ti(w) — (Ti(w))y. ) dtdx.

On the same way, we pass to limit as n — +oco, we obtain

lim L" = _/Q[BS(W(T))(Tk(w))y(T) — Bs(w(0))(Ti(w)).(0)]dx

n—+o0
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+y//‘& ) (Ti(w) — (Ty(w)),,)dtdx. (45)

Now by the limit (4.29) letting u — +o0, we get
lim | [Bs(@(T))(Ti(w))u(T) — B(w(0)) (Tie(w) ) (0) dx

= ) [Bs@(T) Ti(w)(T) — p(w(0)) Tie(w)(0)]dx. (:46)
The right-hand of (.45) can be written as

VA;ATngxnﬁw)— (T (w)),))dxdt
=1 [ [ (Bs(@) — Bs(Tu(w))(Tu(w) — (Tilw)) )
b [ (B (@) — B ((Tu(w)y) (Ty(w) — (Tila)) )l

b [ Bs((Tulw0))) (Te(w) — (Tifw)) e

=N+l +T5
where

= [ (Bstae) — Bs(Tilu))) (Te(w) — (Tu(w))y et

:‘u/{w>k}/0 Bs(w) — Bs (k) (k — (Tx(w)) ) dxxdt
T
tH /{W<—k} /0 (Bs(w) - BS(_k))(_k - (Tk(w))y)dxdt,

as Bs(z) is non-decreasing for z and —k < Ty(z) < k. It follows that ]f > 0 and also ]g > 0.
For the integral ]g , one has

:”/ / " Bo((Ty()),)(Ty () — (Ty(w))
—/ Bs (Ti(w)))(T) — ((Tk< ) ) (0)]dx,

where Bs(z) / 5(s)
Since (Ti(w)) — Ti(w ) a.e. in Qr and |(Ti(w)),| < k, the Lebesgue’s convergence theorem shows that

lim J§ = | [Bs(x, Tu(w))(T) = Bs (x, Te(w)) (0) . (47)

U—r+oo

o

As a consequence of (.46) and (.47), we obtain

Jim | tim 1> (Bs(x, Ti(w)) (T) = Bs(x, T(w)) (0) dx
+ [ [Bs e, Ti(w) ) (T) = Bs (x, Ti(w) ) (0)]d. (48)

Finally, by (.43), (.44), (47) and (.48) we deduce

it [ (PP, 1) (1) = (1))
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)y
+ [ [Bs (Ti(w))(T) = Bs (Tiw) (0) (49)

and we know that

Indeed

T(2)
— s [ '@deli? — [ s

= Bs(Ti(2)) Ti(2) — Bsk(Tk(2)),
then using the definition of truncation Ti(z), one has

L [Bs(x,0(T)) = B, w(@))dx — [ (Bs (w(T))Ty(w)(T) = Bs(w(0)) Te(w)) (0))dx

+ [ [Bs(Tiw))(T) = Bs(Te(w)) (0)}dx = 0.
This completes the proof.
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