DE GRUYTER
OPEN CrossMark

elick for updates

Moroccan J. of Pure and Appl. Anal. (MJPAA)
Volume 3(2), 2017, Pages 149-172

ISSN: Online 2351-8227 - Print 2605-6364

DOI 10.1515/mjpaa-2017-0013

A-priori Estimates Near the Boundary for Solutions of a
class of Degenerate Elliptic Problems in Besov-type Spaces
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ABSTRACT. In this paper, we give a priori estimates near the boundary for solutions of a degenerate elliptic
problems in the general Besov-type spaces B;'7, containing as special cases: Goldberg space bmo, local Morrey-
Campanato spaces [>* and the classical Holder and Besov spaces B, ,- This work extends the results of
[13, 2, 15] from Holder and Besov spaces to the general frame of By} spaces
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1. Introduction, Definitions and Results

1.1. Introduction.

A priori estimates near the boundary for elliptic problems in Besov-type spaces was proved in [12]. The objective
of this paper is to establish an a-priori estimates in Besov-type spaces By7 for solutions of a degenerate elliptic
boundary value problems. More precisely, we denote L the differentlal operator which can be written in an
appropriate local coordinates:

L=L(t,2'; Dy, Dy) (1)

=tD} + > ajk(t,2)tDy, Dy + Y bt )tDe, Dy + Y cj(t,2") Dy,
J.k=1 J=1 J=1
+ d(tv xl)Dt + e(ta xl)a
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where x = (t,2') = (¢, 21,22, -+ ,2,) € Ry X R™ and with complex-valued functions coefficients infinitely differen-
tiable in R7*'. The model of operators (1) is given by M = t(D? + D2) + AD; + uD, where (t,z) € Ry x R and
A peC.

The operator L is a particular case of the following class of degenerate operators

min(k,m)
L= Z oFhpm=h(z, D,), (2)
h=0
where k € N, m € N*| the function ¢ is C* from R" ™! to R, with Q = {z € R"™};p(z) > 0}, T = {x e R""; p(2) =
0} and dy # 0 on T'; P™~"(x, D,) is a differential operator with smooth coefficients on Q and of order < m — h,
P™(x, D,) is a properly elliptic differential operator on Q.

The operators (2) have been studied first in Sobolev spaces H* by N. Shimakura [16] and by P. Bolley and J.
Camus in [4]. Later on, the same class has been considered by C. Goulaouic and N. Shimakura [13], and by P.
Bolley, J. Camus and G. Metivier [2] in Holder spaces C*. J. Rolland [15] has considered the same operators (2) in
classical Besov spaces B, , with p = ¢. In this work, we generalize the previous results to the more general frame
of Besov-type spaces By, containing H*, C* and B, , as special cases. Other degenerate operators have been
considered in [6, 7, 10, 20].

As in [10], an application of these estimates can be given for the regularity of solutions of completely nonlinear
boundary value problems, involving all the weighted derivatives in the operator (1).

The plan of the paper is as follows: In the first section, we give the definition of B,/ spaces, recall some properties
of these spaces given in [8, 9, 17, 22] and we enunciate the main theorem. The second section contains some helpful
lemmas needed in the proof. Then, the third section is devoted to the trace characterization for elements of the
considered weighted spaces. Finally, in the fourth section, we give the proof of the main result (Theorem 1.1), which
is based on one Peetre’s method described in [2, 12]. It consists in doing a partial Fourier transform with respect
to the tangential direction on the equation, and reducing the problem to an isomorphism theorem for an ordinary
differential operator. By means of that, we estimate the “almost tangential” derivatives of the solutions. Next, we
make use of an interpolation inequality to estimate the normal derivatives of the solution.

Notation: In this paper, for v, J € Z, we denote by By (resp. B’;), the ball centred at g € R"*! (resp. z{, € R")
and with radius 277/, we set By = {z € R"™' |z — 29| <27/} (resp. B, ={2/ e R* : |2/ —z)| <277},
aBy (resp. aB’}), a > 0, is the ball centred at zo (resp. z(,) and of radius a2~7. Similarly, F, (resp. F),) denotes
the annulus centred at xg € R"! (resp. z{, € R"), such that F, = {z € R*"™ 2" < |z — x¢| < 2v T},
(resp. F/ ={2’ e R* : 2V < |2’/ —af| <2"F!}). We set J© = max(J,0) and we denote by |Q| the measure of
Q C R Cy,C1,Cn, Cn,Ck,Chey€,60,€1,€2, -+, denote various real positive constants, which can be different
at different places, and the symbol X <Y means that there exists a positive constant C' such that X < CY. By S
we denote the Schwartz space of all rapidly decreasing and infinitely differentiable functions on R"*!, and by &’ his
topological dual i.e., the collection of all complex-valued tempered distributions on R™+1.

1.2. Definitions.
To define the spaces, we will use a Littlewood-Paley partition of unity: Denote x = (¢,2’) € RxR"™, let ¢ € C§°(R)
equals to 1 in [—1,1] and with support in [—2,2]. For j € N we set:
Sj = w27 |Dal) 5 Sj = ¢@7|Dwl) 5 57 = (277|De),
571 frng SLI — Sﬁl =
and
Aj = Sj - ijl 3 A; = S; - ;»_1 3 A;l = S;I - }/_1.

Definition 1.1 (Inhomogeneous version of Besov-type spaces). Let s € R, 7 > 0 and let 1 < p,q < +00. The space
BT (R"1) denotes the set of all tempered distributions u € 8'(R" ) such that

1 . 1
Inllsgianen = suprd 3 Pl 1 < 4o
J . +
jzJ
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where the supremum is taken over all J € Z and all balls By.

Remark 1.1. In the sense of equivalent norms, we have the following properties, see [11, 22, 21]:
1) Byo(R™H1) = Bs (R"1) the classical Besov spaces;

By 7(R™HY) = F2r(R™HY) Triebel-Lizorkin type spaces;

By 1(R"‘H) = bmo(R™*1) Goldberg spaces;

07
B, 22“‘“) (R = 122(R"*1) local Campanato spaces;

)

)

)
5) BS(3 (R™1) = F20 (R™HY) = C5(R™Y) Holder-Zygmund spaces, s > 0, s ¢ N.

it1

) Bk *(R™H) = N oo (R™T1) Besov-Morrey spaces, 0 < p<u<+oo, s€R.

) Let s € R, 0 < p < +o0 then ByT(R") = Boé,(Z:l)(T (R"‘H) for 0 < ¢ < 400 and % <7 < 400, or
q = +0o0 and%§7<+oo.

Also, we collect elementary embeddings, see [9] and [8]:

(1) Biyy (R™1) o B (R™), if 5, < 51
(2) By7 (R — BST (R™), if 0 < go < 1 < +00 and 0 < p < +00;
s n+1 T(n+1) -
(3) + a (Rn—O—l) — CS(Rn+1)
(4) Let 0 <t<p<+oo, then B{1*(R"1) — Bs7(R™), if and only if ¢ > @ + ol %.

The weighted spaces we will need later in this work are listed below.

Definition 1.2. We define the following spaces:
(1) W2P(R) = {u € WP(R) : tD?u, tDyu and tu € LP(R)}, with the associated norm:

w

|| U Hwivp(R)E{ H u || L (R) + H Dyu ”Ij:p(]g) =+ || tDtu ||I£p(R) + || tDiu ||IL7p(]R)

1

by}

(2) W2P(R; Bs7(R™)) = {u € LP(R; Bt (R™)) : tu € LP(R; Byt»7(R™)), tDyu € LP(R; B DT (R™))andDyu, t Du
LP(R; B;:g(R”))}, the associated norm is:

[ w ”Wi"’(R;Bi:E(R"))E{ K ”iv(R;B;ﬁ;*(Rn)) + |l Diu H%P(R;szg(R"))
2
D Loy g ey + 1D N g sy

1
q q
I 1 gy )

(3) BSt2T(R™H) = {u € B3I (R : tDu, tD,, Dyyu and tD,, Dyu € ByT(R™Y) forall jk =1, -- n}

p.q,w
the norm in this space is:

+ || tD?u |4

nuwﬁmewlz{uu| L o)

+ Z 1Dz, Doyt [| s r gnsn) +Z 1D, Do e 7 iy o
jik=1 7=1
The space W2P(Ry) [resp. W2P(Ry; By7(R™))] denotes the set of restrictions to Ry of elements of WP (R)

[resp. W2P(R; By (R™))]; likewise, the space B3t27(R™) is the restriction to R’ = Ry x R™ of elements of

4o, 11 p,q,w
s T(RN
p,q,w (R )

s+1,7
Byl T (R

Remark 1.2. We have the following embedding result when s > 0:
BsTZT (R — W, 2.p (R; By 7 (R™)).

p,q,w w,loc
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1.3. Assumptions and main theorem.
We suppose that:
Assumption (H;). The operator L(x; D,) is elliptic for t > 0 in R,
Let LO be the “principal part” of the operator L defined as:
L° = LO(t,2'; Dy, D) (3)

=tD? + Z a;j1(0,2")tDy, Dy, + Z b;(0,2")tD,, Dy + Z ¢;(0,2")Dy,
G k=1 j=1 j=1

+ d(O, x/)Dt.
Assumption (Hz). For any ' € R" and any & € R"\{0}, the polynomial in the variable T:

Pr)y=7%+ Y a;r(0,2)&& + > b;(0,2")&7+ > ¢;(0,2")¢; + d(0,2)T
3 k=1 J=1 J=1
have two imaginary roots 7 (x', &) and 77 (2',&') such that
Sm(rH(z',&)) > 0 and Sm(r~(2/,&')) < 0;
Assumption (Hs). We assume that for any ' € R", Sm(d(0,2")) > maz(1 + %,5 + %), where s > 0 and
1 <p< +oo are fixed.
Also, we suppose that for any ' € R™ and v’ € R™"\{0}, |w'| = 1, the problem:
LO(t, 2" Dy, ' )u(t) =0

u(0) =0 (4)

has only the solution u = 0.

The main result of this paper is the following.

Theorem 1.1. Let s, 7 be two non-negative real numbers and let 1 < p,q < +00. Under hypotheses (Hy), (Hs) and

(H3), for any compact set K in R, there eists a constant Cc such that for any u € BstaT (R with support
m K,

||U||B;7+{1?;17(R1+1) S CK{HLU| B;:;(RiJﬂ) + ||')/0U||B;_:1—%,T(Rn) + HUHB;:II,T(Ri-%—l)},

holds.

Taking 7 = 0 and p = ¢, we obtain the regularity in classical Besov spaces [15]. If s = 0, 7 = , and

.
2(n+1)
p = q =2, we get the regularity in local Morrey-Campanato spaces [2*.

Example 1.1. Let M be the following operator given in Ry x R by
M (t,x; Dy, Dy)u = t(D? + D*)u + ADyu + puD,u,

where (t,x) € Ry X R, and A\, u € C. According to [1], if u # +£(2p +i\), p € N*, and Sm(\) > max(1 + %,s + zl))’
and if u is a solution of the problem
u € BT (R3)
Mu = f € BsT(R2)
s+1—-1 7
You=g€Bpg " (R),

s+2,7
then u € B> (R3).

p,q,w,loc
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2. Preliminary Lemmas

In this section, we shall recall basic lemmas needed in the proof of the theorem.

Lemma 2.1 ([9]). Let 1 < p < +oo and let A < 0. If (aj,);j. is a sequence of positive real numbers satisfying

(ajv)j € P for any v > 1, then
) (Z QVA%‘V) S Supzajw

j>1 v>1 = ]>1

holds.

Lemma 2.2 ([9]). Let 1 < p < +oo. For any integer M > 0, there exists a constant Cay > 0 such that for any ball
By, anyl € Z and u € LP(R"*1),

lAwllios,) < On{lullzeny + S0 27 CH0Y fuloge, ),
v>—J+1

holds for Ay = Ay, A, A}, 81,5}, S) .

Lemma 2.3. Let s and 7 be two real numbers such that 7 > 0, for any ¢ > 0 and u € W2

w (Rv B;:;(Rn)), we have
the following inequalities:

) Null po g, sty S ENEDFUl o mgg ey + 2180l Lo gtz ey
@) IPelusmggcenn S DRl e ey + Ll oy
(3) tDeull o sy iom ey S EllEDFull oy ey + 200l o ey 7 @nyy:
Proof. Tt is classical according to [18], that if tD?u € LP(R) and tu € LP(R), then u € LP(R), and
[l oy S 1EDFull Loy + [l o @),

applying this inequality to u(At) with A > 0, we obtain
1
[ullLr @) S AtDFull Lo r) + 3l ey
Now, by replacing A with e\, € > 0, we get
1
ull Lo ry S EMEDFul| Lo r) + aHtUHm(R)- (5)

Let u € W2P(R; By (R™)), we apply (5) to t — u;(t,z’) = Alu(t,z’), j € N and 2’ € B. Taking A = 277 and
integrating with respect to «’ € B}, we obtain

y 1
1A% ull Lo By, xr) S €277 [ AjtDFul| Lo (51, xRy + g2]||A;tU||Lp(B'JxR),

multiplying by %
J

1.
s+1
W2 i€ )HA;‘UHLP(B{]xR)

2j5||A/tD UHLP(B’ xR) + 2j(5+2)|\A;tu||Lp(ijxR),

f/ / /
IB | elBjI

we take the 19 — norm on each side of the inequality and we sum over j > J*, we obtain

1

s+1) ¢
|B/ |T < Z 2]( + qHA/u”Lp(B' - )

jzat

Q=

€ IS
< |B|( 5 PADE U )

j>Jt
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1 (549 q
+ 53,|< > Pt )qllAéwiuBz,xR))

jzat

We deduce the first inequality (1).
The second and the third inequalities are obtained analogously starting respectively from

IDsull oy S [EDFull Lo @) + ltull Lo ry,
and

[tDyull Lo ry S 1EDFull Lo ry + [1tull Lo r)

The following three lemmas are proved in [12] for p = ¢. In the same way we obtain them for p # q.

Lemma 2.4 ([12]). Let T be a positive real number, 1 < p,q < 400, m an integer > 1 and let s be a real < m. If
u e LP(R; B37(R™)) such that D{*u € LP(R; By ™" (R")) then u € ByT(R"™!) and

HUHBﬁ,j;(R"“) S HDZnu”LP(R;B;’_qm’T(]R")) + ||“HLP(R;BZ£(R"))’
holds.

Lemma 2.5 ([12]). There exists Cy > 0 such that for any ¢ € S(R"*L), there exists C1 > 0 satisfying for any
u e B;:g(R”*l) [resp. LP(R; B;:;(R”))]

leull B3 @n+1y < Collpll Lo @nny lull By mnsry + Crllull gs=1.7 gasr)s

[7“6519- lpull e ®, B3 &7 Y) <CollPll oo mn+yl|ull Lo r; By 7 (R7Y)

T T F——

Lemma 2.6 ([12]). Let s1 < so < s3 be three real numbers, 7 > 0 and let 1 < p,q < +o00. For any e > 0 and
u € B;f*q’T(]R”H) [resp. LP(R; B;?(]’T(R”))], we get

[ull

52 "(Rn+1) N EHU| 53 T(Rn+1) +e 33 52 ||U| 51 "(]Rn+1)

sp=sy
[7"63]9 lull Lo ;B2 mry) S Elltll oo ;s mnyy € 57 E |u||LP(]R B3LT(R)) |-

3. Trace of Elements of B3 %7 (R}™') and W27 (R ; BT (R™))

p,q,w

Theorem 3.1. Let s, 7 be two real numbers such that 7 > 0 and let 1 < p,q < +00. Foru € W (Ry; Byr(R™)),

Jloc

the series E: Alu(0,-) converges in S'(R™) and defines an element you belonging to prq p’T(R"). In addition,
7>0

s,T n s+1—

(R4 Bpg(R™)) to Bp,q

an extension operator Ry from B,Lq PT(R™) to W2P(Ry; By (R™)) such that

the mapping u — You is continuous and surjective from W (R") Also, there exists

Jloc

oRy=1Id ., 1, .
O T ey

s+1—

In particular, if s > 0, the operator vy is bounded and surjective from B;ngwT(R"H) onto Bp q (R”)
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Proof. Since W oe(R4) C VVl P(Ry) — CP (Ry), for any p € C§°(Ry) and any v € W2P(R, ), we have
(O] S llevllwzrw, ),
then
[0(0)] SllevllLem,) + 1DepvllLow,y + 1EDevl| Lo, ) + 1£D7 0] o r )
+ ltevlle®y ),
we change v(t) into v(At) and ¢(t) into p(At)
[w(0)] SA™ pH(Pv”LP(Hh) AT ||Dts0UHLP(R+) + A7 [tDepv] o ey (6)
_|_

Fovllr(r,) + P ||t<p”HLP(R+)
Let u € WP (Ry; By (R™)), for j € N, we set u;(t,z') = Aju(t,z’) € W, 2P (Ry;C°°(R™) N LP(R™)), so we can

w,loc
P _1
i(s+1-2)

apply the inequality (6) to u;. By choosing A = 277, integrating over a ball B’ ', and multiplying by 2|T|77 we
J
get

97 (s+1—*)
7|BHT ||A u(0 a')HLP(Bf])
9j(s+1) 9Js
Sy leAulliee o) + o |T||Dt¢A o e, )
2J(s+1
+ ‘BI |7_ ||tDt(pA U”Lp R+><BJ) + — |BI |7_ ||tD QDA u‘le(R+XB/)
2j(s+2
+ T ol e

since pAlu = Al (pu), we take the 9 — norm on both sides to get
P
This confirms that the series Jgo A’u(0, ) converges in S'(R™) and the operator 7 is continuous from w2 e (R Bpt (R™))
to By T (R").
Now let u € Bp,ql_%’T(R"). Let ¢ € C§°(R) such that ¢ =1 in a neighbourhood of 0. For j € N we set:
Rou(t,z") Zg@ (27t) A x'). (7)

3>0

We'll prove that the series converges in S'(R"*!) and its sum belongs to W27 (R ; B57 (R™)) with

”ROUHWZP(]R+ BT (R™)) ~Hu| sti-Lo -

By.q (R™)
We prove the inequality for each term of the norm ||ROUHW3”J(R+-B§’;(R"))' First, we apply the operator A} with
ke Nto (7)

k41
AL Rou(t,z') = Z P(27t) AL A (0, 2"),
j=k—1

then
| AL Rou(t, )] <) |p(278) AL ALu(0,27)],

i~k
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we deduce
, P
/ |A} Rou(t, x')|Pdt < / (Z |<p(23t)A§€A;u(0,x/)|) dt,
R Ry “5Th
then
—k
1AL Rou(-, @)ooy ) S 27 Y 1ALAGu(0,a7)],
g~k
we integrate with respect to 2’ over a ball B’ to obtain
;k
AL RoullLrm, xBy) S 277 Z AL A ull e (37
jk

now Lemma 2.2 gives

;k
| A% Roull Lo, 5, <CM{2 v [|Akull Lo sy

=k _
+27 Z 2 (V+k)M||A;cU||Lp(F,;)},
v>—J+1
. ok(s+1)
multiply by BT and take the 9 — norm
J

1Roull Lo g 07 )
1

1 1 v
<Ol (218l

E>Jt

Q=

kq(s 1—7 v+k)M 4
| S 2R s}
v>—J+1

k>Jt
For the second term HtROuHLP(R+,Bs+2,T(Rn)), using the same technique, we obtain
1= P,q
, p
/ |ALtRou(t, 2 [Pdt < / (Z |t<p(23t)A;€A;-u(O,x’)|) dt,
Ry Ry Tk
then

ItRoull o s, 7 o

1 sl 1 a
< CM{lele( > oka(s+1 p>||A;€u||‘£p(233))

E>JF

1 a1 (v q
+Bf]|7—|: Z 2kq(s+1 p)< Z 2 ( +k)MHA;cu”LP(F‘£)> ]

k>Jt v>—J+1

Q=

Similarly, for the third term || Dy Roul| e (g, ;357 ®n)), We have

. . p
/ |ALD, Ryu(t, «')|Pdt < / (S 12 (D) @084 u(0.2)]) at,
R Ry ik
then
I1DiRoul| Lo w537 ()

< Oy {|B/ |T( Z oka(s+1—3) ||Aku||Lp(QB, )

E>Jt

Q=

b
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1 kq(s+1-2 —(vtk)M 1
+ B’J|T[ Z oka(s p)( Z 9—(v+k) HA;CUHLP(F;))

k>Jt v>—J+1

Q=

Afterwards, for the fourth term ||tDt2ROuHLp(R+;B;:;(Rn)), we have
P
/ |ALED2 Roul(t, 2')Pdt < / (ZTI% (Do) (21) AL Au(0. ")) "a,
Ry
then

1tD7 Roul| 1oz, ;537 (R ))

1 - :
< n{ g (30 2P Il o)

E>J7F

1 _1 . g
\B’ - { Z oka(s+1-4 )( Z 9—(v+k) MHAkuHLp(F, ) ]

E>Jt v>—J+1

Q=

Finally, to estimate the last term ||tDtR0u||Lp(R+;Bzzl,T(Rn)), we write
: 4 P
/ |ALtDy Rou(t, 2 )[Pdt < / (Z |23t(Dt<p)(2Jt)A;€A;-u(0,x’)‘) dt,
Ry R+ N3k

then

1D Roull o g, 5yt )

1
1 et1_1 a
CM{ |B/ |7- ( Z qu( i p)HA U’HLP 2B’ ))

k>Jt

1 q
+ T |: Z 2kq(s+17%)( Z 2_(D+k)M||A;gUHLP(F;)) :|
J

E>JT v>—J+1

From inequalities (8)—(12), we deduce

1Roullwz g, 5y )

1 _1 a
< CM{ |B}|T< Z oka(s+1 p)||A;€u||qu(ng)>

k>Jt
kqg(s+1—+ v al«
|B’ |T{ 3 kel ( 3 2 M AL ) } },
k>Jt v>—J+1
thus
1Roullyze e, my7 ey < Cr{li + I},
where

1 bo(onl L v
I = 2 a(s+1 P) Al ’ ) < full s 177?
(2 I8l ) < ol g

k>J+ Bp.q
For I, we set p=v +J and |F),_ ;| ~ 27(1=7) then

I3 < e ‘B/|Tq > (Z |

-
E>Jt  p>1 “f'

nt(p—J)

b

Q=
.

q
w 9= (=J+R)M o ok(s+1-1) ”AkUHLP(F’ J))

157
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71

_ ntT— 2k:(s+ !
5 (e B ).

E>JF pu>1

applying Lemma 2.1 for M sufficiently large

kg(s+1-1
1 Ssumpf 2 2T Al )
pn>1 u—J sz‘F ‘
1 ka(s+1-%
~ e > 2 e p)HA;“u||qL"(FL—J)’
w21 — g E>(J—p4+1)T

finally, we deduce

||R0u||Wf;p(]R+, ST (R7)) ~ S el P T(]R”

s+1—1 7
Consequently, Ry is bounded from B},,—Zl 7T (R™) to W2P(Ry; By (R™)) with

YooRy = id ar1-1
Bp,q (R”)

If s > 0, the space B;ZQJ(]R”H) is continuously embedded in the space W oc(R; Byt (R™)). The proof of Theorem
3.1 is complete.

4. Proof of theorem 1.1

Proof. To prove the theorem, we should first start by proving the following estimate.

Proposition 4.1. Let s, 7 be two non-negative real numbers and let 1 < p,q < +00. Under hypotheses (H1), (H2)

and (Hs), for any compact set K of]Rm'1 there exists a constant Cg > 0 such that for any u € W2P(Ry; Byo (R™))
with suppu C K, we get:

ez ey sy ey SOk MLl Lo e 537 ) + e

+ ||u||Lp (Ry;BS lT(Rn))}-

Proof. The idea of the proof is the same as in [2, 10, 12]. We use the Korn technique by decomposing the operator
L as follows

L=L1°+"L"',

where

L°(t,a'; Dy, Dy) =tD? + Z a;j1(0,0)tDy, Dy, + ij(0,0)thth
J,k=1 j=1

+3 ¢;(0,0)D,, +d(0,0)Dy,
j=1
with coefficients in C, and

L*(t,x'; Dy, D) = (ajy;g(t, z') — aj7k(0,0))tij D,,

i
I

J

_|_

NE

(bj(t, ') — b; (0, 0))7:ij D,
1

<.
Il

_|_

-

(¢s(t.2) = 5(0,0)) D,

1

J



A-PRIORI ESTIMATES IN BESOV-TYPE SPACE 159

+ (d(t,x') — d(o, ()))Dt +e(t, o).

This is the freezing technique of the coefficients of L at the point 0. It allows us to obtain a homogeneous operator
L° with constant coefficients, that we first estimate by applying a partial Fourier transformation on /. Next, we
estimate the different terms of the operator L'.

As in [2], under hypotheses (H1), (Hz) and (H3), for every £ € R™ \ {0}, the operator (L°(t,0; Dy, &), 7o) is
invertible from W2?(R,) onto LP(Ry) x C and if K¢ denotes its inverse, then the mapping ' — K¢ is C* from
R"\ {0} to £(LP(R4) x C; W2P(R,)) and for any multi-index o, there exists Coy > 0 such that for any & with
1 <|¢'[ <2 and any (f,g) € LP(Ry) x C

D¢ Ker (f, 9)lwzr®,) < Carll(f, 9)llLrmy)xc- (13)

First, we prove that for any N > 1 sufficiently large and for any ball B/, of R™, the following estimate

ull oy w2 ey SIE ullr@syie@y) + 1ol ey (14)
oy _1
+1B5 Y 2N (Ll e g o)
v>—J+1

+ H“YOUHLP(F;)),

holds for any u € S(R™; W2P(R,)) with tangential spectrum belonging to the annulus 3 < [¢/| < 2.
We apply the operator (L°(t,0; Dy, €"),70(£")) to the relation

a('a fl) = / eiiy/f/u('v y,)dy/a
y/eR’IL
to get the system

LO(,0: D €03(,€) = Lou( €)= [ e € Lou(., )y (15)
You(g') = Jou(E) = [e ¥ yu(y)dy,

apply K¢ to that system, we obtain
u(-, &) = /e_iy € K¢ (Lou(-,y'),'you(y’))dy’.

Let ¢(¢') € C5°(R™) equals to 1 on § < |¢/| < 2 and its support belongs to an annulus. Then

uta) = [ o g
dg’

://ei(:b/—y/)f/ ¢(5 VEer (Lu(,y'), vouly’ ))}dz/(%)n

z(z - N
// (1+ ]2 — 2)N(I—A5')
{0 Ke (Lo 20(s) b Gy

then
IIU(',w’)I\W2p(R+)
/ cRn" 1 + ‘LU ‘QN
d¢’

S PE LR )0t 5 @y

X

Wa'P (Ry)
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applying the inequality (13), we deduce

||U(-,x/)||W3,p(R+)

1
con[ e,
yern 14 |2/ —y/ |2V (L2u(-9) () Lp (R4 )xC
integrating with respect to z’ over B, we obtain
1l Lo (51 sw27 e, )
1 P »
SCN{/ (/ 4——————fHU%uy7%uy" d@)df}
B, Nyern 142" =y PN (L2l 70u(s) LP(Ry)xC
Now, we decompose R™
R"=2BU ] F.
v>—J+1
Then
Jul 4 (f 1
u PR < —_—
LP(B/; WP (Ry)) B, /R 14 |x/ _ y/|2N
% (/)(LO-/ / d/pd/B
xam, ()| (L2ul ¢ v0u@)) ||, oy ) de
+
AL Lo
By N ST Jyery 1+ |2/ —y/|2N
1
P P
x H(LOU(wz/),VOU(yU)’lm(R )Xcdy’) dx’}
+

ST+ I
The first term I; is an LP — norm of a convolution product between a function of L'(R") (for N large) and a
function of LP(R™). Young’s inequality yields
I < CN{IILll Lo 28 Lo sy + N0Ull Lo 287 }-
For I, since 2’ € B’; and y' € F},, we have |2’ —y'| ~ 2”. Then

Ié S |Bfl|% Z 2_2VN/ (LOU('7y/),’)/0U(y/))‘

v>—J+1 S

/
b

Lr(Ry)xC

Hoélder’s inequality yields

LB Y 22”NF;1—%(/
y'€F)

v>—J+1

p

1
dy' | .
L (Ry)XC y)

Let u € Wi’p(R+;B;:g(R”)) with supp v C K, where K is a compact set of R’f’l, for j € N, we set u;(t, )
Afu(279t,2792"), then u; € S(R™; W2P(Ry)) for j > 1, with tangential spectrum belonging to the annulus {4
|€’| < 2}. Since

(LOU('a y/)a "YOU(y/))

IN

(Lou)j = 2j LOUj
(’You)j Youy,
we have
Hu||LP(B’J;W5’p(R+))

SIE | e 25y e @) + V0wl e @By, (16)
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S

P d/
LP(Ry)%C v

[(°u(,y),20u(s)|

LA MR ]
y' €F)

v>—J+1
applying u; to the inequality (16) for j > 1, we obtain
g Uj
0
| quLp(B/ 2P (R, ) Sz uquLp(zBfI;Lp(RJr)) + ||70uj||%p(23f])

+IB/J|§{ SN Rty (HL willoo(ryLe )
v>—J+1

q
# ol |

S 27N W51 % 21, 1o ey T 10031 25,

q —ou i
s X 2R (20 e
v>—J+1

q
+ [[(vou) ||LP(F;)) } :

Now, replacing u; with Afu(277¢,2772") and multiplying by 2/9°, we obtain

+ 279t DF Aful| T g, o iB) (17)

gials+1) ||A/‘“||%p(]R+ x2=3 B")

2D DA oy + 2 DAL o)

+2JQ S+2)HtA/u”Lp(R+><2 i3
< 2jq8||A/LOuHLP(]R+><2 J+1B’) +2]<J(6+1 ||A/ Ou||Lp(2 J+1B,)
a _ _1 -
+|Bf1p{ > 2 NE)! p(236||A;‘L0u||LP(R+><2*J'FL’,)
v>—J+1

q
+ 27D | Al you| Lo o Jp/))}

S+ 13,
I} represents both the first and the second term on the right-hand side of the above inequality, while I} represents

the last. We set K =J + j and = v — j, then
I = quSHA/'LOuHLp(RerzB’ )+ gja(s+1-4 )”AJ'YO“H(ILP@B;{)' (18)

On the other side, since \F’| ~ ov(1=3)
4 n(l—2=% n(l1—1 N) .
2 =18l {2” D D i T A BTy

pn>—K+1
q
+2J(S+1 ||AJ'yOuHLp F’))} s

let us set p' = p+ K,

Ié, <|Bf]|ZQ(j—K)q(n(l—;)—QN)2Kn‘rq{ Z 2u'(n(1—%)+7ar—2N)
w'>1

Qj(8+1—l)

27s
1AL ull o ey P, T
(| (R4 x K |F;/1,’7K|T

q
/
—F ||Aﬂou||Lp<Fﬁ,K>)} :
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considering inequalities (17)—(19), multiplying by |B, 74 and summing over j > maz (K, 1), we obtain

9jq(s+1 2Jqs )
> TEg HA/UHL”(R+XB’ RPN |w”A’tD tullZe e, x5y)
j>maz(K,1) j>maz(K,1)
27a(s+1) 2Jqs
+ Z | | HA;tDtu||%p(R+><B}() T Z | hela ||A,DtuHL"(R+><B' )
jzmaz(K,1) jzmaz(K,1)
2Jq(s+
+ > W“A'w”m@hw')
j>maz(K,1)
9das o 2J‘<1(5+1*,l
5 Z ‘B/ ‘TqHA L u||LP(R+X2B )+ Z |B |‘rq
j>maz(K,1) j>maz(K,1)
1 j—K)(n—2N —Knt
||A ’YOUHLP(ZB/ ) + ‘B/ “rq Z 2(-7 )( )q2 q
j>maz(K,1)
2u’(n(1—l)+m—2N) 20¢ AL
x Z ’ |F/ ‘TH J UHL”(R+><F;,,/_K)
pw'>1
2]‘(8+1—*) q
!
i 1o o)}
since K™ < maz(K, 1), Lemma 2.1 gives
27jq(s+1) 2Jgs )
Z | B} |74 ||A;u”qL”(R+><B}<) + Z | B |Tq||A/tD UHL” (R4 xBf)
jzmaz(K,1) K jzmaz(K,1)
27q(s+1) 274s
+ Z |B/ |'rq HA;tDtu||%1’(R+><B’K) + Z |B/ |Tq||A9Dtu“%p(R+XB}()
j>maz(K,1) K j>maz(K,1) K
97a(s+2)
+ W”A'm”mmw')
jzmaz(K,1)
SILOullY s e, 537 @ny) + Ilvoull + sup
L (R+va,q(R )) B;J;l 1 T(Rn) />1|F ’ K|Tq
<3 (PPN L Wy, 2T A 0l )
2K

we add the terms associated to 7 = 0 and we replace the condition on the right-hand side of the inequality above
j > KT with j > (K — ¢/ +1)*, we obtain

q 0 q
Bl e gy SO SN U7 oy + 00

! r. R, (20)
By, * @)
where

1 1

RO |B/ |7-q||A/DtuH%P(]R+><B’ |B/ |7—q||A/tDtu||LP R+><B}{)

+ |B/ |'rqHA ||L”(]R+><B’ + |B/ |7‘q||Altu||L1’ (R4 xBY)

+ ———||ALtD?

|B’ [ra u||LP(R+><B}<)'
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Now, we’ll estimate the remaining term Ry. From Lemma 2.3 and since supp u C K, we can estimate the first and
the second term

1
|B/ |Tq ||A Dtu‘lip(R+xB}()
2 —1
‘B/ ‘Tq HA tDtuHLP(]R+><B’ ) te |B}(|Tq ”Aétu”%P(RerB}()
2
e IRl gy + Ol ey &
1 q
1B, |Tq||A ot Detll Lo, v my)
1 2
‘B' ‘-,—q HAé)tD u"qLP(R+xB}<) te |B/ |7—q ”A tu”LP (R4 xB)
2
“1Bj \WHA/tD el @y xmy) T ORI L, pyt gy (22)
For the third term of Ry, we have
1
|Bj|74 A OuHLl’(ﬂth’ S Il ”LP Ri;By o7 (R™)) (23)
Since supp u C K, we deduce the estimate of the fourth term of Ry
1
WHA/Otu”%P(R+xB}() S CKHu||iP(R+;B;;1’T(R")). (24)
From (21)—(24), we deduce
Ro SCklull®, o oove i + o AGDRU L (25)
~ Lr(Ry;Bpg (R")) | Bl |72 L (R4 xBj)

Finally, we estimate the last term. From the equation we have

tD2u =L°(t,2'; Dy, Dyt Ju — ( > ajx(0,0)tDy, Dy, u+ Y b;(0,0)tD,, Dyu
7,k=1 j=1

+3¢5(0,0) Dy u + d(0, O)Dtu),

7j=1
then
186t D} ull 70, By
SUBG Loy + 3 a5 0. 0D, Datlly o
7,k=1
+ > 1Ib;(0,0)AgtD,, Dyull Lo, xpy) T > lles 0, 080Dz, o m, x5y
i=1 a
+11d(0,0) A0 Deul| 1, 57, )
thus

2
|B/ |7'qHA tDtu|‘Lp(R+><B )

n
0
SIIL U||Lp (R ;B3 T (R™)) + Z ||tD‘L'J'D$’€uHLP(]R+ B 2T (RM))
Jk=1
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n n
q q
" Zl 18Dz, Detily g, o oy Zl 1Dzl g2 ey
J= J=

+ ||Dtu||Lp R B'5 3, T(Rn))

Since the operator D, maps continuously from LP(R,; Byt!7(R™)) to LP(Ry; Bi7 (R™)),

Z ||tDzJ DwkuHLp R Bb 3, T(R")) ~ || u||Lp R B (R”))’

J,k=1
however, supp u C K, then
q q
2 M0, Dol e gy < Okl s oy (26)
J,k=1
Similarly
Z||D1Ju||Lp(R+ o2 @y S 1 ulllp e, By @n))” (27)
Also
q q
D NtDe, Deully, g pasr gy S NP0, ey
j=1
from Lemma 2.3, we have
ZHtDTthu”Lp R, B"‘ 37’ (R™)) (28)
< 2,119
NEHtDtu”LP(R_'_;B;:"q'(Rn)) + || HLP(R+ Bs 1, T(Rn))~
Lemma 2.3 yields
2
||Dtu||Lp R, Bé 3, T (R™)) S €‘|tDtu||%p(R+;B;:g(Rn || ||Lp R, Bé 1, T(Rn)) (29)
From (26)—(29), we deduce
2 0
|B/ |Tq HA/ tD UHLp R+><B’ <CK{||L uHLp (Ry; ng (R™)) + ” HLp(R+;B;;1117(Rn))} (30)
2
+eltDul 2o,y ey

For £ > 0 small enough, inequalities (20), (25) and (30) imply the Proposition 4.1 for the operator L°.
The proof of the proposition for the operator L = L? + L', is essentially based on Lemma 2.5. Indeed, we must
estimate the terms of the operator L':

n

L(t,2'; Dy, D z": (aL (t,z") — a;jx (0, O))tD%ngku—i—Z( (t,z") (31)
k=

J,k=1 J=1

— b;(0,0))tDy, Dy + Z (es(t. ") = 5(0,0)) D+ (d(t, )
j=1

—d(0, O))Dtu +e(t, ' )u.

We assume that the support of u is included in the half-ball of center (0,0) with a small enough radius e9. For the
first term, according to Lemma 2.5, there exists Cy, C; > 0 such that

[ (aj,k(ta a')—a;k(0, 0)>tDzj DzkuHLP(R+;B;;Z(Rn))
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<Collajk(t,2") = a; k(0,0 oo 1) 1D Dy ull 1oz 3327 ()
+ Cil[tDa; Doy ull po(r s pa=17 (me )y
since the support of u is included in the half-ball of center (0,0) with a small enough radius &
[ (aj.k(t, 2")=a;x(0,0))t Dy, Doyl o w527 (7))
< Coeolltull o, prt2m@ny) + Crlltull o, et mey)
making use of Lemma 2.6, we obtain
1(ajk(t, &) =a;1(0,0))t Dy, Dyl Lor, 537 (2o
< Cogolltull o, B3t ®ny) + Crenlltull o, pyt2m @y
+ Cger? ||U||Lp(1R+,B* L7 (Rn))
for 1 < j,k < n. In order to estimate the second term of (31), we first apply Lemma 2.5 to obtain
[|(b5(t,2")=b;(0,0))tDa; Dyl 1o (v ;537 ()
SCOHbj(faaC ) — b, (0, O)HLOC(R"“)HtDtUHLp Ry;BsENT (R))
+ Cil[tDyull Lo w87 )
S0050||75Dt7“‘HLP(1R+;Bgﬂ;“(mm) +Ch ”tDtuHL?’(R+;l3;‘315(R”))7
then, applying Lemma 2.6 to the second term of the right-hand side of the inequality, we obtain
(| (b5 (£, 2")=b;(0,0))t Do, Dyuul| 1o (v ;557 (r)
<CocolltDeull 1y g, . Bkl (®ey) T CrerlltDeull ., . ByLbT(RY)
+ Crer* tDeu]l o, o2 mny) s

thus, by means of Lemma 2.3, we deduce

[[(b;(t,2")=b;(0,0))t Dy, Dyutl| 1o (v, ;527 (7))
,SC’Oafo||tDtu||Lp(IR Byt (Rmy) T Clel”tDt“”LP(R+;B§§1~*(R7¢))
+ e2l[tD7ull Lo s Bg7 (mm)) + Crea Ul Lo, 3=t (ny)-
for 1 < j < n. For the third term of (31), Lemma 2.5 gives
[ (Cj (t,x")—¢;(0, O))iju||LP(R+;B,§j§(R”))
<Colle;(t, 2") = ¢;(0,0)l| Lo () lull Lo (ry B3 )
+ Cullull o, 30w e
<Cosollull g, imytt ey + CrllvllLr @y imy @)
for 1 < j < n. For the fourth term of (31), we apply Lemma 2.5
[ (d(t,2")=d(0,0)) Dyul| pow ;527 (7))
< Colld(t,2") = d(0,0)l| oo g+ 1) | Dol o ry B3 5 ()
+ 4 ||Dtu||Lp(R+;B;;1“(Rn))
< CocollDeull Loy 5537 rey) + Cill Deull por,  pistom @)
next, Lemma 2.6 gives
[[(d(t,2")=d(0,0)) Dyul| o, ;37 (R ))
< Cocol| Deul| o (v, B3 7)) + Cre1 | Deull Lo, Bag (o))

+01€1 ||Dtu||Lp(R+ Bs 3"(R"))7

165

(32)

(33)

(34)
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applying Lemma 2.3 to the last term of the right-hand side of the above estimate, we obtain

1(d(t, 2")=d(0,0)) Dyull Loz, 55y (re)) (35)
SCosol| Deull Lo (ry sy rny) + Crenl| Deull e,y )
té2 ||tDt2u||Lp(R+;Bf,jg(R")) + CK,EQ ||u||LP(]R+;B;:11vT(Rn))'
Finally, for the last term of (31), Lemma 2.5 gives
le(t, 2" )ull Lo 337 @y <Colle(t, ") = €(0, 0)| oo gy lull ooy i3y 7 )
+ ClH'UJ”Lp(R+ BT (R™))

<0050||u||LP(]R+,B§§(]R” + Cillull o v ;530 @) (36)

Inequalities (32)—(36), complete the proof for the operator L = L + L', then the proof of the Proposition 4.1 for u
with a small enough support around (0, 0) and with a suitable g¢,&1,e2 > 0. In the same way, the estimate is proved
around the point (0, z¢) of K. Otherwise, the assumption (H7) yields the same estimation in the neighbourhood of
the point (¢g,zo) with ¢y # 0 of K. Finally, the general a-priori estimate is obtained by the use of a partition of
unity.

To complete the proof of Theorem 1.1, we need the following lemma.

Lemma 4.1. Let s, 7 be two non-negative real numbers and 1 < p,q < 4+00. For any compact K of Rf‘ﬁl, there

exists a constant Cx > 0 such that for any u € B;ZQJ(R”H) with suppu C K

el gz ey < CK{||Lu||BST(Rn+1 g, gy + 1l g IT(RHI)}

holds.

Proof. At first, we prove the lemma for the case 0 < s < 1, to be able to make use of Lemma 2.4. Next, we prove
it by induction for all s > 0.
o Case(0<s<1:
The proof is based essentially on Lemma 2.4. We do the same previous decomposition: L = L° 4+ L', and we
prove the lemma first for LY. Hence, we estimate the different terms of the norm of u in B;*(}QJ (RTH.
Lemma 2.4 yields the following inequalities
n

||U||B;j;11vf(uai+1) = Z | D ul
i=1

sy 1Pl gy e

n
S 3 (10 Dt o ot oy + 1Dl e g e |
=1

+ Dl gy ey
S ullwzr @, spyg @) + 1Pl gy ey (37)
|tDa; Day ull 5y 7 e
S ||Dt(tD€L’jDCUk)u||LP (Ry;Ba5" (R)) + 1tDa; Dayull o (my ;B3 (7))

< ||DzJ leu‘|LP(R+7B; L7 (Rn)) + tDz] DMDtUHLp(R+ B T (R™))
+ [tDa; Doy ull Lo g ;857 (&)
S ||UHW3~P(R+;B§:Z(R"))’ )
for 1 <j,k <n. And
[tDx, DtUHB“ ®7H)

S ||Dt(tDIJDt)u”LP(R+ Bi T (R™)) + [1tDs, Dt“”LP(RJr,B* ja(R™))
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2
N ||DacjDtu|‘Lp(R+;B;;1LT(Rn)) + ||t‘DEthu||LP(R+;B;:11'T(R"))

F1tDx; Deul| Lo B35 R

N ||UHW2"’(R+;BEIZ(R”))’ )

w

. . . . . 2 .
for 1 < j < n. It remains now to estimate the following terms: ||D;u| Bap (R™H and HtDtuHB;:;(RTl). For this, we

decompose stg(RiH) as follows

P,
Byr(RYTY) = LY, (Rys Byg (R™) N L],

loc

(R™; By (Ry)),

then, since the support of u is included in a compact set K, we have: u € B;:g(RiH), if and only if u €
LP(Ry; By 7 (R™)) and w € LP(R™; By7 (Ry)). When u € LP(Ry; B, 7 (R™)), we obtain immediately

IDeull Lo g, :577 ey + 1EDF | Lo mp @) S Nullwzer g, s ey)- (40)
When v € LP(R™; By7(R4.)), returning to the ordinary differential equation, since the operator (L°(0,%; e1, Dt),70)
is invertible from V5" (R ) to By7(Ry) x C such that V57 (Ry) = {v € Byt'7(Ry) : tv € Bit>™(Ry),tDw €
BstbT(Ry) and Dyv,tDfv € By7(Ry)}, then for any v € V37 (Ry.), we have

[vllver @,y S IL°(0,tex, De)oll sz ey + [0(0) e, (41)

with e; = (1,0,---,0) € R™. We write

L°(0,t;e1, Do)u =L + a1,1(0,0)tu + b1(0,0)tDyu + ¢1(0,0)u

_ ( > a;1(0,0)tDy, Dyyu+ Y b;(0,0)tD,, Dyu
7,k=1 j=1

+ ch(0,0)iju),

j=1
according to (41), we deduce
IDewll Lo gin; B35 e ) + 1EDFl Lo (s B3 (e )
S L%l po@n;Byg = 4)) + Itull Lon; By 4 ) + 1EDeull Logn; By 24 )

n
+lulleo@nimgz @) + Y 1#Da, Daytllogen: g )
jk=1

n n
+ Y 1tz Deull ogn sy g ey + D 1Dl ponimg )
j=1 j=1
thus
IDyull Lo @7 1)) + 1EDFUll Lo (rn 37 )

S ||LOUHB;’T(R1+1) +lltull gz ey + 1EDeull gy gy + llull gz @)

»q 2q »q

+ D 1802, Daytull g ety + 311Dz, Dettl gz e

jk=1 j=1

n
+ 2 1Dl gy -
j=1

Thanks to Lemma 2.4
[[tul

By (R S ||Dt(tu)||Lp(R+;B;;1vT(Rn)) + [[tull oo r s B3 T (R7))

S lull oy smytm @y + 1Dl Lo ey g )

)
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+ [[tull oo r s B3 (R7))

S lullwzr @, sz @) ()

¢yl

By @) S [De(tDru)ll 1o r, s pitm ey + [EDeull Loy 27 re))
2
SIPeull oz, mygt @y + D5 Lo im0 )

+ tDeull o ®,  Ba7 (7))
S lullwz» @, sz @ny), )
lll gy g ety S MDvll Loy spy gt @y + M0l or ®osm3s ey
S lullwze e, sz @ny)s e
and
1Dz; el g7 ey S NP Dayulloe sy ey + I1Pasulleeysmgg )
S ||U||W5*P(R+;B§:Z(R"))' 1)
(42)—(45), together with (38) and (39) imply
IDewll Lo (e B3y ) HIEDF ull Lo s By 7 4 ) (40
Sl gg 7 ey + lullwzr @, img 7 -
By (40) and (46)
| Dyul

2 0
B;;;(Riﬂ) + ||tDtU| B;;;(Riﬂ) 5 ||L “| B;;;(Ri*l) + ||U||W5m(R+;B;;;(Rn))- (47)

Considering estimates (37)—(39) and (47), we deduce the Lemma 4.1 for the operator L% and for 0 < s < 1.
Now, for L = L°+ L', we estimate the terms of L' (31) in B;:g(RTrl). Applying Lemma 2.5 and since suppu C K,
we have

|| (ajyk(t, ZL'/) — aj,k(07 0))tDz] DIkuHB;:;(Ri‘*'l) S CKHtDzj DIku”B;:g(Rz"'l)’
inequality (38) yields
| (aj,k(t,2")—a;,(0,0))tDy, Dy, ul

Byrent) < Ckllullwzr @, bz @ny): (48)
for 1 <j.k<n.
H (bj(t7 x/) — b](07 O))tDQ;J Dtu‘lB;:;(Ri+l) < CKHtDzJ Dtu”B;j;(Ri"—l)

by inequality (39)

||(bj(t7x/) - bj(ovo))tDzj Dtu”B;;g(Rj_“) < CK||U||W5m(]R+;B§:g(Rn)), (49)
for 1 < j < n. Inequality (45) implies
H (C](t7 CU/) —Cj (0, O))Dz]»U”Bz:g(Riﬁ—l) S CK”iju”B;:;(Ri_Fl) (50)

< Ok llullwzr @, 5y7 @n):

for 1 < j < n. Afterwards, we assume that the support of u is included in the half-ball of center (0,0) with a small
enough radius €. Lemma 2.5 implies that there are a constants Cy,Cs > 0 such that

H (d(t’ :L’/) - d(07 O))Dtu‘

Bpla (R < COEHDtu”B;j;(RiJrI) + Cl||DtU||B;Q1»*(R1+1)7
then, Lemma 2.6 yields
I(d(t, 2") — d(0,0)) Deul| g7 ey

Gy
< Coel| Deull gy 7 n+r) + Cre’ [ Diull gy 7 gy + — IDeull gmzr i
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S C05||Dtu|

@ity T O [ Dol gor ooy + Crellull g - (51)
Finally, for the last term, Lemma 2.4 gives
le(t, = )u||B< 7 (R < C’K||u||Wz PRy BT (RD)) (52)

The inequalities from (48) to (52) implies the Lemma 4.1 for u with a small enough support around the origin (0,0).
As previously, the general a-priori estimate holds true by the use of a partition of unity.
e Case s> 0:
We set s = r + o, such that r is a non-negative integer and o € [0, 1[. We proceed by induction on r. This is true
for r =0 (i.e. 0 < s < 1). We assume that the estimate is true for any r, then for any s
el gz ey < Cre{ 12l

p,q,w

Bpia (R + Hu||Wi”’(R+;BSZZ(R"))}’
and we prove it for r + 1 (i.e. s+ 1), thus
el gy < Corc{ 1l ytr sy + il ge sy oy -

for u € B33 (R) and with supp u C K, such that K is a compact of R/, We notice that u € B33, (RH),

if and onlz;ql%vu € B;‘gsz(R"+l) Dy,u e B;‘ZZJ(R"+1) for 1 <i <n and Dyu,tD?u € B;"ZLT(RT'I), tfleqnw
el gy SCK{HU| etz @nty) T 1 Deull gt ne (53)
+ || Dyl ByLbT(®T + ||tDt2U\\B;;1vT(R1+1)}~
By applying the induction hypothesis, we have for alli=1,--- |n
1Daull gyt eyt (54)

< Ck{ (D)l g ey + 1 Dasilwsn o3y b

we write
D,,Lu = [L; Dy, Ju + L(Dg,u),
such that
[L; Dy Ju = (Dy,a;5)(t, 2 )tDs DmkquZ (Dy,b;)(t, 2" )tD,, Dyu
J k=1 Jj=1
+ Y (Da,c;)(t, &) Dy ju+ (Do, d)(t, &) Dy + (Da,e) (¢, 2 ),
j=1

then

L(D,,u) = Dy, Lu — [L; Dy, |u,
we apply the norm in BS’T(R”"H) to obtain
||L(D$1u)||Bs T(RTL+1 < HL’LLHBerl T(Rn+1 =+ ||[L D, }UHB“ T Rn+1),

using Lemma 2.5 to estimate the terms of ||[L; Dmi]uHB;:;(RTl), we obtain

|E(Da )l g7 ey < Crc{ 1Lt

p e T el |
replacing the first term in the right-hand side of (54) by the above inequality, we deduce
1Dzl gz gy (55)

< CK{||Lu|

B§+1 T(Rn+1 + ||u| B5+2J(R"+1 + ||un2p (Ry; B;«Zl 7(R"))}
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Now, we estimate ||Dtu||B;§1,T(R1+1) and ||thu||B;:1,T(Ri+1). In the same way as in the case s € [0,1], since
L =L°+ L', we estimate the two terms first by considering the operator L°. We set
Byt BT(RYTY) = L (R By BT (R™) N Ly, (R Byh T (R4)),
we recall that the support of u is included in a compact set K then u € B;jgl’T(R’}rH) if and only if u €
LP(Ry; B;:gl’T(R")) and u € LP(R"; B;:ZLT(]R_,_)). When u € LP(Ry; B;:ZLT(]R")), we have
1Dl Lo, mgt = @y + DU o, gt ey < Tullwze v, g @ny): (56)
Ifu € LP(R™; Byt17(R4.)), we return again to the ordinary differential equation, since the operator (L°(0,t;e1,Dy),70)
i;irr;eftible from Vp‘fjl”(gR_s_) tosﬁé:‘él’T(R+)xC such that Vpszz“l;(r]ll%i_) ={veByf?"(Ry) : tv e B5t»™(Ry),tDyw €
o T (Ry) and Dyw,tDiv € Byt b"(Ry )}, then for any v € V257 (Ry ), we have
||UH\/*;;1*T(R+) S ||LO(Ovt5elaDt)U||B;j;1vT(R+) + [[(0)lc, (57)
with e; = (1,0,---,0) € R™.
L°(0,t; e1, D)u =L°u + a1 1(0,0)tu + by (0,0)tDsu + ¢1(0,0)u

_ ( > ajx(0,0)tDy, Dyyu+ Y b;(0,0)tD,, Dyu
J,k=1 j=1

+3 60, O)iju),
j=1
then, according to (57), we obtain
1Dsull o ;g om 249y + EDZUN om0 )
0
S L ull pon; gyt ey + M1Eull Lo n gyt ) + 1D Lo gen; peir e )

n
+ ||UHLp(Rn;B;§1’T(R+)) + Z ||tD:cjDwkU”LP(Rn;B;f:}’(RJ,))
J k=1

+ D D, Dot s 5t ) + D 1,0l o sty = 24
j=1

j=1
then
2
”DtUHLP(RH;B;ELT(R”) + ||tDtu”Lp(Rn;B;jILT(RJr))
S IL%|

et @ty Fltull ot gy + LDl potir grasy + llull potir gneny

n n
+ ) ||tijDzku||B;j;1,r(R1+1)—I—Z||tD$thu||B;E1,T(Ri+1)
jyk=1 j=1

n
+ 2 1wl e oy,
j=1
we can easily see that
1Dl o g o7 ) + D0l Lo g2 (58)

S ull pgtrr guny + lull pgtay oty + 1 Dol gz s

Now, for L', Lemma 2.5 yields the following estimate
I |

st @ty SO Detl gy oy + ull ey @y}

;W

+ || (d(t, CUI) _ d(O, 0))Dtu‘|B;:‘;1*"(R1+1)a
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as previously, assuming that the support is included in the half-ball of center (0,0) and radius e small enough, and
making use of Lemma 2.5, we get

||L1’LLHB;:{ZZI,T(R1+1) SOK{HD-T%,UHB;E?J(RT“) + ||u||B§,+q?J(Ri+l)} (59)
+€||DtuHB;)4;1,T(R1+1),

(58) and (59) imply the estimate for the operator L

2
1P eull Lo st ) + 1L Ull om0 1)) (60)
S CrlllLull gy gy + ull gy ey + 1 Pectll gz ey 3
+ €||Dtu||B;21,T(R1+1).
Both (56) and (60) give
2
HDtu||B;,-¢(-11,r(Ri+1) + ||tDt u||B;21,T(Ri+1) (61)

< OK{”LU”B;EW(M“) + ||u||Wi’p(RJr;B;f]l‘T(R")) + ||U||B;§?;J RYTY)
+ | Dz, u|

a2 @ )

Similarly to the previous case 0 < s < 1, the general a-priori estimates is obtained by the use of a partition of unity.
Now, substituting inequalities (53), (55) and (61) as well as using the induction hypothesis, we deduce the estimate
for the r 4+ 1 order, then the Lemma 4.1 for any s > 0.

Finally the Proposition 4.1 with the Lemma 4.1 and the following estimate

HU||LP(R+;B;;,1=’(R1L)) < Hu||LP(R+;B;;;(R"))

S HUHB;;;(M“)
1
,S E||UHB;:21,T(R1+1) =+ EHU||B;:11,T(R7+L+1)7

imply the Theorem 1.1.
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